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Introduction 

This book is a sequel to the author’s “The Reasoning of Quantum Mechanics: Operator 
Theory and the Harmonic Oscillator,” (RQM). RQM stresses the fundamental importance 
of the spectral theorems for (densely-defined, linear and) self-adjoint operators in Hilbert 
space, central results in the mathematical field of operator theory (OT), for the formulation 
and interpretation of the theory of quantum mechanics, including the description of the 
measurement process. This observation is complementary to the standard “Copenhagen” 
interpretation of quantum mechanics and due to von Neumann’s insight, related to his 
generalization of the spectral theorem for bounded linear and self-adjoint operators on 
complex Hilbert spaces to the case of unbounded such operators in 1930, in connection 
with the development of the mathematical foundation of quantum mechanics, [53, 54]. 
Regrettably, von Neumann’s insights are hardly visible in standard quantum mechanics 
textbooks, thereby obstructing a complete view of the theory. 

RQM also details the treatment of a relevant physical system, the so-called “harmonic 
oscillator,” consistently using the tools provided by OT. In short, RQM indicates the fact 
that OT “is” the natural language of quantum theory. Apart from its reference to geomet-
ric shapes, which is applicable only to classical physical theories, in essence, Galileo’s 
statement still applies to the role of mathematics in the natural sciences,1 on page 60 of 
his “Il Saggiatore,” [32]. 

La filosofia è scritta in questo grandissimo libro che continuamente ci sta aperto innanzi agli 
occhi (io dico l’universo), ma non si può intendere, se prima non s’impara a intender la lin-
gua, e conoscer i caratteri ne’ quali è scritto. Egli è scritto in lingua matematica, e i caratteri 
son triangoli, cerchi ed altre figure geometriche, senza i quali mezzi è impossibile intenderne 
umanamente parola; senza questi è un aggirarsi vanamente per un oscuro laberinto.

1 Of course, the scientific method is of equal relevance to the natural sciences and cannot be replaced 
by mathematical reasoning. Without experiment and observation, the natural sciences would lose 
the authority to make statements about the natural world. Galileo is also among the founders of the 
scientific method. On the other hand, if the mathematical description of a class of physical systems, 
i.e., a physical theory, runs into mathematical contradictions, the theory would need correction. 

vii



viii Introduction

On the other hand, it is also clear that ultimately physical understanding is an intuitive 
understanding that is more a world-view than language. After all, mathematics is a tool 
for physics to achieve physical understanding. A standard method in physics consists of 
the calculation of model systems, possibly using also numerical methods, with the goal 
of abstracting from the results physical intuition, i.e., features that generalize to more 
realistic situations. In this process of abstraction, of course, there is assumed a kind of 
stability of the features against perturbations that are in some sense “small.” Therefore, 
once it has been established that OT “is” the natural language of quantum theory, the 
question remains of how to calculate using the methods of OT. This is the topic of the 
current book. 

For this purpose, the book considers models that appear in standard introductions to 
quantum mechanics, but, unlike those standard introductions that try not to go beyond 
the, for this purpose inadequate, methods of calculus, consistently uses methods from OT. 
As a consequence, the results are mathematically rigorous, providing a reliable basis for 
the abstraction of physical intuition. 

To mitigate the acquirement of the methods of OT, the book provides a sub-
stantial mathematical appendix, including proofs, thereby avoiding the necessity of a 
time-consuming search of the literature. In addition, the text contains 16 exercises.



Conventions 

The symbols N, R, C denote the natural numbers (including zero), all real numbers, and 
all complex numbers, respectively. The symbols N∗, R∗, C∗ denote the corresponding 
sets from which 0 has been excluded. We call x ∈ R positive (negative) if x ≥ 0 (x ≦ 0). 
In addition, we call x ∈ R strictly positive (strictly negative) if x > 0 (x < 0). 

For every n ∈ N∗, e1, . . . ,  en denotes the canonical basis of Kn , where  K ∈ {R, C}, 
i.e., for every i ∈ {1, . . . ,  n} the i-th component of ei has the value 1, whereas all other 
components of ei vanish. For every x = (x1, . . . ,  xn) ∈ Kn , |x | denotes the canonical 
norm of x given by 

|x | :=  
/

|x1|2 +  · · ·  +  |xn|2. 

Also, we define the canonical scalar product of vectors x = (x1, . . . ,  xn), y = 
(y1, . . . ,  yn) ∈ Kn by 

x · y :=
[
x1y1 +  · · ·  +  xn yn if K = R 
x∗
1 y1 +  · · ·  +  x∗

n yn if K = C, 

where ∗ denotes complex conjugation. In addition, we define the open ball Uρ(x) of 
radius ρ > 0 around x by 

Uρ(x) := {y ∈ Rn : |y − x | < ρ}, 

the closed ball Bρ(x) of radius ρ ≥ 0 around x by 

Bρ(x) := {y ∈ Rn : |y − x | ≦ ρ} 

and the n-sphere Sn ρ (x) of radius ρ ≥ 0 around x by 

Sn ρ (x) := {y ∈ Rn : |y − x | =  ρ}.
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x Conventions

In the latter symbol, the index ρ is omitted if ρ = 1 and the label x and the brackets 
are omitted if x = 0. In addition, for every S ⊂ Rn , S̄ denotes the closure of S in the 
Euclidean topology. 

Further, in connection with matrices, for K ∈ {R, C}, the elements of Kn are consid-
ered as column vectors. In this connection, M(n×n, K) denotes the vector space of n×n 
matrices with entries from K. For every A ∈ M(n × n, K), det A denotes its determinant 
and 

ker A := {x ∈ Kn : A · x = 0}, 

where the dot denotes matrix multiplication. 
We always assume the composition of maps (which includes addition, multiplication, 

etc.) to be maximally defined. For instance, the addition of two maps is defined on the 
(possibly empty) intersection of their domains. For every non-empty set S, idS denotes 
the identical map on S defined by idS(p) := p for every p ∈ S. 

For each k ∈ N, n ∈ N
∗, K ∈ {R, C} and each non-empty open subset Ω of Rn , 

the symbol Ck (Ω, K) denotes the linear space of continuous and k-times continuously 
partially differentiable K-valued functions on Ω. Further, Ck 

0 (Ω, K) denotes the subspace 
of Ck (Ω, K) containing those elements that have a compact support in Ω. In addition,  
if U ⊂ R

n is non-open and such that Ω ⊂ U ⊂ Ω̄, then Ck (U , K) is defined as the 
subspace of Ck (Ω, K) consisting of those elements for which there is an extension to an 
element of Ck (V , K) for some open subset V of Rn containing U . In the special case 
k = 0, the corresponding superscript is omitted.



A Short Summary of the Quantization 
Process 

In the following, we give a short review of the process of quantization and the measuring 
process in quantum theory. For more details, we refer to [7]. 

The process of quantization associates with the observables of a classical mechanical 
system observables of the quantum system, i.e., densely-defined, linear, and self-adjoint 
operators (DLSO’s) in a non-trivial complex Hilbert space X , in such a way that the oper-
ators corresponding to the components of position and momentum satisfy the canonical 
commutation rules (CCR) in its Weylian form. For instance, for a system in Rn , n ∈ N∗, 

eiτ (hκ)−1 p̂k eiσκ ̂ql = eiτσδkl eiσκ ̂ql eiτ (hκ)−1 p̂k , (1) 

where p
/\

k and q
/\

l are the operators corresponding to the k-th component of momentum 
and the l-th component of position, respectively, k, l ∈ {1, . . . ,  n}, κ > 0 is a scale of 
dimension l−1, τ , σ ∈ R and δkl is defined as 1 if k = l and 0, otherwise.  

The space X is a representation space. It is unique only up to a Hilbert space iso-
morphism. Theories related by such an isomorphism are called unitarily equivalent and 
are physically equivalent. Often, the representation space is chosen in such a way that a 
particular quantum observable is represented in a form that simplifies its further analysis. 
For instance, the so-called position representations and momentum representations are 
such representations for the operators corresponding to the components of position and 
momentum, respectively. 

The pure states of the quantum system are given by rays in X , C∗. f , where  f ∈ X\{0}. 
For a closed classical system, the operator Ĥ that is associated with the Hamiltonian of 
the classical system generates the time evolution of the quantum system. If the quantum 
system is in the state C∗. f at time t = 0, then the system is/was in the state 

C
∗.e−i t

h
Ĥ f (2) 

at time t > 0/t < 0. We note that the unitary linear operator on X , e−i t
h
Ĥ and the unitary 

linear operators on L2 
C (R

n) in (1) are defined via the functional calculus for Ĥ and for 
p̂1, . . . ,  p̂n and q̂1, . . . ,  ̂qn , respectively.
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xii A Short Summary of the Quantization Process

Classical observables have dimensions. So do corresponding observables in quantum 
theory, represented by DSLOs, including their spectra. The latter are the only possible 
outcomes of a measurement process and hence have a dimension. The elements of repre-
sentation spaces have no dimension since they are not observable. As mentioned above, if 
Y is a complex Hilbert space and U : X → Y is a Hilbert space isomorphism, then Y is 
an equally valid representation space of the theory. If a DSLO A is the representation of 
a classical observable, then the DSLO U AU−1 is the representation of the same classi-
cal observable in the new representation. We note that, following our convention that the 
composition of maps is always maximally defined, the domain D(U AU−1) of U AU−1 

is given by U (D(A)), where  D(A) is the domain of A. We note that also probabilities 
are dimensionless. 

Frequently, the representation space is given by the function space L2 
C (Ω), where Ω ⊂ 

R
n is some non-empty open subset of Rn and n ∈ N

∗. In this case, the coordinate 
projections of Rn need to be dimensionless. For instance, if Ω = Rn , then mathematically 
f ∈ L2 

C (R
n), where  f (x) := e−|x |2 , for every x ∈ Rn , but physically this makes sense if 

and only if the coordinate projections of Rn are dimensionless. Of course, if the dimension 
of κ > 0 is equal to the inverse dimension of the coordinate projections of Rn , then 
e−κ2||2 ∈ L2 

C (R
n), and this also makes physical sense. On the other hand, if the coordinate 

projections of Rn would be allowed to have a physical dimension, then spaces like L2 
C (R

n) 
would contain a substantial amount of states that make no physical sense. Of course, 
this is physically unacceptable. In this case, what would the completeness of L2 

C (R
n) 

mean? As a consequence, in this book, coordinate projections of spaces appearing in the 
definition of state spaces are dimensionless. This explains the frequent occurrence of a 
scale κ > 0 of dimension l−1 in the definition of observables in the book. Preferably, this 
scale should consist of physical constants required for the definition of the Hamiltonian of 
the quantum system. Only in cases like free motion, this is not possible, and the quantity 
has to be prescribed from “outside.” The elements of the spectrum of an observable 
share the dimension of the observable. The application of theorems of OT to observables 
is easily possible by multiplying the observable by a constant with a dimension that is 
inverse to the dimension of the observable. In this way, observables are multiples of 
a dimensionless DLSO and, e.g., spectral theorems are applied to these dimensionless 
operators. 

We conclude with a short summary of the measurement process in quantum theory. In 
1930 and in connection with the development of the mathematical foundation of quantum 
mechanics, von Neumann proved the spectral theorem for densely-defined, linear, and 
self-adjoint operators in Hilbert spaces (DLSOs) [53]. Usually, this theorem comes in 3 
forms. Most important for applications is the form that associates a “functional calculus” 
with every such operator. Adding the obtained insight to the standard (“Copenhagen”) 
picture of quantum mechanics, it is obtained a complete picture. It reveals that, roughly



A Short Summary of the Quantization Process xiii

speaking, every such operator is a “physical observable” and the other way around.1 To 
every such operator and every element (or “physical state”) of the Hilbert space, there cor-
responds a spectral measure, whose support is part of the spectrum2 of the operator. These 
spectral measures are the principal observables of quantum theory; in particular, they can 
be measured by experiment.3 The probability of a measurement of the observable A to 
find the measured value to belong to a Borel measurable subset of the spectrum4 is given 
by the measure of this subset with respect to the spectral measure corresponding to (A 
and) the physical state, the latter assumed to have norm 1. In particular, the probability of 
a measurement of finding a value outside the spectrum σ(A) of A is 0. If a measurement 
of A finds the a value inside a Borel measurable set, B, after the measurement, the phys-
ical state is given by the image of the state before the measurement under the operator(
χB |σ( A)

)
(A), where  χB |σ(A) denotes the restriction of the characteristic function corre-

sponding to B to σ(A), corresponding to B, according to the functional calculus that is 
associated with A. These operators are orthogonal projections. All states in the range of 
this operator have the property that the probability of finding the value of the observable 
to be inside the set B is 1, i.e., is absolutely certain.

1 A common misconception in standard physics textbooks is to define observables as symmetric 
(or “Hermitian”) linear operators. This condition is significantly weaker than self-adjointness. Now, 
there are no spectral theorems for the class of symmetric linear operators. Also, there are symmetric 
linear operators, (like the natural candidate for a momentum operator on the half-line, an operator 
that is maximally symmetric, but has no self-adjoint extensions), whose spectra include non-real 
values, thus excluding them as observables, e.g., see [8]. 
2 Not just the eigenvalues.
3 Every physicist learns that, unlike wave functions themselves, the spectral measures corresponding 
to the position operator, i.e., the squares of the absolute values of the wave functions, are observable. 
The same has to be true for other observables. Otherwise, the position operator would be singled out 
by the theory in an unnatural way. In this connection, it needs to be remembered that position opera-
tors are of no relevance in quantum field theory. Hence, the singling out of position operators in the 
development of quantum theory would be misleading, and actually was misleading in the precursor, 
“relativistic quantum mechanics,” of quantum field theory. 
4 Which is a non-empty closed subset of the real numbers.



Constraints on Quantization 

A natural question to ask is whether representation spaces can be finite-dimensional. 
Indeed, they cannot, if the quantization is required to satisfy the CCR. For the proof, we 
assume that the state space X is a finite-dimensional Hilbert space of dimension n ∈ N∗, 
P, Q are linear operators on X1 such that 

[P, Q] =  PQ  − QP  = h

i 
. (3) 

For the proof that such P, Q do not exist, we use an orthonormal basis f1, . . . ,  fn of 
X . Then, it follows that 

nΣ

k=1

{ fk |PQ  fk} = 
nΣ

k=1

/

fk |P 
nΣ

l=1

{ fl |Q fk} fl
\

= 
nΣ

k=1 

nΣ

l=1

{ fl |Q fk} · { fk |P fl}

= 
nΣ

k=1 

nΣ

l=1

{ fl |P fk} · { fk |Q fl} = 
nΣ

k=1

{ fk |QP  fk}, 

implying that 

nΣ

k=1

{ fk |[P, Q] fk} =  0. 

Since 

nΣ

k=1

{ fk |h
i 
fk} =  

nh

i 
,

1 The reader might remember from Linear Algebra that every linear operator, defined on a finite-
dimensional normed vector space, is also continuous. Further, it is easy to see that there are no proper 
dense subspaces of finite-dimensional normed vector spaces. Hence, every DSLO in X is defined on 
the whole of  X and is continuous. 
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xvi Constraints on Quantization

(3) leads to contradiction 0 = nh

i . Also, the CCR in their Weylian form cannot be 
satisfied, since these imply in the current case (3). Indeed, if 

eiτ (hκ)−1 PeiσκQ = eiτσeiσκQeiτ (hκ)−1 P , (4) 

for all τ , σ ∈ R, where  κ > 0 is a scale factor of dimension l−1, it follows by 
differentiation that 

eiτ (hκ)−1 P κQ = τeiτ (hκ)−1 P + κQeiτ (hκ)−1 P , 

ih−1 PQ  = 1 + ih−1 QP, [P, Q] = h

i 
. 

We note that, in this derivation, we used the fact that for every self-adjoint bounded 
linear operator S on X , we have that 

ezS  = 
∞Σ

k=0 

zk 

k! .S
k , 

for every z ∈ C, where the convergence is in the operator norm on the space of linear 
maps on X . This fact is a consequence of the spectral theorem, Theorem 12.6.4 in the 
Appendix.2 Also, we used in the derivation Theorem 12.9.14 from the Appendix. 

In the sequel, the reader might wonder why the quantization process leads mostly to 
unbounded operators in quantum theory, i.e., to operators that are defined on proper dense 
subspaces of the state space X . In this connection, we note the following. 

The spectrum of an observable A is bounded if and only if A is a bounded linear 
operator on the state space. 

For the proof, we assume that A : D(A) → X is DLSO on a state space X ( /= {0}) 
and consider 2 cases. If the spectrum (φ /=)σ(A)(⊂ R) of A is bounded, it follows from 
the Spectral Theorem 12.6.2 that D(A) = X and from the Spectral Theorem 12.6.4 
in the Appendix (or the Hellinger-Toeplitz theorem, see Theorem 12.4.4 (ix)) in the 
Appendix that A ∈ L(X , X ). On the other hand, if A is a bounded linear opera-
tor on X , then it follows for complex λ satisfying |λ| > ||A|| that ||λ−1 A|| < 1 
and hence from Theorem 12.2.5 in the Appendix that 1 − λ−1 A is bijective. Hence 
A − λ = −λ(1 − λ−1 A) is bijective, too. As a consequence, C\B||A||(0), where  B||A||(0) 
is the closed ball in C of radius ||A|| around 0, is contained in the resolvent set of A, and  
therefore, σ(A) ⊂ B||A||(0).

2 We note this is true also if X is infinite-dimensional and S is a bounded self-adjoint operator on X . 
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The correspondence in quantum theory, of the range of possible values that a classical 
observable can assume, is the spectrum of the associated observable. There is no priori 
reason why the quantization should turn an unbounded range into a bounded spectrum or 
the other way around. Hence, if the range of possible values that a classical observable 
can assume is unbounded, as is often the case, we expect that the same is true for the 
spectrum of the associated observable in quantum theory. As a consequence, the majority3 

of observables in quantum theory are going to be only densely-defined, but not defined 
on the whole state space.

3 Exceptions are position operators corresponding to physical systems that are confined to bounded 
subsets of space. 
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1Quantization of a Free Particle in N-Dimensional 
Space 

A basic classical mechanical system in . n space dimensions, .n ∈ N
∗, is given by a point-

particle of mass .m > 0, solely interacting with an external potential . V . The case of a van-
ishing potential, corresponds to a “free” particle. It is tempting to qualify the corresponding 
system as “simple,” in the sense that not much can be learned from this system. According 
to classical mechanics, since there is no external force, such particles move uniformly in 
straight lines, i.e., perform geodesic motion in Euclidean space. So particles are somehow 
aware of the geometry of the surrounding space. This is not really simple. Similar is true for 
quantum mechanics. The Hamiltonian of the corresponding quantum system is a multiple of 
the Laplace operator that is also tied to Euclidean geometry, signaling the “awareness” of the 
quantum system of Euclidean geometry. More concretely, the quantum system is physically 
relevant, since it explains experiments, like the Davisson-Germer experiment from . 1927
[ 20], by Clinton Davisson and Lester Germer at Western Electric, in which electrons, scat-
tered by the surface of a crystal of nickel metal, displayed a diffraction pattern, confirming 
the hypothesis, advanced by Louis de Broglie in .1924, of wave-particle duality, an exper-
imental milestone in the creation of quantum mechanics. In physics, such experiments are 
referred as “double-slit experiments,” referring to Thomas Young’s double-slit experiment 
from.1801 [ 78] that showed the wave character of light, in certain situations. Mathematically, 
it might surprise, as we shall see later, that the Hamiltonian corresponding to the motion 
of a charged particle in a Coulomb field can considered a “small” perturbation of the free 
Hamiltonian, i.e., is a relatively bounded perturbation of the free Hamiltonian, see Sect. 1.6. 
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2 1 Quantization of a Free Particle in N-Dimensional Space

Although not difficult, we are not going to go through the quantization process for this 
particular system again, but give only the results. For more details about the process, we 
refer the reader to [ 7]. 

1.1 The Operators Corresponding to the Measurement 
of the Components of Position 

In a position representation, the state space of the corresponding quantum system is 
given by .L2

C
(Rn) and the operator .q̂k corresponding to the measurement of the . kth, 

.k ∈ {1, . . . , n}, component of position is given by the maximal multiplication operator. Tuk/κ
in .L2

C
(Rn) with the . kth coordinate projection .uk : R

n → R defined by .uk(ū) := ūk for all 
.ū = (ū1, . . . , ūn) ∈ R

n , see Theorems 12.6.7, 12.6.8 and Corollary 12.6.9 in the Appendix. 
The quantity.κ > 0 is a constant with dimension.1/length that is going to be left unspecified 
in the following, but is not going to affect the physical results. 1 Its spectrum consists of all 
real numbers and is purely absolutely continuous. Further, for any . f ∈ L2

C
(Rn) with norm 

. 1, the corresponding spectral measure .ψq̂k , f is given by 

. ψq̂k , f (I ) =
{

{u∈Rn :uk∈κI }
| f |2 dvn ,

for every bounded interval. I of. R. The quantity.ψq̂k , f (I ) gives the probability in a position 
measurement of finding the.k-th coordinate to be in the range. I , if the particle is in the state 
.C

∗. f . Further, for every bounded and universally measurable function . f : R → C: 

. f (q̂k) = T f ◦ (uk/κ) , (1.1) 

where.T f ◦ (uk/κ) is the maximal multiplication operator with the function. f ◦ (uk/κ), defined 
by 

. T f ◦ (uk/κ)g := [ f ◦ (uk/κ)] · g ,

for every .g ∈ L2
C
(Rn). 

We expect that measurement of the .k-th coordinate is independent of the measurement 
of the . lth coordinate, if .k /= l. Indeed, this is true since the corresponding operators com-
mute, see Sect. 2.1. Following the laws of probability for independent random variables, 
the probability of finding the position of the particle to belong to a “box” .I1 × · · · × In , 
where .I1, . . . , In are intervals in . R, is given by the product of the probabilities of finding

1 It is reasonable to use the inverse of the Compton wave length .κ := mc/h, where  . c denotes the 
speed of light in vacuum. On the other hand, . c is a foreign object in a non-relativistic theory, like 
Newtonian physics or quantum mechanics, where there is instantaneous propagation of any action. 
A natural de Broglie wave length .h/mv does not exist for a free particle because there is no natural 
speed. v for the system. This would be different if the particle would be confined to a finite space. 
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the components of the position of the particle to belong to the intervals .I1, . . . , In , respec-
tively. Hence, the probability of finding the position of the particle to belong to a Lebesgue 
measurable set .Ω ⊂ R

n is given by 2

.

{
κΩ

| f |2 dvn , (1.2) 

if .|| f || = 1. For instance, the probability of finding the position of the particle to belong to 
the interval .I1×...× In in physical space, where 

. Ik = [akκ−1, bkκ
−1] ,

.ak ∈ R, .bk ∈ R, .ak ≤ bk are dimensionless, for every .k ∈ {1, . . . , n}, is given  by  

. 

{
[a1,b1]×...×[an ,bn ]

| f (u)|2 du1 . . . dun

=
{
I1×...×In

κn| f (κ−1x)|2 dx1 . . . dxn ,

where .x = (x1, . . . , xn) ∈ R
n are points in physical space. In a position representation, the 

coordinates .u1, . . . , un of points .u = (u1, . . . , un) in the domains of functions belonging 
to the representation space can be interpreted as numbers whose multiplication by the unit 
of length .κ−1 lead to a point .κ−1u = (κ−1u1, . . . , κ−1un, κ−1un) in physical space. Of 
course, if .Ω is a set of measure. 0, e.g., like all countable sets, the corresponding probability 
is . 0. In particular, the probability of finding the particle in an exact location (“point”) is . 0. 3

Before giving these operators, we provide basic tools frequently applied in the proof of 
the essential self-adjointness of operators induced by formal partial differential operators, 
namely partial integration and mollification. 

1.2 Partial Integration and an Auxiliary Sequence 

Lemma 1.2.1 (Partial Integration) Let .n ∈ N
∗, .Ω ⊂ R

n a non-empty open subset and 
. f ∈ C1(Ω, C), .g ∈ C1

0(Ω, C). Then, 

.

{
Ω

f (u) · ∂ jg(u) du1 . . . dun = −
{

Ω

(∂ j f )(u) · g(u) du1 . . . dun (1.3)

2 We note that this reasoning is completely independent of the presence of any interaction potential. 
The Lebesgue measure.vn in. n dimensions is essentially the product measure of the spectral measures 
corresponding to the operators associated with the measuring process of the components of the 
position. 
3 This is true also for finite space. Already in this aspect, quantum mechanics is more realistic than 
classical physics. In classical physics, particles are “point” particles that are hard to imagine. Quantum 
mechanics and later quantum field theory weaken this notion somewhat. 
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Proof For the proof, let . j ∈ {1, . . . , n}, .τ j : R
n → R

n the linear .C1-diffeomorphism 
that exchanges the . j th and the . nth canonical basis vector of .Rn , (.τ j := idRn if . j = n). 
From the assumptions, it follows that. f · ∂ jg,

(
∂ j f

) · g, ∂ j ( f · g) = (
∂ j f

) · g + f · ∂ jg ∈
C0(Ω, C) and hence that .(∂ j f ) · g, ∂ j ( f · g) are integrable. Hence, it follows from the 
change of variable formula for Lebesgue integrals that 

.

{
Ω

f (u) · (∂ jg)(u) du1 . . . dun (1.4) 

= −
{

Ω

(∂ j f )(u) · g(u) du1 . . .  dun +
{

Ω

[ ∂ j ( f · g)](u) du1 . . .  dun 

= −
{

Ω

(∂ j f )(u) · g(u) du1 . . .  dun +
{

τ j (Ω) 
{∂n
[
( f · g) ◦ τ j

]}(u) du1 . . .  dun , 

where we used the idempotence of .τ j as well as that .| det(τ ,
j )| = 1 We note that . −( f · g) ◦

τ j ∈ C1
0(τ j (Ω), C) an hence also that 

. 

∧
( f · g) ◦ τ j ∈ C1

0(R
n, C)

as well as that 

. 

∧
∂n
[
( f · g) ◦ τ j

] = ∂n

∧
( f · g) ◦ τ j ,

where the wedge symbol denotes the extension of a function to a function on.R
n , assuming 

the value. 0 in the complement of the domain of the original function. Hence it follows from 
Fubini’s theorem and the fundamental theorem of calculus that 

.

{
τ j (Ω)

{∂n
[
( f · g) ◦ τ j

]}(u) du1 . . . dun (1.5) 

=
{

Rn

[
∂n 

∧ 
( f · g) ◦ τ j

]
(u) du1 . . .  dun 

=
{

Rn−1

{{
R

[ ∧ 
( f · g) ◦ τ j (u1, . . . ,  un−1, ·)

],
(un) dun

}
du1 . . .  dun−1 = 0 . 

From (1.4), (1.5) follows (1.3). ▢

In the next step, we construct a sequence in.C∞
0 (Rn, C) that is used for extending minimal 

operators in .L2
C
(Rn), induced by formal partial differential operators, to operators with 

the domain .SC(Rn). The latter domain is appropriate for subsequent use of the Fourier 
transformation.F2, since.F2 maps.SC(Rn) onto itself. For the definition, we use an auxiliary 
function .ρ ∈ C∞(R, R), such that
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.ρ(u)

⎧⎪⎪⎨
⎪⎪⎩

= 0 for u ∈ (−∞, −2)

∈ [0, 1] for u ∈ [−2, −1]
= 1 for u ∈ (−1, ∞)

, (1.6) 

for every .u ∈ R, implying that 

. ρ, ∈ C∞
0 (R, R) and supp(ρ,) ⊂ [−2, −1] .

The function . ρ is defined by 

. ρ(u) :=
({ ∞

−∞
h(−(ū + 1)(ū + 2)) dū

)−1

·
{

0 for u ≤ −3{ u
−4 h(−(ū + 1)(ū + 2)) dū for u > −3

,

for every .u ∈ R, where the auxiliary function .h ∈ C∞(R, R) is defined by 

. h(u) :=
{

0 for u ≤ 0

exp(−1/u) for u > 0
,

for every .u ∈ R, implying that 

. Ran h ⊂ [0, 1) , lim
u→+∞ h(u) = 1 .

The auxiliary sequence .ρ1, ρ2, . . . in .C∞
0 (Rn, C) is defined by 

. ρν := ρ ◦ (−ν−2 | |2) ,

for every .ν ∈ N
∗. In particular, 

. ρν(u) =
{
0 for |u| ≥

√
2 ν

1 for |u| ≤ ν
and Ran(ρν) ⊂ [0, 1] ,

for every .u ∈ R
n and .ν ∈ N

∗. With the help of the sequence .ρ1, ρ2, . . . , we define for 
. f ∈ SC(Rn) a corresponding sequence . f1, f2, . . . in .C∞

0 (Rn, R) by 

. fν := ρν · f ,

for every .ν ∈ N
∗. Then 

. | fν − f |2 = (1 − ρν)
2 · | f |2 ≤ 2 | f |2 ,

for every .ν ∈ N
∗, and hence it follows from Lebesgue’s dominated convergence theorem 

that
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. lim
ν→∞ || fν − f ||2 = 0 . (1.7) 

For use inside the Sect. 3.5 on the Hamiltonian of the harmonic oscillator, we note that for 
every complex polynomial . p in . n variables, it follows that 

. |p fν − p f |2 = (1 − ρν)
2 · |p f |2 ≤ 2 |p f |2 ,

for every .ν ∈ N
∗, and from Lebesgue’s dominated convergence theorem that 

. lim
ν→∞ ||p fν − p f ||2 = 0 . (1.8) 

Further for .k ∈ {1, . . . , n}, 

. 

||||∂ρν

∂uk

|||| =
||||− 2

ν2
pk
(
ρ, ◦ (−ν−2 | |2))

|||| ≤ C1

ν
,

where .pk denotes the coordinate projection of .Rn onto the . kth coordinate, 

. C1 := 2
√
2 ||ρ,||∞

and 

. 

|||||
∂2ρν

∂u2k

||||| =
||||− 2

ν2
(
ρ, ◦ (−ν−2 | |2))+ 4

ν4
p2k · (ρ,, ◦ (−ν−2 | |2))

|||| ≤ C2

ν2
,

where 
. C2 := 2

( ||ρ,||∞ + 4 ||ρ,,||∞
)

.

Hence, 

. 

||||∂ fν
∂uk

− ∂ f

∂uk

||||
2

=
||||∂ρν

∂uk
· f + (ρν − 1) · ∂ f

∂uk

||||
2

≤
[
C1

ν
| f | + |1 − ρν | ·

|||| ∂ f

∂uk

||||
]2

≤ 2

[
C2
1

ν2
| f |2 + (1 − ρν)

2 ·
|||| ∂ f

∂uk

||||
2
]

≤ 2

[
C2
1 | f |2 + 4 ·

|||| ∂ f

∂uk

||||
2
]

and 

.

|||||
∂2 fν
∂u2k

− ∂2 f

∂u2k

|||||
2

=
|||||
∂2ρν

∂u2k
· f + 2

∂ρν

∂uk
· ∂ f

∂uk
+ (ρν − 1) · ∂2 f

∂u2k

|||||
2

≤
[
C2

ν2
| f | + 2C1

ν

|||| ∂ f

∂uk

||||+ |1 − ρν | ·
|||||
∂2 f

∂u2k

|||||
]2

≤ 3

⎡
⎣C2

2 | f |2 + 4C2
1

|||| ∂ f

∂uk

||||
2

+ 4 ·
|||||
∂2 f

∂u2k

|||||
2
⎤
⎦ .
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It follows from Lebesgue’s dominated convergence theorem that 

. lim
ν→∞

||||||||∂ fν
∂uk

− ∂ f

∂uk

||||||||
2

= 0 (1.9) 

and that 

. lim
ν→∞

||||||||||
∂2 fν
∂u2k

− ∂2 f

∂u2k

||||||||||
2

= 0 .

The latter implies also that 
. lim
ν→∞ ||Δ fν − Δ f ||2 = 0 . (1.10) 

1.3 The Operators Corresponding to the Measurement 
of the Components of Momentum 

The operator corresponding to the measurement of the . kth, .k ∈ {1, . . . , n}, component of 
the momentum is given by the closure . p̂k of the densely-defined, linear, symmetric and 
essentially self-adjoint operator 

. p̂k0 : C∞
0 (Rn, C) → L2

C
(Rn) ,

given by 

. p̂k0 f := hκ

i

∂ f

∂uk
,

for every . f ∈ C∞
0 (Rn, C). 

In the following, we give corresponding details. We note that . p̂k0 is densely-defined, 
since .C∞

0 (Rn, C) is a dense subspace of .L2
C
(Rn). Further, . p̂k0 is well-defined, since 

. p̂k0 f ∈ C∞
0 (Rn, C) for every . f ∈ C∞

0 (Rn, C). Also, as consequence of the linearity of 
differentiation and outer multiplication of complex-valued functions by complex numbers, 
. p̂k0 is linear. As a consequence of “partial integration,” . p̂k0 is symmetric 

. 
{
f | p̂k0g

} = hκ

i

{
Rn

f ∗(u)
∂g

∂uk
(u) du1 . . . dun

= −hκ

i

{
Rn

∂ f ∗

∂uk
(u) g(u) du1 . . . dun

=
{

Rn

(
hκ

i

{
Rn

∂ f

∂uk

)∗
(u) g(u) du1 . . . dun

= {
p̂k0 f |g

}
,

for all . f , g ∈ C∞
0 (Rn, C), where Lemma 1.2.1 has been used. Even further, from (1.7) and  

(1.9), it follows that .SC(Rn) is part of the domain of the closure . p̂k of . p̂k0 and that
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. p̂k f = hκ

i

∂ f

∂uk
,

for every . f ∈ SC(Rn). We continue the analysis of . p̂k with the help of the unitary Fourier 
transformation .F2. First, we conclude from known properties of .F2 that 

. F2 p̂k f = hκ

i
F2

∂ f

∂uk
= hκ

i
ivk F2 f = hκ Tvk F2 f ,

for every. f ∈ SC(Rn),where.Tvk denotes the maximal multiplication in.L2
C
(Rn)with the. kth 

coordinate projection .vk : R
n → R defined by .vk(v̄) := v̄k for all .v̄ = (v̄1, . . . , v̄n) ∈ R

n . 
Hence, it follows that 

. F2 p̂k F
−1
2 f = hκ Tvk f ,

for every . f ∈ SC(Rn). According to characterization of essential self-adjointness from 
Theorem 12.4.9, the restriction of .Tvk to .SC(Rn) is essentially self-adjoint since 

. Tvk±iSC(Rn) ,

contain .C∞
0 (Rn, C) and are therefore dense in .L2

C
(Rn). Since  .F2 is unitary, this implies 

also the essential self-adjointness of the restriction of . p̂k to .SC(Rn). Hence it follows the 
self-adjointness of . p̂k and the essential self-adjointness of . p̂k0. We note that since .F2 is 
unitary and since .hκ Tvk is self-adjoint, it follows the relation (1.11) below.  
The Hilbert space isomorphism to the momentum representation is given by the unitary 
Fourier transformation 

. F2 : L2
C
(Rn) → L2

C
(Rn) .

The operator in that representation corresponding to the measurement of the . kth, . k ∈
{1, . . . , n}, component of the momentum is given by the maximal multiplication opera-
tor.hκTvk in.L2

C
(Rn), where.vk : R

n → R is the. kth coordinate projection of.Rn , defined by 
.vk(v̄) := v̄k for all .v̄ = (v̄1, . . . , v̄n) ∈ R

n , 

.F2 p̂k F
−1
2 = hκ.Tvk . (1.11) 

From the properties of maximal multiplication operators, Theorems 12.6.7, 12.6.8 and Corol-
lary 12.6.9 in the Appendix, it follows that the spectrum of . p̂k consists of all real numbers 
and is purely absolutely continuous. Further, for any . f ∈ L2

C
(Rn) with norm . 1, the corre-

sponding spectral measure .ψ p̂k , f is given by 

. ψ p̂k , f (I ) =
{

{v∈Rn :vk∈(hκ)−1 I }
|F2 f |2 dvn ,

for every bounded interval. I of. R. The quantity.ψ p̂k , f (I )gives the probability in a momentum 
measurement of finding the. kth component of momentum to be in the range. I , if the particle
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is in the state .C∗. f . Further, for every bounded and universally measurable function . f :
R → C: 

. f ( p̂k) = F−1
2 ◦ T f ◦ (hκvk ) ◦ F2 , (1.12) 

where .T f ◦ (hκvk ) is the maximal multiplication operator with the function . f ◦ (hκvk), 
defined by 

. T f ◦ (hκvk )g := [ f ◦ (hκvk)] · g ,

for every .g ∈ L2
C
(Rn). 

Again, we expect that the measurement of the. kth component of momentum is independent 
of the measurement of the. lth component, if.k /= l. Indeed, this true, due to commuting of the 
corresponding operators, see Sect. 2.1. Following the laws of probability for independent 
random variables, the probability of the momentum of the particle to belong to a “box” 
.I1 × · · · × In , where.I1, . . . , In are intervals in. R, is given by the product of the probabilities 
of finding the components of the position of the particle to belong to the intervals.I1, . . . , In , 
respectively. Hence, the probability of finding the momentum of the particle to belong to a 
Lebesgue measurable set .Ω ⊂ R

n is given by 4

.

{
(hκ)−1Ω

|F2 f |2 dvn . (1.13) 

Of course, if. Ω is a set of measure. 0, e.g., like all countable sets, the corresponding probability 
is . 0. In particular, the probability of finding the particle to have a precise momentum is . 0. 

1.4 The Hamilton Operator Governing Free Motion in . R
n

The operator corresponding to the measurement of the energy in.n ∈ N
∗ space dimensions is 

given by the closure.Ĥ of the densely-defined, linear, symmetric and essentially self-adjoint 
operator 

. Ĥ0 : C∞
0 (Rn, C) → L2

C
(Rn) ,

given by 

. Ĥ0 f := −h
2κ2

2m
Δ f = −ε0 Δ f ,

for every . f ∈ C∞
0 (Rn, C), 

.ε0 := h
2κ2

2m
. (1.14) 

In the following, we give corresponding details. We note that .Ĥ0 is densely-defined, 
since .C∞

0 (Rn, C) is a dense subspace of .L2
C
(Rn). Further, .Ĥ0 is well-defined, since 

.Ĥ0 f ∈ C∞
0 (Rn, C) for every . f ∈ C∞

0 (Rn, C). Also, as consequence of the linearity of

4 Again, we note that this reasoning is completely independent of the presence of any interaction 
potential. 



10 1 Quantization of a Free Particle in N-Dimensional Space

differentiation and outer multiplication of complex-valued functions by complex numbers, 
.Ĥ0 is linear. As a consequence of “partial integration,” .Ĥ0 is symmetric 

. 

/
f |Ĥ0g

\
= { f | − ε0 Δg} = −ε0

nΣ
k=1

{
Rn

f ∗(u)
∂2g

∂u2k
(u) du1 . . . dun

= −ε0

nΣ
k=1

{
Rn

∂2 f ∗

∂u2k
(u) g(u) du1 . . . dun

=
{

Rn

(
−ε0

nΣ
k=1

∂2 f

∂u2k

)∗
(u) g(u) du1 . . . dun

= {−ε0 Δ f |g} =
/
Ĥ0 f |g

\
,

for all . f , g ∈ C∞
0 (Rn, C), where Lemma 1.2.1 has been used. Even further, from (1.7) and  

(1.10), it follows that .SC(Rn) is part of the domain of the closure .Ĥ := ¯̂H0 of .Ĥ0 and that 

. Ĥ f = −ε0 Δ f ,

for every . f ∈ SC(Rn). We continue the analysis of .Ĥ with the help of the unitary Fourier 
transformation .F2. First, we conclude from known properties of .F2 that 

. F2 Ĥ f = ε0 T| |2F2 f ,

for every. f ∈ SC(Rn), where.T| |2 denotes the maximal multiplication in.L2
C
(Rn)with.| |2. 

Hence, it follows that 
. F2 Ĥ F−1

2 f = ε0 T| |2 f ,

for every. f ∈ SC(Rn). According to the characterization of essential self-adjointness from 
Theorem 12.4.9 in the Appendix, the restriction of.T| |2 to.SC(Rn) is essentially self-adjoint 
since 

. T| |2±iSC(Rn) ,

contain.C∞
0 (Rn, C) and are therefore dense in.L2

C
(Rn). Since.F2 is unitary, this implies also 

the essential self-adjointness of the restriction of .Ĥ to .SC(Rn). Hence it follows the self-
adjointness of .Ĥ and the essential self-adjointness of .Ĥ0. We note that since .F2 is unitary 
and since .ε0 T| |2 is self-adjoint, it follows that 

.F2 Ĥ F−1
2 = ε0.T| |2 . (1.15) 

From the properties of maximal multiplication operators, Theorems 12.6.7, 12.6.8 and Corol-
lary 12.6.9 in the Appendix, it follows that the spectrum of.Ĥ consists of the interval. [0, ∞)

and is purely absolutely continuous. In particular, there is no ground state, e.g., differently to 
the harmonic oscillator. The lowest possible energy of the system is. 0, but. 0 is no eigenvalue.
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Further, for any . f ∈ L2
C
(Rn) with norm. 1, the corresponding spectral measure .ψ f is given 

by 

. ψĤ , f (I ) =
{
{
v∈Rn :|v|2∈ε−1

0 I
} |F2 f |2 dvn ,

for every bounded interval . I of . R. The quantity .ψĤ , f (I ) gives the probability in a energy 
measurement of finding the energy to be in the range . I , if the particle is in the state .C

∗. f . 
In particular, the probability of finding the particle to have a precise energy is. 0. Further, for  
every bounded and universally measurable function . f : [0, ∞) → C: 

. f (Ĥ) = F−1
2 ◦ T f ◦ (ε0.| |2) ◦ F2 , (1.16) 

where .T f ◦ (ε0.| |2) is the maximal multiplication operator with the function . f ◦ (ε0.| |2), 
defined by 

. T f ◦ (ε0.| |2)g := [ f ◦ (ε0.| |2)] · g ,

for every .g ∈ L2
C
(Rn). In particular, the one-parameter group of unitary linear operators 

governing the time evolution of the system are given by 

.e−i t
h
Ĥ = F−1

2 ◦ T
e−i

ε0 t
h

.| |2 ◦ F2 , (1.17) 

for every .t ∈ R. More generally, 

.e
−
(
1
ε +i t

h

)
Ĥ = F−1

2 ◦ T
e
−ε0

(
1
ε +i t

h

)
.| |2 ◦ F2 , (1.18) 

for every .t ∈ R and .ε > 0, where  . ε has the dimension of an energy. As a consequence of 
the spectral theorem, Theorem 12.6.4 in the Appendix, 

. lim
ε→∞ ||e−

(
1
ε +i t

h

)
Ĥ
f − e−i t

h
Ĥ f ||2 = 0 ,

for every .t ∈ R and . f ∈ L2
C
(Rn). 

For later use, we are going to show that .C2
0 (R

n, C) is a core for . Ĥ . For this purpose, we 
are going to use the following Lemma on Friedrichs mollifiers. For the proof see the proof 
of the more general Lemma 12.9.13 in the Appendix. 

Lemma 1.4.1 (Friedrichs mollifiers) Let .n ∈ N
∗ and .h ∈ C∞

0 (Rn) be positive with a sup-
port contained in .B1(0) as well as such that .h(x) = h(−x) for all .x ∈ R

n and .||h||1 = 1. 
For instance, 

. h(x) :=
⎧⎨
⎩
C exp

(
− 1

1−|x |2
)

if |x | < 1

0 if |x | ≥ 1

for every .x ∈ R
n, where
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. C :=
[{

U1(0)
exp

(
− 1

1 − | |2
)
dvn

]−1

.

In addition, define for every .ν ∈ N
∗ the corresponding .hν ∈ C∞

0 (Rn) by 

. hν(x) := νnh(νx)

for all .x ∈ R
n. Finally, define for every .ν ∈ N

∗ and every . f ∈ L2
C
(Rn)

. Hν f := hν ∗ f ,

and ‘. ∗’ denotes the convolution product. Then 

(i) for every .ν ∈ N
∗ the corresponding .Hν defines a bounded self-adjoint linear operator 

on .L2
C
(Rn) with operator norm .||Hν|| ≤ 1, 

(ii) 
. lim
ν→∞ Hν f = f ,

for every . f ∈ L2
C
(Rn). 

If . f ∈ C2
0 (R

n, C), and the sequence .H1, H2, . . . is defined as in the previous lemma, it 
follows for .ν ∈ N

∗ that .Hν f ∈ C∞
0 (Rn, C), 

. ΔHν f = hν ∗ Δ f = HνΔ f

and hence also that 
. lim
ν→∞ ΔHν f = Δ f .

As consequence, 
. Ĥ f = −ε0 Δ f ,

for every . f ∈ C2
0 (R

n, C). Since  

. Ĥ0 ⊂ Ĥ
||
C2
0 (Rn ,C)

⊂ Ĥ := ¯̂H0 ,

it follows that .C2
0 (R

n, C) is a core for. Ĥ . For use inside the Sect. 3.5 on the Hamiltonian of 
the harmonic oscillator, we note that if .g ∈ C(Rn, C), it follows for . f ∈ C2

0 (R
n, C) that 

. lim
ν→∞ g Hν f = g f . (1.19) 

For the proof, we note that as consequence of 

. supp(hν) ⊂ B1/ν(0) ⊂ B1(0)

we have
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. supp(Hν f ) ⊂ C := supp( f ) + B1(0) .

Since . C is compact and . g is continuous, .g|C is bounded. Hence, it follows from 

. lim
ν→∞ Hν f = f ,

with the help of Lebesgue’s dominated convergence theorem, the validity of (1.19). 

1.5 Time Evolution Generated by the Free Hamilton Operator 

The time evolution generated by .Ĥ is given as follows. 

Time Evolution for a free Particle in .n-Dimensional Space I 

For .t ∈ R
∗, we have  a

.e−i t
h
H̄0 f =

(
πi

4ε0t

h

)−n/2

.

(
e
i h

4ε0 t
.| |2 ∗ f

)
, (1.20) 

for . f ∈ L1
C
(Rn) ∩ L2

C
(Rn), and for . f ∈ L2

C
(Rn)

.e−i t
h
H̄0 f = lim

ν→∞

(
πi

4ε0t

h

)−n/2

.

[
e
i h

4ε0 t
.| |2 ∗ (χ[−ν,ν]n g)

]
, (1.21) 

almost everywhere pointwise on .R
n , where . ∗ denotes the convolution product. 

a We note that since the first factor is in .L∞
C

(Rn), in addition to leading to an element of 

.L2
C

(Rn), the following convolution results in a bounded uniformly continuous function. 

For the proof, see Theorem 12.7.1 in the Appendix. In addition, the proof of the latter 
theorem shows that 

Time Evolution for a free Particle in .n-Dimensional Space II 

.e
−
(
1
ε +i t

h

)
H̄0 f = (4π ε0 σε)

−n/2 e
− 1

4 ε0 σε
.| |2 ∗ f , (1.22) 

for every .t ∈ R and . f ∈ L2
C
(Rn), where
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. σε := 1

ε
+ i

t

h
,

and .ε > 0 has the dimension of an energy. 

1.5.1 Large Time Asymptotics of the Evolution 

As a first application of the previous explicit representation in the position representation, 
of the time evolution generated by the free Hamilton operator, we study the large time 
asymptotic of .e−i (t/h)Ĥ f , for . f ∈ L2

C
(Rn), which is also of relevance in scattering theory. 

For this purpose, let .t ∈ R
∗ and . f ∈ L2

C
(Rn). We  define .Ut f , Vt f ∈ L2

C
(Rn) by 

. Ut f :=
(
2

ε0t

h
i

)−n/2

e
i h

4ε0 t
| |2 ·

[
(F2 f ) ◦

(
h

2ε0t
idRn

)]
,

Vt f :=
(
2

ε0t

h
i

)n/2

F−1
2

{
e−i

ε0 t
h

| |2 ·
[
f ◦

(
2

ε0t

h
idRn

)]}
.

Then 

. ||Ut f ||22 =
(
2

ε0|t |
h

)−n |||||||| (F2 f ) ◦
(

h

2ε0t
idRn

)||||||||
2

2

=
(

h

2ε0|t |
)n |||||||| (F2 f ) ◦

(
h

2ε0t
idRn

)||||||||
2

2
= ||F2 f ||22 = || f ||22 ,

||Vt f ||22 =
(
2

ε0|t |
h

)n |||||||| e−i
ε0 t
h

| |2 ·
[
f ◦

(
2

ε0t

h
idRn

)]||||||||
2

2

=
(
2

ε0|t |
h

)n |||||||| f ◦
(
2

ε0t

h
idRn

)||||||||
2

2
= || f ||22 .

Since.Ut : (L2
C
(Rn) → L2

C
(Rn), f |→ Ut f ) and.Vt : (L2

C
(Rn) → L2

C
(Rn), f |→ Vt f ) are 

obviously linear, the latter implies that .Ut and .Vt are linear isometries and hence in partic-
ular injective. Further, a short calculation shows that .VtUt f = f , for every . f ∈ L2

C
(Rn)

and hence that .Vt is also surjective and hence as a whole bijective. The latter implies that 
.Ut f = V−1

t f , for every . f ∈ L2
C
(Rn), and hence that .Ut is bijective, too. Finally, from 

the polarization identities for .C-Sesquilinear forms on complex vector spaces, see Theo-
rem 12.3.3 (ii) in the Appendix, it follows that .Ut and .Vt are unitary linear operators and 
that .Vt = U∗

t . Further for . f ∈ L2
C
(Rn), it follows that
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. 

[(
e−i t

h
H̄0 −Ut

)
f
]
(u)

=
(
4

ε0t

h
πi

)−n/2

.

{
Rn

e
i h

4ε0 t
|u−ū|2

f (ū) dvn

−
(
4

ε0t

h
πi

)−n/2

e
i h

4ε0 t
|u|2 ·

{
Rn

e
−i h

2ε0 t
u·ū

f (ū) dvn

=
(
4

ε0t

h
πi

)−n/2

.

{
Rn

e
i h

4ε0 t
( |u|2+|ū|2−2u·ū )

f (ū) dvn

−
(
4

ε0t

h
πi

)−n/2

e
i h

4ε0 t
|u|2 ·

{
Rn

e
−i h

2ε0 t
u·ū

f (ū) dvn

=
(
4

ε0t

h
πi

)−n/2

e
i h

4ε0 t
|u|2 ·

{
Rn

e
−i h

2ε0 t
u·ū
(
e
i h

4ε0 t
|ū|2 − 1

)
f (ū) dvn

=
(
2

ε0t

h
i

)−n/2

e
i h

4ε0 t
|u|2 ·

{
F2

[(
e
i h

4ε0 t
| |2 − 1

)
f

]}(
h

2ε0t
u

)
,

for every .u ∈ R
n . Hence 

. ||(e−i t
h
H̄0 −Ut

)
f ||22 ≤

||||
(
e
i h

4ε0 t
| |2 − 1

)
f
||||2
2 = 4

|||||||| sin
(

h

8ε0|t | | |2
)

· f

||||||||
2

2

= 4
{

Rn
sin2

(
h

8ε0|t | | |2
)

| f |2 dvn ,

and it follows from Lebesgue’s dominated convergence theorem that 

. lim
t→±∞ ||(e−i t

h
H̄0 −Ut

)
f ||2 = 0 .

Summarizing the previous, we arrive at the following result. 

Large Time Asymptotics of .e−i (t/h)Ĥ f , for . f ∈ L2
C
(Rn)

For every .t ∈ R
∗ and . f ∈ L2

C
(Rn), 

. ||(e−i t
h
H̄0 −Ut

)
f ||22 ≤ 4

{
Rn

sin2
(

h

8ε0|t | | |2
)

| f |2 dvn ,

and hence 
. lim
t→±∞ ||(e−i t

h
H̄0 −Ut

)
f ||2 = 0 ,

where for every .t ∈ R
∗, the unitary linear operator .Ut on .L2

C
(Rn) is defined by
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. Utg :=
(
2

ε0t

h
i

)−n/2

e
i h

4ε0 t
| |2 ·

[
(F2g) ◦

(
h

2ε0t
idRn

)]
,

for every .g ∈ L2
C
(Rn). 

We note that for every .t ∈ R
∗ and . f ∈ L2

C
(Rn)

. |Ut f |2 =
(

h

2ε0|t |
)n || (F2 f ) ◦

(
h

2ε0t
idRn

)||2 .

If .|| f ||2 = 1 and .Ω ⊂ R
n is a Lebesgue measurable subset of “momentum space,” then 

. 

{
(hκ)−1 Ω

|F2 f |2 dvn ,

see (1.13), is the probability of finding the momentum of the particle at time . 0 to belong to 
the Lebesgue measurable set. Ω. After “a sufficiently large time.t > 0 of evolution” or “for a 
sufficiently large negative time.t < 0,” the probability of finding the position of the particle 
to belong to the Lebesgue measurable set. tm Ω ⊂ R

n “in position space,” see (1.2), is or has 
been, respectively, approximately given by, 

. 

{
κ t

m Ω

|Ut f |2 dvn =
{

κ t
m Ω

(
h

2ε0|t |
)n || (F2 f ) ◦

(
h

2ε0t
idRn

)||2 dvn

=
{

(hκ)−1 Ω

|F2 f |2 dvn ,

i.e., asymptotically for .t → +∞ or .t → −∞, the particle moves increasingly or moved, 
respectively, like a flow of free classical particles of mass. m, with momentum density.|F2 f |2. 

1.5.2 Time Evolution and Causality 

Another important application concerns the support properties of the elements in the paths 
in Hilbert space described by (1.20). If .| f |2 has a compact support for an . f ∈ X \ {0}, 
then (1.20) indicates that, for each .t ∈ R

∗, the corresponding support of .|e−i t
h
Ĥ f |2, is not 

compact, since the result of a convolution of a function that has no compact support with 
a function of compact support. This is consistent with a theory using Newtonian ideas of 
space and time, where there is instantaneous propagation of any action, but inconsistent 
with a theory that is compatible with the theory of special relativity, where the speed of 
light . c sets a limit for the speed of propagation of any action. On the other hand, this is of 
course not surprising because we are quantizing a Newtonian mechanical system. We note
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that the solutions of the heat equation display the same behavior, and indeed we are going 
to see in a later chapter a connection between the solutions of the Schrödinger equation 
and the solutions of the heat equation. Again, on the other hand, the above observation, 
concerning the the support properties of the functions involved in the convolution, although 
very plausible, does not provide a proof. 
In the following, we are going to sketch a proof, using methods from the area of Paley-
Wiener theorems. If . f ∈ L2

C
(Rn) has a (representative) with compact support contained in 

a closed ball of radius.r > 0, then, for the unique analytic extension.̂F2 f of.F2 f to an entire 
holomorphic function, there is .C > 0 such that 

.|̂F2 f (k)| ≤ Cer |Im(k)| , (1.23) 

for every.k ∈ C
n , where.Im(k) := t (Im(k1), . . . , Im(kn)) for every.k = t (k1, . . . ,.kn) ∈ C

n . 
According to (1.17), for .t ∈ R

∗, 

. (F2 e
−i t

h
Ĥ f )(k) = e−i

ε0 t
h

(k21+···+k2n) · (F2 f )(k) ,

for every .k = t (k1, . . . , kn) ∈ R
n . Hence, the unique analytic extension .

^
F2 e−i t

h
Ĥ f of 

.F2 e−i t
h
Ĥ f to an entire holomorphic function is given by 

. (
^

F2 e−i t
h
Ĥ f )(k) = e−i

ε0 t
h

(k21+···+k2n) · (̂F2 f )(k) ,

for every .k = t (k1, . . . , kn) ∈ C
n , which does not satisfy an estimate of the form (1.23). 

Hence, .F2 e−i t
h
Ĥ f is not a Fourier transform of a function with compact support, i.e., the 

support of .e−i t
h
Ĥ f is not compact. 

1.5.3 Free Propagation of Gaussians 

Since for .σ, τ ∈ (0, ∞) × R and . u0, v0 ∈ R
n

. exp(−σ|idRn − u0|2) ∗ exp(−τ |idRn − v0|2)

=
(

π

σ + τ

)n/2

exp

(
− στ

σ + τ
|idRn − u0 − v0|2

)
,

we have for every .t ∈ R,
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. lim
ε→∞ (4π ε0 σε)

−n/2exp

(
− 1

4ε0σε
| |2
)

∗ exp(−σ|idRn − u0|2)

=
(
4πi

ε0t

h

)−n/2
(

π

σ − i h

4ε0t

)n/2

exp

(
i

σ h

4ε0t

σ − i h

4ε0t

|idRn − u0|2
)

=
( −i h

4ε0t

σ − i 2
i

hκ2

m σth4ε0t

)n/2

exp

(
i

σ h

4ε0t

σ − i h

4ε0t

|idRn − u0|2
)

=
(
1 + 4iσ

ε0t

h

)−n/2

exp

(
− σ

1 + 4iσ ε0t
h

|idRn − u0|2
)

,

where we used 

. τ = 1

4ε0σε
.

Hence, 

Propagation of Gaussians I 

. e−i t
h
Ĥ exp(−σ|idRn − u0|2)

=
(
1 + 4iσ

ε0t

h

)−n/2

exp

(
− σ

1 + 4iσ ε0t
h

|idRn − u0|2
)

,

for every .t ∈ R, .σ ∈ (0, ∞) × R and .u0 ∈ R
n . 

For normalization, we note for .σ > 0 that 

. || exp(−σ|idRn − u0|2)||2 = || exp(−σ| |2)||2
=
({

Rn
e−2σ| |2 dvn

)1/2
=
( π

2σ

)n/4

and hence that 

. 

||||||||||
(
2σ

π

)n/4

exp(−σ|idRn − u0|2)
||||||||||
2

= 1 .

As a consequence, we arrive at the following result.
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Propagation of Gaussians II 

For every .t ∈ R, .σ > 0 and . u0 ∈ R
n

. e−i t
h
Ĥ exp(−σ|idRn − u0|2)

|| exp(−σ|idRn − u0|2)||2

=
(

1√
π

√
2σ

1 + 4iσ ε0t
h

)n/2

exp

(
− σ

1 + 4iσ ε0t
h

|idRn − u0|2
)

,

and the corresponding observable probability distributions 

.

||||e−i t
h
Ĥ exp(−σ|idRn − u0|2)

|| exp(−σ|idRn − u0|2)||2
||||
2

(1.24) 

=
[
1 

π 
2σ 

1 + 16σ2
( ε0t

h

)2
]n/2 

exp

[
− 2σ 
1 + 16σ2

( ε0t
h

)2 |idRn − u0|2
]

, 

for every .t ∈ R, .σ > 0 and .u0 ∈ R
n , where . ε0 = h

2κ2

2m .

We note that for .t ∈ R, (1.24) coincides with the normal distribution of a random variable 
with mean .u0 and standard deviation 

. 

/
1

4σ
+ 4σ ·

(
ε0t

h

)2
.

Time evolution keeps the mean unchanged, but increases the standard deviation, the latter 
asymptotically proportionally to . |t |, for .t → ±∞. Further, it follows for every .v ∈ R

n that 

. 

[
F2

exp(−σ|idRn − u0|2)
|| exp(−σ|idRn − u0|2)||2

]
(v) =

(
2σ

π

)n/4

[F2 exp(−σ|idRn − u0|2)](v)

=
(
2σ

π

)n/4

e−ivu0(F2e
−σ.id2

Rn )(v) =
(
2σ

π

)n/4

e−ivu0 (2σ)−n/2 e−v2/(4σ)

= (2πσ)−n/4e−ivu0 e−v2/(4σ)

and hence that 

.

||||F2 exp(−σ|idRn − u0|2)
|| exp(−σ|idRn − u0|2)||2

||||
2

= (2πσ)−n/2 exp

(
− 1

2σ
| |2
)

,
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which coincides with the normal distribution of a random variable with mean. 0 and standard 
deviation.

√
σ. We remark that this probability distribution is preserved by the time evolution, 

since as a consequence of (1.17) 5

. 

||||F2e−i t
h
Ĥ exp(−σ|idRn − u0|2)

|| exp(−σ|idRn − u0|2)||2
||||
2

=
||||e−i

ε0 t
h

.| |2F2
exp(−σ|idRn − u0|2)

|| exp(−σ|idRn − u0|2)||2
||||||||
2

=
||||F2 exp(−σ|idRn − u0|2)

|| exp(−σ|idRn − u0|2)||2
||||||||
2

= (2πσ)−n/2 exp

(
− 1

2σ
| |2
)

.

The reader might wonder, whether there are “moving Gaussians,” i.e., a sort of Gaussians 
whose means changes with time. Indeed, such exist. For the derivation, we use the momentum 
representation, and data . f̃ ∈ L2

C
(Rn) at time . 0 given by 

. f̃ (v) := (2πσ)−n/4e−[v−(hκ)−1 p0]2/(4σ) ,

for every .v ∈ R
n , where  .p0 = (p01, . . . , p0n) ∈ R

n has the dimension of momentum. 
Hence, 

. | f̃ |2 = (2πσ)−n/2 exp

(
− 1

2σ
|idRn − (hκ)−1 p0|2

)

describes a normal distribution with mean.(hκ)−1 p0 and and standard deviation.
√

σ. Since  
for every .t ∈ R, as a consequence of (1.17), 

.[F2 e−i t
h
Ĥ F−1

2 f̃ ](v) = (2πσ)−n/4 e−i
ε0 t
h

.v2e−[v−(hκ)−1 p0]2/(4σ)

= (2πσ)−n/4 e−i
ε0 t
h

.[2(hκ)−1 p0·v−(hκ)−2 |p0|2]e−
(

1
4σ +i

ε0 t
h

)
.[v−(hκ)−1 p0]2

= (2πσ)−n/4 e−i
ε0 t
h

.[2(hκ)−1 p0·v−(hκ)−2 |p0|2]e−[v−(hκ)−1 p0]2/[4 ( 1σ +4i ε0 t
h

)−1]

= (2πσ)−n/4 e−i t
h

.( hκ
m p0·v− |p0 |2

2m )e−[v−(hκ)−1 p0]2/[4 ( 1σ +4i ε0 t
h

)−1]

= (2πσ)−n/4
(

1

2σ
+ 2i

ε0t

h

)−n/2

e i
|p0 |2
2m · t

h

· e−i κt
m p0·v · [F2 ei(hκ)−1 p0·idRn e−( 1σ +4i ε0 t

h
)−1.| |2 ](v)

=
(
2σ

π

)n/4

·
(
1 + 4iσ

ε0t

h

)−n/2

e i
|p0 |2
2m · t

h

· [F2 ei(hκ)−1 p0·(idRn− κt
m p0)e−( 1σ +4i ε0 t

h
)−1.|idRn− κt

m p0|2 ](v)

5 More generally, as a consequence of (1.17), we have .|F2e−i t
h
Ĥ f |2 = |F2 f |2, for  every  . f ∈

L2
C

(Rn). 
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=
(
2σ 
π

)n/4 

·
(
1 + 4iσ 

ε0t

h

)−n/2 

e−i 
|p0 |2 
2m · t

h

· [F2 ei (hκ)−1 p0·idRn e−( 1 σ +4i ε0 t
h

)−1.|idRn − κt 
m p0|2 ](v) , 

where .ε0 = h
2κ2

2m , and we used Lemma 12.9.24 from the Appendix, we have 

. f := F−1
2 f̃ =

(
2σ

π

)n/4

· ei (hκ)−1 p0·idRn e−σ| |2 ,

and 

. e−i t
h
Ĥ F−1

2 f =
(
2σ

π

)n/4

·
(
1 + 4iσ

ε0t

h

)−n/2

e−i
|p0 |2
2m · t

h

· ei(hκ)−1 p0·idRn e
− σ

1+4iσ
ε0 t
h

.|idRn− κt
m p0|2

,

for every .t ∈ R. As a consequence, we arrive at the following result. 

Propagation of Gaussians III 

For every.t ∈ R,.σ > 0 and.p0 = (p01, . . . , p0n) ∈ R
n with the dimension of momen-

tum, .|F2 f |2, where  

. f :=
(
2σ

π

)n/4

· exp[ i (hκ)−1 p0 · idRn ] exp(−σ| |2) ,

describes a normal distribution with mean .(hκ)−1 p0 and standard deviation .
√

σ. 
Further, 

. e−i t
h
Ĥ f =

(
2σ

π

)n/4

·
(
1 + 4iσ

ε0t

h

)−n/2

exp

(
−i

|p0|2
2m

· t
h

)

· exp[ i(hκ)−1 p0 · idRn ] · exp
(

− σ

1 + 4iσ ε0t
h

|idRn − κt

m
p0|2

)
,

where .ε0 = h
2κ2

2m , and  

.

|||e−i t
h
Ĥ f

|||2 =
[

1

2π

4σ

1 + 16σ2
( ε0t

h

)2
]n/2

(1.25) 

· exp
(

− 
1 

2 

4σ 
1 + 16σ2

( ε0t
h

)2 |idRn − 
κt 

m 
p0|2

)
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describes a normal distribution with mean .
κt
m p0 and standard deviation 

. 

/
1

4σ
+ 4σ ·

(
ε0t

h

)2
.

If .n = 1, the mean is right moving if .p0 > 0 and left moving if .p0 < 0. 

In the following, we study the evolution of a superposition of . 2 Gaussians with different 
means, but equal standard deviations. We are going to see that the time evolution of the 
superposition shows an interference pattern for.t ≈ m/(2hκ2). For this purpose, we note for 
.σ > 0 that 

. e−i t
h
Ĥ
(
2σ

π

)n/4[
exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)

]

=
(

1√
π

√
2σ

1 + 4iσ ε0t
h

)n/2 [
exp

(
− σ

1 + 4iσ ε0t
h

|idRn − u0|2
)

+ exp

(
− σ

1 + 4iσ ε0t
h

|idRn − v0|2
)]

.

For normalization, we note that 

.|| exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)||22
=
{

Rn

[
exp(−2σ|idRn − u0|2) + 2 exp(−σ[ |idRn − u0|2 + |idRn − v0|2])

+ exp(−2σ|idRn − v0|2)
]
dvn

=
{

Rn

[
exp(−2σ|idRn − u0|2) + exp(−2σ|idRn − v0|2)

+ 2 exp

{
−2σ

[
| |2 − (u0 + v0) · idRn + |u0|2 + |v0|2

2

]}]
dvn

=
{

Rn

[
exp(−2σ|idRn − u0|2) + exp(−2σ|idRn − v0|2)

+ 2 exp

{
−2σ

[ |||| idRn − 1

2
(u0 + v0)

||||
2

+ |u0 − v0|2
4

]}]
dvn
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=
{

Rn

{
exp(−2σ|idRn − u0|2) + exp(−2σ|idRn − v0|2) 

+ 2 exp
(

− 
σ |u0 − v0|2 

2

)
exp

[
−2σ

|||| idRn − 
1 

2 
(u0 + v0)

||||
2
]}

dvn 

= 2
( π 
2σ

)n/2
[
1 + exp

(
− 

σ |u0 − v0|2 
2

)]

= 4
( π 
2σ

)n/2 
e−σ |u0−v0|2/4 cosh

(
σ |u0 − v0|2 

4

)
. 

Hence, 

. 

(
2σ

π

)n/4

|| exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)||2

= 2e−σ |u0−v0|2/8 cosh1/2
(

σ |u0 − v0|2
4

)
,

and 

Superposition of Gaussians 

. e−i t
h
Ĥ exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)

|| exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)||2

= 1

2

(
1√
π

√
2σ

1 + 4iσ ε0t
h

)n/2
eσ |u0−v0|2/8

cosh1/2
(

σ |u0−v0|2
4

)

·
[
exp

(
−σ |idRn − u0|2

1 + 4iσ ε0t
h

)
+ exp

(
−σ |idRn − v0|2

1 + 4iσ ε0t
h

)]
,

and the corresponding observable probability distribution 

.

|||| e−i t
h
Ĥ exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)

|| exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)||2
||||
2

= eσ |u0−v0|2/4

cosh
(

σ |u0−v0|2
4

)
[
1

π

2σ

1 + (
4σ ε0t

h

)2
]n/2

·
⎧⎨
⎩sinh2

⎡
⎣σ (u0 − v0) · (u0 + v0 − 2 · idRn )

2
[
1 + (

4σ ε0t
h

)2]
⎤
⎦
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Fig. 1.1 Density plot of the probability distribution for the position of the particle at time . 0 in the 
.u1, u2-plane, of the superposed Gaussians, for.n = 3,.σ = 1,.u0 = (1, 0, 0),.v0 = (0, 1, 0). Relative 
darker colors indicate relative higher probabilities 

+ cos2
[

σ (u0 − v0) · (u0 + v0 − 2 · idRn ) hκ2 

m σt 

1 + (
4σ ε0t

h

)2
]}

· exp
[
− 

σ ( |idRn − u0|2 + |idRn − v0|2) 
1 + (

4σ ε0t
h

)2
]

, (1.26) 

for every .t ∈ R, .σ > 0, .u0 ∈ R
n and .v0 ∈ R

n , 

where we used that (Figs. 1.1 and 1.2) 

. |e−ασz + e−βσz |2 = (e−ασz∗ + e−βσz∗)(e−ασz + e−βσz)

= e−2ασx + e−2βσx + e−σ[α(x−iy)+β(x+iy)] + e−σ[α(x+iy)+β(x−iy)]

= e−2ασx + e−2βσx + e−σ(αx−iαy+βx+iβy) + e−σ(αx+iαy+βx−iβy)

= e−2ασx + e−2βσx + e−σ(α+β)x [eiσ(α−β)y + e−iσ(α−β)y]
= e−2ασx + e−2βσx + 2e−σ(α+β)x cos[σ(α − β)y]
= e−σ(α+β)x

{
e−σ(α−β)x + eσ(α−β)x + 2 cos[σ(α − β)y]

}

= 2e−σ(α+β)x {cosh[σ(α − β)x] + cos[σ(α − β)y]} ,

for every .z = x + iy ∈ C \ (−∞, 0], .x, y, σ, α, β ∈ R.
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Fig.1.2 Density plot of the oscillating factor for.t = m/(2hκ2), in the probability distribution (1.26) 
for the position of the particle in the .u1, u2-plane, of the superposed Gaussians, displaying inter-
ference, for .n = 3, .σ = 1, .u0 = (1, 0, 0), .v0 = (0, 1, 0). Relatively darker colors indicate relatively 
higher probabilities 

Superposition of Gaussians: Asymptotic for Large Times 

We note that 

.

|||| e−i t
h
Ĥ exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)

|| exp(−σ|idRn − u0|2) + exp(−σ|idRn − v0|2)||2
||||
2

(1.27) 

∼
t→±∞ 

e 
σ |u0−v0 |2 

4 

(2πσ) 
n 
2 cosh

(
σ |u0−v0|2 

4

)
(

h

2ε0|t |
)n 

, 

for every .σ > 0, .u0 ∈ R
n and .v0 ∈ R

n . 

1.6 Perturbations of the Free Hamilton Operator in .≤ 3 Space 
Dimensions 

A Point-Particle of Mass .m > 0 Subject to an External Potential . V

In the following, we are going to show for .n ≤ 3 that the densely-defined, linear and 
symmetric operator 

. ĤV 0 : C2
0 (R

n, C) → L2
C
(Rn)

in .L2
C
(Rn), defined by
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. ĤV 0 f := − h
2κ2

2m
Δ f + V f = h

2κ2

2m

(
−Δ f + 2m

h2κ2 V f

)
,

for every . f ∈ C2
0 (R

n, C), where  .V ∈ L2(Rn) + L∞(Rn). a Then .ĤV 0 is essentially 
self-adjoint. In addition, 

. ĤV 0 = Ĥ + TV ,

where .Ĥ is the free Hamiltonian from Sect. 1.4, and .TV denotes the maximal multi-
plication operator with .V in .L2

C
(Rn), and  b

. D
(
ĤV 0

)
= D(Ĥ) ⊂ C∞(Rn, C) .

We note that the potential corresponding to the case of an electron in the Coulomb 
field of an nucleus containing . Z protons, 

. V = − Ze2κ

| | ,

where . e denotes the charge of an electron, is an element of .L2(Rn) + L∞(Rn). 

a We note that .V coincides with the classical potential function only up to a scale factor. The 
value of the classical potential function at the point .x ∈ R

n is given by.V (κx). 
b We note that is not difficult to show that .D(Ĥ) is equal to the Sobolev space.W 2

C
(Rn), i.e., 

the subspace of .L2
C
(Rn), consisting of those elements that are weakly differentiable to every 

order .α ∈ N
n with .|α| ≤ 2 and such that these weak derivatives are square integrable. It is 

interesting to note that there is a connection between the concept of domains of self-adjoint 
operators and Sobolev spaces, at least for simple potentials. 

For this purpose, we are going to use the Rellich-Kato theorem, whose proof is given in the 
Appendix, see Theorem 12.4.11 in the Appendix. 

Theorem 1.6.1 (Relatively bounded perturbations of self-adjoint operators, Rellich-Kato 
theorem) Let.(X , { | })be a complex Hilbert space,. A,. B be densely-defined, linear, symmetric 
operators in .X and .0 ≤ a < 1, .b ≥ 0 such that .D(B) ⊃ D(A) and 

.||B f ||2 ≤ a2||A f ||2 + b2|| f ||2 (1.28) 

for every . f ∈ D(A). If  .A is in addition essentially self-adjoint, then .A + B is densely-
defined, linear and essentially self-adjoint such that 

.A + B = Ā + B̄ .
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For the proof that .Ĥ0 is essentially self-adjoint, we recall that 

.A : C2
0 (R

n, C) → L2
C
(Rn) , (1.29) 

defined for every . f ∈ C2
0 (R

n, C) by 

. A f := −Δ f ,

is a densely-defined, linear, positive symmetric and essentially self-adjoint operator in 
.L2

C
(Rn), whose closure . Ā has the spectrum 

. σ( Ā ) = [0, ∞) .

Further, for every bounded and universally measurable function . f : [0, ∞) → C: 

. f ( Ā ) = F−1
2 ◦ T f ◦| |2 ◦ F2 ,

where .T f ◦ | |2 is the maximal multiplication operator with the function . f ◦ | |2, defined by  

. T f ◦| |2g := ( f ◦ | |2) · g ,

for every .g ∈ L2
C
(Rn). In particular, 

. ( Ā + 1)−1 = F−1
2 ◦ T 1

1+| |2
◦ F2 ,

and 
. ( Ā + 1)−1 f = F−1

2 (1 + | |2)−1F2 f ,

for every . f ∈ L2
C
(Rn). We note that 

. 
1

1 + | |2 ∈ L2
C
(Rn) ,

for .n ≤ 3, but not for .n ≥ 4. From the theory of the Fourier transformation, it follows that 

. f ∗ g = F1[(F−1
2 f ) · (F−1

2 g)] ,

for all. f , g ∈ L2
C
(Rn), where. ∗ denotes the convolution product. Hence for.n ≤ 3, it follows 

further that 

.( Ā + 1)−1 f = F−1
2 (1 + | |2)−1F2 f = F2 (1 + | |2)−1F−1

2 f

= 1

(2π)n/2 F1 (1 + | |2)−1F−1
2 f

(
= 1

(2π)n/2 [F2 (1 + | |2)−1] ∗ f

)
,
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for every . f ∈ L2
C
(Rn). In particular, 

. ( Ā + 1)−1 f ∈ C∞(Rn, C)

and 

. ||( Ā + 1)−1 f ||∞ =
|||||||| 1

(2π)n/2 F1 (1 + | |2)−1F−1
2 f

||||||||∞

≤ 1

(2π)n/2

||||||(1 + | |2)−1F−1
2 f

||||||
1

≤ cn || f ||2 ,

for every . f ∈ L2
C
(Rn), where  

. cn := 1

(2π)n/2

||||(1 + | |2)−1
||||
2

and Hoelder’s inequality was used. As a consequence, for .n ≤ 3, we arrive at the following 
Sobolev inequality 

.|| f ||∞ ≤ cn ||( Ā + 1) f ||2 ≤ cn
(|| Ā f ||2 + || f ||2

)
, (1.30) 

for every . f ∈ D( Ā ). In a further step, with the help of Hoelder’s inequality, it follows for 
.U ∈ L2

C
(Rn) that 

. ||U f ||22 ≤ ||U||22 · || f ||2∞ ≤ c2n ||U||22
(|| Ā f ||2 + || f ||2

)2
≤ 2c2n ||U||22

(|| Ā f ||22 + || f ||22
)

and hence that 
.||U f ||22 ≤ 2c2n ||U||22

(|| Ā f ||22 + || f ||22
)

, (1.31) 

for every. f ∈ D( Ā ). Hence if.U = U1 +U2,where.U1 ∈ L2(Rn),.U2 ∈ L∞(Rn),we define  
for every .ν ∈ N

∗ a corresponding .U1ν ∈ L2(Rn) ∩ L∞(Rn) by 

. U1ν := χ
U−1
1 ([−ν,ν]) ·U1 .

Then, it follows from Lebesgue’s dominated convergence theorem that 

. lim
ν→∞ ||U1ν −U||2 = 0

and hence the existence of a .ν0 ∈ N
∗ such that 

. 2c2n||U1ν0 −U||22 < 1 .

As consequence,
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. U = U1 −U1ν0 +U1ν0 +U2 ,

where 
. U1 −U1ν0 ∈ L2(Rn) and U1ν0 +U2 ∈ L∞(Rn) .

In a first step, it follows from (1.30) and the Rellich-Kato theorem that 

. A + TU1−U1ν0

is essentially self-adjoint, where 
. TU1−U1ν0

denotes the maximal multiplication operator with .U1 −U1ν0 in .L2
C
(Rn). In addition, it 

follows that 
. A + TU1−U1ν0

= Ā + TU1−U1ν0

and that 
. D
(
A + TU1−U1ν0

)
= D( Ā) ,

the latter since .D( Ā) ⊂ C∞(Rn, C). Further, since 

. U1ν0 +U2 ∈ L∞(Rn) ,

it follows that the maximal multiplication operator 

. TU1ν0+U2

with 
. U1ν0 +U2

in.L2
C
(Rn) is a bounded linear operator on.L2

C
(Rn). Hence, it follows from the Rellich-Kato 

theorem that 
. A + TU1−U1ν0

+ TU1ν0+U2 = A + TU

is essentially self-adjoint, where.TU denotes the maximal multiplication operator with.U in 
.L2

C
(Rn) and therefore also that .Ĥ0 is essentially self-adjoint. In addition, it follows that 

. A + TU = A + TU1−U1ν0
+ TU1ν0+U2

= Ā + TU1−U1ν0
+ TU1ν0+U2 = Ā + TU

and that 
. D
(
A + TU

) = D( Ā) ,

the latter since .D( Ā) ⊂ C∞(Rn, C).
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Equality of the Essential Spectrum of the Free Hamiltonian and the Essential 
Spectra of a Class of Perturbed Hamiltonians 

In the following, we are going to show that the essential spectrum.σe(Ĥ) of the free 

Hamiltonian .Ĥ and the essential spectrum, .σe(ĤV 0), of .ĤV 0 coincide and are given 
by the interval .[0, ∞): 

. σe( ĤV 0 ) = σe(Ĥ) = [0, ∞) ,

where .V is such that there is a sequence .V1, V2, . . . in .L2
C
(Rn) satisfying 

. lim
ν→∞ ||Vν − V ||∞ = 0 .

We note that the potential corresponding to the case of an electron in the Coulomb 
field of an nucleus containing . Z protons, 

. V = − Ze2κ

| | ,

where . e denotes the charge of an electron, is satisfying this condition. 

For the proof, in a first step, we are going to show for .U ∈ L2(Rn) that .TU ( Ā + 1)−1 is a 
Hilbert-Schmidt operator and hence compact. We note that for every . f ∈ L2

C
(Rn)

. TU ( Ā + 1)−1 f = 1

(2π)n/2 U · [F2 (1 + | |2)−1] ∗ f

= U · (h ∗ f ) = Int(K ) f ,

where .h ∈ L2
C
(Rn) is defined by 

. h := 1

(2π)n/2 F2 (1 + | |2)−1 ,

for almost all . u and . ū ∈ R
n

. K (u, ū) := U (u) h(u − ū) = U (u) h(ū − u)

and .Int(K ) denotes the integral operator on .L2
C
(Rn) that is associated with . K . In addition,  

it follows that .K is measurable, a fact that is shown in the derivation of the elementary 
properties of the convolution product. Also, for every . u in the domain .D(U ) of . U , 

.|U (u)|2 · |h|2(· − u) ∈ L1(Rn) ,
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and 

. 

(
D(U ) → R

u |→ {
Rn |U (u)|2 · |h|2(· − u) dvn

)
=
(

D(U ) → R

u |→ |||h|2||1 · |U (u)|2
)

is integrable since.U ∈ L2(Rn). Hence it follows from Tonelli’s theorem as well as Fubini’s 
theorem that .K ∈ L2

C
((Rn)2) and that 

. ||K||22 = |||U |2||1 · |||h|2||1 = ||U||22 · ||h||22 .

Hence .TU ( Ā + 1)−1 is a Hilbert-Schmidt operator and therefore compact. Further, if .U is 
such that there is a sequence .U1,U2, . . . in .L2

C
(Rn) satisfying 

. lim
ν→∞ ||Uν −U||∞ = 0 ,

then 
. TU ( Ā + 1)−1 = TUν ( Ā + 1)−1 + TU−Uν ( Ā + 1)−1 ,

for every .ν ∈ N
∗. Hence, it follows that 

. ||TUν ( Ā + 1)−1 − TU ( Ā + 1)−1|| = ||TUν−U ( Ā + 1)−1||
≤ ||Uν −U||∞ · ||( Ā + 1)−1|| .

As a consequence, 

. lim
ν→∞ ||TUν ( Ā + 1)−1 − TU ( Ā + 1)−1|| = 0 ,

and therefore .TU ( Ā + 1)−1 is compact as a limit, with respect to the operator norm.|| ||, of  
compact operators. Hence, according to Corollary 12.5.21 in the Appendix, .TU is compact 
relative to. Ā. Therefore, according to Theorem 12.5.23 in the Appendix, the essential spectra 
of. Ā and. Ā + TU coincide. As noted before, the spectrum of. Ā is given by the closed interval 
.[0, ∞). In particular, . Ā has no discrete spectral values and hence, see Theorem 12.5.18 in 
the Appendix, the essential spectrum of . Ā is given by .[0, ∞). 

For later use, we are going to calculate 

. e−σ Ā ,

for .σ ∈ (0, ∞) × R.
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A Representation of . e−σ Ā

For every . σ ∈ (0, ∞) × R

. e−σ Ā f = 1

(4πσ)n/2 e−| |2/(4σ) ∗ f ∈ C∞(Rn, C) ∩ L2
C
(Rn) ,

and 

. ||e−σ Ā f ||∞ ≤
( |σ|
8π2Re(σ)

)n/2

,

for every . f ∈ L2
C
(Rn). 

For the proof, we note that 
. e−σ Ā = F−1

2 ◦ T
e−σ| |2 ◦ F2 ,

and 
. e−σ Ā f = F−1

2 e−σ| |2F2 f ,

for every . f ∈ L2
C
(Rn). Since according to the theory of the Fourier transformation 

. f ∗ g = F1[(F−1
2 f ) · (F−1

2 g)] ,

for all . f , g ∈ L2
C
(Rn), where . ∗ denotes the convolution product, it follows further that 

. e−σ Ā f = F−1
2 e−σ| |2F2 f = F2e

−σ| |2F−1
2 f

= 1

(2π)n/2 F1 e
−σ| |2F−1

2 f = 1

(2π)n/2 (F2 e
−σ| |2) ∗ f

= 1

(4πσ)n/2 e−| |2/(4σ) ∗ f ,

for every . f ∈ L2
C
(Rn), where we used Corollary 12.9.24 from the Appendix. We note that 

it follows in particular that 

. e−σ Ā f ∈ C∞(Rn, C) ∩ L2
C
(Rn) ,

and 

. ||e−σ Ā f ||∞ ≤ 1

(8π2|σ|)n/2

||||||e−| |2/(4σ)
||||||
2
· || f ||2

= 1

(8π2|σ|)n/2

({
Rn

e−Re(σ)·| |2/(2|σ|2)
)1/2

· || f ||2 =
( |σ|
8π2Re(σ)

)n/2

,

where we used Lemma 12.9.26 and Corollary 12.9.24 from the Appendix.
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2.1 Commuting Operators 

In the discussion of the canonical commutation rule for the position and the momentum 
operator for the harmonic oscillator in [ 7], the commutator bracket .[ , ] was used. In the 
following, we are going to use this bracket more systematically, but only for bounded linear 
operators. For bounded linear operators .A, B on a Hilbert space, we define the commutator 
of . A and . B as the bounded linear operator given by 

. [A, B] := A ◦ B − B ◦ A .

For unbounded operators, the analogous definition turned out inconclusive, and we are not 
going to use the notation.[A, B] in the following, if at least one of the involved operators is 
unbounded. 

On the other hand, the notion of that two, possibly unbounded, observables .A and . B
commute allows a clear cut mathematical definition, with important implications, namely 
that the commutator of each member of the spectral family .E A of .A commutes with each 
member of the spectral family .EB of . B, 

. [E A
λ1

, EB
λ2

] = 0 ,

for all .λ1, λ2 ∈ R. The following theorem, whose proof is given in the Appendix, see 
Theorem 12.9.1, gives equivalent criteria for the commuting of observables. 
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Theorem 2.1.1 (Commuting Observables) Let .(X , { | }) be a non-trivial complex Hilbert 
space, .A : D(A) → X and .B : D(B) → X densely-defined, linear and self-adjoint 
operators in . X, with corresponding spectra .σ(A) and .σ(B), respectively, and .E A and 
.EB the spectral families that are associated with . A and . B, respectively. We say that . B and 
. A commute, if 

. 

[
EB
s , E A

t

]
= 0 ,

for all .s, t ∈ R. Finally, let .UA := (A − i)(A + i)−1 and .UB := (B − i)(B + i)−1 be the 
Cayley transforms of . A and . B, respectively, which are unitary linear operators on . X. 

(i) If in addition .B ∈ L(X , X), then the following statements are equivalent. 

(a) 
. [g(B), f (A)] = 0 ,

for all .g ∈ Us
C
(σ (B)) and . f ∈ Us

C
(σ (A)) . 

(b) .B and . A commute. 
(c) .[B,UA] = 0. 
(d) .[B, eit A] = 0, for all .t ∈ R. 
(e) .A ◦ B ⊃ B ◦ A . 

(ii) The following statements are equivalent. 

(a) 
. [g(B), f (A)] = 0 ,

for all .g ∈ Us
C
(σ (B)) and . f ∈ Us

C
(σ (A)) . 

(b) .B and . A commute. 
(c) .[eisB, eit A] = 0, for all .s, t ∈ R. 
(d) .[UB,UA] = 0 . 

Physically relevant examples of commuting operators are the operators corresponding 
to the measurement of the . kth and . lth, .k, l ∈ {1, . . . , n}, component of the position and the 
operators corresponding to the measurement of the . kth and . lth component of momentum. 
Also, the . kth, .k ∈ {1, . . . , n}, component of momentum commutes with the Hamiltonian 
describing free motion in.R

n . These facts are simple consequences of Theorem 2.1.1, (1.1), 
(1.12) and (1.16). Also the operators corresponding to the. 3rd component of angular momen-
tum.L̂3 and the square of angular momentum.L̂2 commute, see Sect. 2.4.5. In Sect. 2.7.3, we  
are going to show that the free Hamiltonian commutes with space translations and orthogo-
nal transformations and that the members of a class of perturbations of the free Hamiltonian 
by central potentials commute with orthogonal transformations.
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According to the previous theorem, Theorem 2.1.1, observables. A and. B commute if and 
only if the commutators of each pair of operators from the functional calculi corresponding 
to .A and . B, respectively, vanish. This includes the spectral projections corresponding to 
. A and .B which are relevant for the measurement process. All these operators are bounded 
linear operators. 1

For example, if the physical system is in a state .C. f , where  . f ∈ X \{0}, and a mea-
surement of the observable .A determined that the values of the observable belong to an 
interval .I ⊂ σ(A), where  .σ(A) denotes the spectrum of . A, then, if .A and .B commute, a 
subsequent measurement of the values of the observable . B does not affect this result of the 
measurement of the values of observable . A, i.e., in this case a subsequent measurement of 
the values of observable . A will still find the values of . A to belong to the interval . I . On the  
other hand, this is true only if there is no time delay between these measurements, which 
is not very realistic, but refers to a limit where the time delay between the measurement 
processes approaches. 0. Even in a theory that uses Newtonian ideas of space and time, 2 like 
quantum mechanics, such processes take time, and after the measurement of the values of 
the observable .A the resulting state is subject to time evolution until the measurement of 
the values of the observable . B. Generically, if .A does not commute with the Hamiltonian 
operator . H , a subsequent measurement of the values of the observable .A will not lead on 
the same values as in a previous measurement. On the other hand, it needs to be remembered 
that this process of time evolution between the measurements is deterministic. There is no 
loss of information during this time. 

The previous indicates that what is really physically relevant is the commuting of the 
spectral projections of two observables, .A and . B. This leads on the concept of closed 
invariant subspaces, leading to the reduction of observables and a decomposition of their 
spectras and the concept of symmetries. 

For motivation of closed invariant subspaces, say, we know, due to a previous measure-
ment of an observable. A, that a system is in state belonging to a projection space of a spectral 
projection of . A, a closed subspace . Y of the state space . X , and perform a further measure-
ment of an observable .B that commutes with . A. The measurement process corresponds to 
the application of a spectral projection.P of. B, which commute with those of. A. Hence, the 
measurement leaves . Y invariant, i.e., after the measurement the state is still an element of 
. Y . More precisely, the state is an element of the intersection, .(Ran P) ∩ Y , of  . Y with the 
range of the spectral projection . P , .Ran P , a closed subspace of . X . The space .(Ran P) ∩ Y

1 Observables can be viewed a labels of the associated functional calculi of bounded linear operators, 
and it is the latter that is of primary importance. So, one might ask for the reason why observables in 
quantum theory are generically unbounded DSLO’s. The answer is given by the so called Hellinger-
Toeplitz theorem, Theorem 12.4.4 (xi). As a consequence, an observable is unbounded if and only if 
its spectrum is unbounded. Now if the range of values of a classical observable is unbounded, there 
is no reason why quantization should lead to a bounded spectrum for the corresponding observable 
in quantum theory. 
2 In particular, like in classical Newtonian physics, quantum mechanics assumes instantaneous prop-
agation of any action. 
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is a closed subspace of the state space and generically a proper restriction of . Y , and in this 
way the measurement of the observable can be considered to “refine” the measurement of 
the observable . A. 

2.2 Closed Invariant Subspaces of Observables 

For explanation, we consider a observable . A. 

Definition of Closed Invariant Subspaces 

A subspace . Y of the state space .X is called an closed invariant subspace of . A, if . Y is 
closed and the orthogonal projection .P ∈ L(X , X) onto . Y commutes with . A, i.e., 

.A ◦ P ⊃ P ◦ A , (2.1) 

i.e., .A ◦ P is an extension of .P ◦ A. We note that, according to Theorem 2.1.1, the  
latter implies that 

. [ f (A), P] = 0 ,

i.e., . f (A) maps leaves . Y invariant, a for every . f ∈ Us
C
(σ (A)) . 

a Equivalently, every element of . Y is mapped into an element of . Y . 

We remind that we always assume compositions to be maximally defined. So the domain 
.D(A ◦ P) of .A ◦ P is defined by 

. D(A ◦ P) := { f ∈ X : P f ∈ D(A)} .

Hence, an equivalent way of formulating (2.1) is that for every . f ∈ D(A), we have  

. P f ∈ D(A) and AP f = PA f .

We note that this implies for every . f ∈ D(A) that .(1 − P) f ∈ D(A), 

. A (1 − P) f = A f − AP f = A f − PA f = (1 − P)A f

and hence that 
.A ◦ (1 − P) ⊃ (1 − P) ◦ A , (2.2)
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i.e., the orthogonal complement .X2 of .X1 is also a closed invariant subspace of . A. Hence, 
we arrive at the decomposition of . A into reduced operators .A1 and .A2, 

. A = A1 ⊕ A2 ,

where 

. A1 := (D(A) ∩ X1 → X1, f |→ A f ) ; A2 := (D(A) ∩ X2 → X2, f |→ A f ) .

We are no going to continue this particular analysis, but give in the following more in depth 
results of the reduction of observables, using invariant subspaces. 

The following lemma is proved in the Appendix, see Lemma 12.9.2. It shows that a 
closed invariant subspace of an DLSO leads to a reduced DLSO in the invariant subspace, 
that the spectrum of the reduced operator is part of the spectrum of the original operator and 
that restriction of the functional calculus of the original operator to the invariant subspace 
coincides with functional calculus of the reduced operator. 

Lemma 2.2.1 (Reduction of Observables I) Let .(X , { | }) be a non-trivial complex Hilbert 
space, .A : D(A) → X a densely-defined, linear and self-adjoint operator in .X and . (φ /=)

σ (A) (⊂ R) the spectrum of . A, .P ∈ L(X , X) a non-trivial orthogonal projection such that 
.A ◦ P ⊃ P ◦ A and .Y := Ran P the non-trivial and closed projection space corresponding 
to .P (which is a closed invariant subspace of . A). Then the following is true. 

(i) By .AP := (D(A) ∩ Y → Y , f |→ A f ), there is defined a densely-defined, linear and 
self-adjoint Operator in . Y . The spectrum .σ(AP ) of .AP is part of .σ(A). 

(ii) For every . f ∈ Us
C
(σ (A)) , 

. f
||
σ(AP )

∈ Us
C

(σ (AP )) and
(
f
||
σ(AP )

)
(Ap) = (Y → Y , g |→ f (A)g) .

The starting point in applications is usually a symmetric DLO, not a DSLO. The latter 
are created through appropriate extension of a symmetric DLO. In particular, a priori closed 
invariant subspaces are not known. The following lemma, proved in the Appendix, see 
Lemma 12.9.3, starts from a decomposition of the underlying Hilbert space into a sequence 
of orthogonal closed subspaces and a symetric DLO that induces symmetric DLO’s in these 
subspaces that are in addition essentially self-adjoint and gives that the original symmet-
ric DLO is essentially self-adjoint, too, and that the original closed subspaces are closed 
invariant subspaces of its closure. This Lemma and the subsequent Corollary are crucial 
in the discussion below of the angular momentum operators in Sect. 2.4 as well as for the 
quantization of a particle subject to a central potential in Chap. 4.



38 2 Commutators, Symmetries and Invariances

Lemma 2.2.2 (Reduction of Observables II) Let .(X , { | }) be a non-trivial complex Hilbert 
space and.A : D(A) → X a densely defined, linear and symmetric operator in. X. Moreover, 
let .P0, P1, . . . be a sequence of orthogonal projections on .X with pairwise orthogonal 
projection spaces and such that 

. lim
n→∞

nΣ
j=0

Pj f = f ,

for every . f ∈ X. Finally, for each . j ∈ N, let .Dj be a dense subspace of .Ran(Pj ) with 

.Dj ⊂ D(A) , A(Dj ) ⊂ Ran(Pj ) , (2.3) 

and such that densely-defined, linear and symmetric operator .A j := (Dj → Ran Pj , . f |→
A f ) in .Ran Pj is essentially self-adjoint. Then . A is essentially self-adjoint and the therefore 
self-adjoint closure . Ā of . A commutes strongly with every .Pj , . j ∈ N, i.e., 

. Ā ◦ Pj ⊃ Pj ◦ Ā (2.4) 

holds for each . j ∈ N. 

Corollary 2.2.3 Under the assumptions of Lemma 2.2.2, it follows that 

. Ā|D( Ā ) ∩Ran(Pj )
= Ā j , (2.5) 

for every . j ∈ N, where . Ā j denotes the closure of .A j in .Ran(Pj ). 

Note that, since .Dj ⊂ Ran(Pj ) for every . j ∈ N, (2.3) are “invariance conditions” and 
that .Ran(P0),Ran(P1), . . . is a sequence of invariant subspaces of . Ā such that the span of 
the union of these spaces is dense in. X . Further, we note that the assumptions of Lemma 2.2.2 
do not exclude that only finitely many of the projection spaces of.P0, P1, . . . are non-trivial. 

A decomposition of an operator as in Lemma 2.2.2 induces a decomposition of the 
spectrum of that operator. Also the proof of the following theorem is given in the Appendix, 
see Theorem 12.9.5. 

Theorem 2.2.4 (Induced Decomposition of Spectra) Let.(X , { | }) be a non-trivial complex 
Hilbert space, .A : D(A) → X a densely-defined, linear and self-adjoint operator in .X and 
.(φ /=) σ (A) (⊂ R) the spectrum of . A. In addition, let .(Pn)n∈N be a sequence of orthogo-
nal projections with pairwise orthogonal projection spaces that commute with . A. Accord-
ing to Lemma 2.2.2, for every .n ∈ N by .An := (D(A) ∩ Ran Pn → Ran Pn, . f |→ A f ), 
there is defined a densely-defined, linear and self-adjoint operator in .Ran Pn. Finally, let 
.σ(An), σp(An) be the spectrum of .An and the point spectrum, i.e., the set of all eigenvalues, 
of .An, respectively. We note that .σ(An) = φ, if .Ran Pn = {0}. Then
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. σp(A) =
|  |
n∈N

σp(An) , σ (A) =
|  |
n∈N

σ(An) .

Often, the reduction of operators proceeds by use of representation changes induced by 
coordinate transformations. This usually leads to the introduction of coordinate singularities 
into the transformed operators which in turn affects the choice of the domain of the operator 
. A. As a result, it can very well happen that some of the induced operators in Theorem 2.2.2 
are not essentially self-adjoint. For instance, such a case occurs in the quantization of a 
particle subject to a central potential. As a consequence, in these cases, the induced oper-
ators that fail to be essentially self-adjoint need to be extended to essentially self-adjoint 
operators, which in turn affects the domain of the original operator. A. Fortunately, it is easy 
to combine a sequence of symmetric DLO that are essentially self-adjoint to a symmetric 
DLO that is essentially self-adjoint. Also, the following Lemma is proved in the Appendix, 
see Lemma 12.9.6. 

Lemma 2.2.5 (Reduction of Observables III) Let.(X , { | }) be a non-trivial complex Hilbert 
space, .P0, P1, . . . be a sequence of orthogonal projections on .X with pairwise orthogonal 
projection spaces and such that 

. lim
n→∞

nΣ
j=0

Pj f = f ,

for every . f ∈ X. Further, for  each  . j ∈ N, let  .A j : Dj → Ran(Pj ) be a densely-defined, 
linear, symmetric and essentially self-adjoint operator in .Ran(Pj ). We define the subspace 
.D ⩽ X by 

. D :=
⎧⎨
⎩

nΣ
j=0

f j : n ∈ N and f j ∈ Dj , for every j ∈ {1, . . . , n}
⎫⎬
⎭ ,

and .A : D → X by 

. A
nΣ
j=0

f j :=
nΣ
j=0

A j f j ,

where .n ∈ N and . f j ∈ Dj , for every . j ∈ {0, . . . , n}. Then .A is a densely-defined, linear, 
symmetric and essentially self-adjoint operator in . X, whose closure . Ā commutes strongly 
with every .Pj , . j ∈ N, i.e., 

. Ā ◦ Pj ⊃ Pj ◦ Ā

holds for each . j ∈ N.
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2.3 Insert: Decomposition of Spectra of DSLO’s 

There are . 2 main decompositions of the spectrum of a DSLO. A. 
The first is rarely used in the text, but becomes important in the formal scattering theory, 
which is not treated in this text. Also, the results given below in this connection are not 
proved here. For this, we refer to [ 60], Volume I. The decomposition in question is the result 
of a decomposition of the underlying Hilbert space. X into a direct orthogonal sum of closed 
invariant subspaces, due to particular properties of the spectral measures that are associated 
to the operator and every element of . X . 

For this purpose, we define the so called “discontinuous subspace”.X p of. X to consist 
of all . f ∈ X for which there is a countable subset .N ⊂ R such that .R\N is a set of 
measure . 0 of the spectral measure .ψ f that corresponds to . A and. f , and the so called 
“continuous subspace” .Xc of .X to consist of all . f ∈ X for which every .λ ∈ R is a 
set of measure . 0 of .ψ f . 

Then.X p and.Xc are closed invariant subspaces of . X , .X p coincides with the closure of the 
span of the eigenvectors of . A and 

. X⊥
p = Xc .

As a consequence, we arrive at a representation of. X as a direct orthogonal sum of the closed 
invariant subspaces .X p and . Xc

. X = X p ⊗ Xc ,

which according to Theorem 2.2.4 leads to reduced DSLO’s, the so called “discontinuous 
part of. A,”.Ap, and the so called “continuous part of. A,”.Ac, and the associated decomposition 
of the spectrum.σ(A) of . A into the spectrum.σ(Ap) of .Ap and the spectrum.σc(A) of . Ac

. σ(A) = σ(Ap) ∪ σc(A) .

Since, .σ(Ap) coincides with closure of the point spectrum .σp(A) of . A, i.e., the set of 
eigenvalues of . A, we have that 

. σ(A) = σp(A) ∪ σc(A) .
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The continuous subspace .Xc of .X allows a further useful decomposition. 

For this purpose, we define the so called “singular subspace” .Xs of .X to consist of 
all . f ∈ X for which there is a set .N ⊂ R of Lebesgue measure . 0 such that .R\N is 
a set  of .ψ f -measure . 0, and the so called “absolutely continuous subspace”.Xac of . X
to consist of all . f ∈ X such that the Lebesgue measure is absolutely continuous with 
respect to .ψ f , i.e., every set of .ψ f -measure . 0 is a set of Lebesgue measure . 0. 

Also .Xs and .Xac are closed invariant subspaces of .X and, in particular, 

. X⊥
s = Xac .

We note that 
. X p ⊂ Xs ,

since if . f ∈ X p, then there is a countable subset .N ⊂ R, i.e., a set of Lebesgue measure . 0, 
such that .R\N is a set of .ψ f -measure . 0. As a consequence, 

. Xc = X⊥
p ⊃ X⊥

s = Xac ,

i.e., 
. Xac ⊂ Xc .

Further, we have that 
. X⊥

ac ∩ Xc = X⊥⊥
s ∩ Xc = Xs ∩ Xc

Also .Xs ∩ Xc is a closed invariant subspace . X , and we arrive at a representation of .X as a 
direct orthogonal sum of the closed invariant subspaces .X p, Xac and . Xs ∩ Xc

. X = X p ⊗ Xac ⊗ (Xs ∩ Xc) ,

which according to Theorem 2.2.4 leads to reduced DSLO’s, the discontinuous part .Ap of 
. A, the so called “absolutely continuous part of. A,”.Aac, and the “singular continuous part of 
. A,”.Asc, of. A. This decomposition induces a decomposition of the spectrum.σ(A) of. A into 
the spectrum.σ(Ap) of .Ap, the spectrum.σac(A) of .Aac and the spectrum.σsc(A) of . Asc

. σ(A) = σp(A) ∪ σac(A) ∪ σsc(A) .
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If .A is the Hamiltonian of a quantum system, then the set .σp(A) is the closure of the 
set of eigenvalues of . A, usually corresponding to the bound states, i.e., energies smaller 
than . 0, of the system, the absolutely continuous part .σac(A) of .σ(A) is interpreted as 
the scattering spectrum, usually corresponding to states of energies greater than . 0 and the 
singular continuous spectrum .σsc(A) is usually empty. On the other hand, the latter is not 
always easy to show. 

Occasionally, we mention that a spectrum of an DLSO is purely absolutely continuous. 
For instance, this is true for the position operators, momentum operators and the free Hamil-
tonian. Per definitionem, this means that .σ(A) = σac(A), i.e., that the Lebesgue measure 
is absolutely continuous with respect to .ψ f , for every . f ∈ X , which is relatively easy to 
decide, once the functional calculus of the operator in question is known. 

The second main decomposition of the spectrum of a DSLO. A comes from perturbation 
theory and is used in various places in the text. Corresponding proofs are given in Sects. 12.5.2 
and 12.5.4 in the Appendix. 

A Disjoint Decomposition of the Spectrum of a DSLO 

We have the following decomposition of the spectrum.σ(A) of . A

. σ(A) = σe(A) ·∪ σd(A) ,

where the discrete spectrum.σd(A) of . A is defined by 

. σd(A) := {λ ∈ σ(A) : λ is an isolated point of σ(A)

as well as an eigenvalue of A of finite multiplicity}

and the essential spectrum .σe(A) contains all real . λ for which there is a sequence 
. f1, f2, . . . in .D(A) such that .|| fν|| = 1 for every .ν ∈ N

∗, . f1, f2, . . . has no conver-
gent subsequence, and .limν→∞(A − λ) fν = 0 . 

Further, the essential spectrum of . A is stable under certain small perturbations. 

Stability of the Essential Spectrum 

If .B : D(B) → X a linear, symmetric, such that .D(B) ⊃ D(A) and such that . B ◦
(A − λ)−1 is a compact linear operator on . X , for some . λ in the resolvent set of . A, 
then .A + B is self-adjoint, and .σe(A + B) = σe(A).
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2.4 Quantization of Angular Momentum 

In the following, we are going to analyze the angular momentum operators in .3-space 
dimensions, using closed invariant subspaces. In classical mechanics, the angular momentum 
.L̂ = t (L1, L2,.L3) of a particle is given by the cross product of its position. q̂ = t (q1, q2, q3)
and its momentum. p̂ = t (p1, p2, p3), 

. L̂ =
⎛
⎝
L1

L2

L3

⎞
⎠ = q̂ × p̂ =

⎛
⎝
q2 p3 − q3 p2
q3 p1 − q1 p3
q1 p2 − q2 p1

⎞
⎠ .

Hence, corresponding minimal operators in quantum mechanics are .L̂k0 : C1
0(R

3, C) . →
L2

C
(R3), .k ∈ {1, 2, 3}, defined by 

. L̂10 f := h

i

(
u2

∂ f

∂u3
− u3

∂ f

∂u2

)
, L̂20 f := h

i

(
u3

∂ f

∂u1
− u1

∂ f

∂u3

)
,

L̂30 f := h

i

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)
,

for every . f ∈ C1
0(R

3, C), where  .uk : R
3 → R denotes the . kth coordinate projection, 

.k ∈ {1, 2, 3}, defined by .uk(ū) := ūk for all .ū = (ū1, ū2, ū3) ∈ R
3. 

These operators are pairwise unitarily equivalent, where the corresponding unitary transfor-
mation is induced by a cyclic permutation of the coordinate projections. The proof is left to 
the reader. 

✄ 
✂

,

✁

Exercise 1 

Prove that the operators .L̂10, L̂20 and .L̂30 are unitarily equivalent. 

Hence, we need to analyze only the operator .L̂30. Since  .C1
0(R

3, C) is a dense subspace 
of .L2

C
(R3), .L̂30 is densely-defined. Further, .L̂30 is obviously linear. As a consequence of 

“partial integration,” .L̂30 is symmetric:
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. 

/
f |L̂30g

\
= h

i

{

R3
f ∗ ·
(
u1

∂g

∂u2
− u2

∂g

∂u1

)
du1du2 du3

= −h

i

{

R3

(
u1

∂ f ∗

∂u2
− u2

∂ f ∗

∂u1

)
· g du1du2 du3

= −h

i

{

R3

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)∗
· g du1du2 du3

=
{

R3

[
h

i

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)]∗
· g du1du2 du3

=
/
L̂30 f |g

\
,

for all . f , g ∈ C1
0(R

3, C), where Lemma 1.2.1 has been used. 
In the next step, we change the representation, using a unitary transformation.U induced by 
spherical coordinates. 

2.4.1 A Change of Representation Induced by Introduction of Spherical 
Coordinates 

First, we note the following Lemma. 

Lemma 2.4.1 (Transformation of .L̂30 into Spherical Coordinates) For this, let .Ω ⊂ R
3 be 

non-empty and open. In addition, let .Ωsph ⊂ R
3 be a non-empty open subset such 

. g(Ωsph) = Ω ,

where .g ∈ C∞(R3, R
3) is defined by 

. g(u, θ, ϕ) := (u sin(θ) cos(ϕ), u sin(θ) sin(ϕ), u cos(θ)) ,

for all .(u, θ, ϕ) ∈ Ωsph. Finally, let . f ∈ C1(Ω, R). Then 

.

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)
(g(u, θ, ϕ)) = ∂ f̄

∂ϕ
(u, θ, ϕ) , (2.6) 

for all .(u, θ, ϕ) ∈ Ωsph, where . f̄ ∈ C1(Ωsph, R) is defined by 

. f̄ (u, θ, ϕ) := ( f ◦ g)(u, θ, ϕ) = f (u sin(θ) cos(ϕ), u sin(θ) sin(ϕ), u cos(θ)) ,

for all .(u, θ, ϕ) ∈ Ωsph.
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✄ 
✂

,

✁

Exercise 2 

Prove Lemma 2.4.1. 

The map . g induces the unitary transformation 

. U : L2
C
(R3) → L2

C
(Ω, u2 sin(θ)) ,

where .Ω := (0, ∞) × (0, π) × (−π, π), defined by 

.U f := f ◦ g|Ω , (2.7) 

for every . f ∈ L2
C
(R3). The inverse .U−1 of .U is given by 

. U−1 f := f ◦ (g|Ω)−1 ,

for every . f ∈ L2
C
(Ω, u2 sin(θ)), where .(g|Ω)−1 : R

3\Z → Ω is given by 

. (g|Ω)−1(u) =
⎧
⎨
⎩

( |u| , arccos(u3/|u| ) , arccos(u1/
/
u21 + u22 )) if u2 ⩾ 0

( |u| , arccos(u3/|u| ) , − arccos(u1/
/
u21 + u22 )) if u2 < 0

,

for all .u = (u1, u2, u3) ∈ R
3\Z, where  .Z := (−∞, 0] × {0} × R is a closed set of 

Lebesgue measure zero. The proof that .U is indeed an unitary linear transformation is 
mainly an application of Lebesgue’s change of variable formula and is left to the reader. 

✄ 
✂

,

✁

Exercise 3 

Show that .U is an unitary linear transformation. 

As a consequence of Lemma 2.4.1, 

. U L̂30 f = h

i

∂

∂ϕ
U f ,

for every . f ∈ C1
0(R

3, C). 3 Hence, .U L̂30U−1 is given by

3 To simplify notation here and in the following, the same symbol can denote a coordinate projection 
or a coordinate of a point. For instance, interchangeably.u, θ and. ϕ will denote real numbers from the 
intervals .(0,∞), (0, π) and .(−π, π) or the coordinate projections of .R3\({0} × {0} × R) onto the 
open intervals .(0,∞), (0, π) and .(−π, π), respectively. The definition used will be clear from the 
context. In addition we assume composition of maps (which includes addition, multiplication etc.) 
always to be maximally defined. For instance, the addition of two maps (if at all possible to define) 
is defined on the intersection of the corresponding domains. 
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. U L̂30U
−1 f = h

i

∂ f

∂ϕ
,

for every . f ∈ C1
0(Ω, C). 

In the next step, we are going to use the spherical symmetry of the system to decompose 
into a countable number of densely-defined, linear, symmetric and essentially self-adjoint 
operators. The basis for the reduction is Lemma 2.2.2. 

2.4.2 Spherical Harmonics 

A widely known decomposition of . m

.X := L2
C
(Ω, u2 sin(θ)) (2.8) 

in physics, into pairwise orthogonal closed subspaces suitable for an application of 
Lemma 2.2.2 to spherically symmetric operators, is induced by spherical harmonics. 

Lemma 2.4.2 (Spherical Harmonics) Let .I = (−1, 1) and .J := (−π, π). For . m ∈ N, v ∈
R, we define Ferrers function of the first kind, .P−m

v ∈ C∞(I , R) according to [56] 14.3.1 
by 

. P−m
v (x) := 1

m! · (1 + x)−m/2 · (1 − x)m/2 · F
(

−v, v + 1,m + 1,
1

2
· (1 − x)

)
,

where the Gauss hypergeometric function .F is defined according to [ 1], for all .x ∈ I . 
Further, according to [56] 14.3.5, we define for all .m ∈ N, l ∈ {m,m + 1, . . .} Ferrers 
function of the first kind, .Pm

l ∈ C∞(I , R), by  

. Pm
l := (−1)m · (l + m)!

(l − m)! · P−m
l .

Finally, for .l ∈ N,m ∈ {−l, −l + 1, . . . , l}, we define .Ȳlm ∈ C∞(I × J , C) by 

. Ȳlm :=
/

1

2π
·
(
l + 1

2

)
· (l − m)!
(l + m)! · Pm

l ⊗ eim·idJ .

Then, the following is true. 

(i) .
{

1√
2π

· eim.idJ : m ∈ Z

}
is a Hilbert basis for .L2

C
(J ). 

(ii) For each .m ∈ Z is
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Table 2.1 Table of associated Legendre polynomials, where .x ∈ (−1, 1). For  fixed  .m ∈ Z, . l runs 
through the natural numbers from .|m| to .∞. As a consequence of (2.9), associated Legendre poly-
nomials corresponding to negative.m are multiples of those with positive. m

.Pm
l

(x) .l = 0 .l = 1 .l = 2 . l = 3

.m = 0 .1 .x .
1
2

(
3x2 − 1

)
. 
x
2

(
5x2 − 3

)

.m = 1 .N/A .−
/
1 − x2 .−3x

/
1 − x2 . − 3

2

(
5x2 − 1

)/
1 − x2

.m = 2 .N/A .N/A .3
(
1 − x2

)
. 15x

(
1 − x2

)

.m = 3 .N/A .N/A .N/A . −15
(
1 − x2

)3/2

. 

{/(
l + 1

2

)
· (l − m)!
(l + m)! · Pm

l : l ∈ { |m|, |m| + 1, . . . }
}

a Hilbert basis for .L2
C
(I ) (Table 2.1). 

(iii) 

. 

{
Ȳlm : (l,m) ∈

|  |
k∈N

({k} × {−k, −k + 1, . . . , k})
}

is a Hilbertbasis for .L2
C
(I × J ). 

The corresponding proof is not given here, but left as an exercise. We note that for every 
.m ∈ N and .l ∈ {m,m + 1, . . .}, it follows that 

.P−m
l = (−1)m · (l − m)!

(l + m)! · Pm
l , (2.9) 

and hence that 

. 

/(
l + 1

2

)
· (l + m)!
(l − m)! · P−m

l

= (−1)m ·
/(

l + 1

2

)
· (l + m)!
(l − m)! · (l − m)!

(l + m)! · Pm
l

= (−1)m ·
/(

l + 1

2

)
· (l − m)!
(l + m)! · Pm

l ,

resulting 
.Ȳl (−m) = (−1)m · Ȳ ∗

lm . (2.10)
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Table 2.2 Table of spherical harmonics, where .(θ, ϕ) ∈ (0, π) × (−π, π). For  fixed.m ∈ Z, . l runs 
through the natural numbers from.|m| to.∞. As a consequence of (2.10), it follows for every. m ∈ N

and.l ∈ {m,m + 1, . . .} that . Yl (−m) = (−1)m · Y ∗
lm

.Ylm(θ, ϕ) .l = 0 .l = 1 . l = 2

.m = 0 .
1

2
√

π
.
1
2

/
3
π cos(θ) . 

1
4

/
5
π [ 3 cos2(θ) − 1 ]

.m = 1 .N/A .− 1
2

/
3
2π sin(θ) eiϕ . − 1

2

/
15
2π sin(θ) cos(θ) eiϕ

.m = 2 .N/A .N/A . 
1
4

/
15
2π sin2(θ) e2iϕ

We decompose .X into subspaces .Xlm , 

. (l,m) ∈ I :=
|  |

l̄∈N

{( l̄, m̄) : m̄ ∈ {−l̄, −l̄ + 1, . . . , l̄ − 1, l̄ }} ,

using spherical harmonics. For this purpose, we use the following notation: 

. I := (0, ∞) , J := (0, π) , K := (−π, π)

and for each. f ∈ L2
C
(I , u2), .g ∈ L2

C
(J × K , sin(θ)), where. u denotes the identity map on 

. I and. θ denotes the projection of .J × K onto the first component, . f ⊗ g ∈ X is defined by 

. ( f ⊗ g)(u, θ, ϕ) := f (u) · g(θ, ϕ),

for all . u from the domain of . f and all .(θ, ϕ) from the domain of . g. 
For every .(l,m) ∈ I, the space .Xlm is then given by the range of the linear isometry 

.Ulm : L2
C
(I , u2) → X , defined by 

.Ulm f := f ⊗ Ylm , (2.11) 

for all . f ∈ L2
C
(I , u2), where  

. Ylm(θ, ϕ) := Ȳlm(cos(θ), ϕ) ,

for all .θ ∈ J and .ϕ ∈ K (Table 2.2). 
The fact that .Ulm is isometric is not difficult to prove by using Fubini’s theorem, par-

tial integration and the orthonormality relations for the spherical harmonics. The pairwise 
orthogonality of the subspaces .Xlm of .X for all .(l,m) ∈ I follows by the same methods. 
Finally, the fact that the span of the union of these spaces is dense in .X is a consequence of 
the completeness of the spherical harmonics.
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The corresponding sequence of dense subspaces .Dlm of .Xlm , needed for an application 
of Lemma 2.2.2 is chosen as follows: 

. Dlm := UlmC
1
0(I , C) ,

for all .(l,m) ∈ I. That these spaces are also subspaces of 

. D(U L̂30U
−1) = U (C1

0(R
3, C))

follows from the fact that there is unique harmonic homogeneous polynomial of degree . l, 
.pml : R

3 → C such that 
. ul Ylm(θ, ϕ) = pml (g(u, θ, ϕ)) ,

for every .(u, θ, ϕ) ∈ Ω, e.g., see [ 67]. Therefore, it follows for every . f ∈ C1
0(I , C) that 

. (Ulm f )(u, θ, ϕ) = f (u) · Ylm(θ, ϕ) = f (u) · u−l pml (g(u, θ, ϕ))

= (id−l
I f )(|g(u, θ, ϕ)|) · pml (g(u, θ, ϕ)) =

{
[(id−l

I f ) ◦ | | ] · pml
}

(g(u, θ, ϕ))

= {U [(id−l
I f ) ◦ | | ] · pml }(u, θ, ϕ) ,

for all .(u, θ, ϕ) ∈ Ω and hence that 

. Ulm f = U [(id−l
I f ) ◦ | | ] · pml ,

where 
. [(id−l

I f ) ◦ | | ] · pml ∈ C1
0(R

3, C) .

Further, for every .(l,m) ∈ I and . f ∈ C1
0(I , C), it follows that 

. U L̂30U
−1 f ⊗ Ylm = h

i

∂

∂ϕ
f ⊗ Ylm = mh f ⊗ Ylm .

2.4.3 Analysis of the Reduced Operators 

The final step in the application of Lemma 2.2.2 consists in the analysis of the reduced oper-
ators that are unitarily equivalent to the, densely-defined, linear and symmetric, operators 
.L̂30lm : C1

0(I , C) → L2
C
(I , u2), .(l,m) ∈ I, defined by 

Reduced Operators 

.L̂30lm f = mh f , for every f ∈ C1
0(I , C).
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These reduced operators are restrictions of real multiples of the identical operator to the dense 
subspace.C1

0(I , C) of.L2
C
(I , u2) and therefore essentially self-adjoint. Hence, it follows from 

Lemma 2.2.2 that .L̂30 is essentially self-adjoint. Further, it follows from Theorem 2.2.4 
that the spectrum.σ(L̂3) of the closure .L̂3 of .L̂30 is given by 

. σ(L̂3) = h.Z ,

and consists of eigenvalues of infinite multiplicity, and there is a complete set eigenvectors 
of .L̂3. Such a spectrum is called a pure point spectrum. The spectrum of .L̂3 is not purely 
discrete, since the eigenvalues are of infinite multiplicity. Finally, we arrive at the following 
result (Fig. 2.1). 

Angular Momentum Operators 

The angular momentum operators.L̂10, L̂20 and.L̂30 are densely-defined, linear, sym-
metric and essentially self-adjoint operators in .L2

C
(R3) with a pure point spectrum 

given by.h.Z, consisting of eigenvalues of infinite multiplicity. Hence the spectrum is 
not purely discrete. We note that this result differs significantly from classical mechan-
ics, since the values of components of the angular momentum operator in classical 
mechanics are not quantized, but can assume any real value. 

Fig. 2.1 The spectral values of .L̂3, i.e., all integer multiples of . h, are indicated by points. 

2.4.4 The Operator Corresponding to the Square of Angular Momentum 

We define the minimal operator.L̂2
0 : C2

0 (R
3, C) → L2

C
(R3) corresponding to the square of 

angular momentum by 
. L̂2

0 f := (L̂2
10 + L̂2

20 + L̂2
30) f ,

for every . f ∈ C2
0 (R

3, C). We repeat the steps from Sect. 2.4. First, we note the following 
Lemma. 

Lemma 2.4.3 (Transformation of .L̂2
0 into Spherical Coordinates) For this, let . Ω ⊂ R

3\
({0} × {0} × R) be non-empty and open. In addition, let .Ωsph ⊂ R

3 be a non-empty open 
subset such 

.g(Ωsph) = Ω ,
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where .g ∈ C∞(R3, R
3) is defined as in Lemma 2.4.1. Finally, let . f ∈ C2(Ω, R). Then 

.

{[(
u2

∂

∂u3
− u3

∂

∂u2

)2
+
(
u3

∂

∂u1
− u1

∂

∂u3

)2
(2.12) 

+
(
u1 

∂ 
∂u2 

− u2 
∂ 

∂u1

)2]
f

}
(g(u, θ, ϕ))  

= 1 

sin2(θ )

[
∂2 f̄ 

∂ϕ2 (u, θ, ϕ)  + sin2(θ ) 
∂2 f̄ 

∂θ 2 
(u, θ, ϕ)  + sin(θ ) cos(θ ) 

∂ f̄ 
∂θ 

(u, θ, ϕ)

]
, 

for all .(u, θ, ϕ) ∈ Ωsph, where . f̄ ∈ C2(Ωsph, R) is defined by 

. f̄ (u, θ, ϕ) := ( f ◦ g)(u, θ, ϕ) = f (u sin(θ) cos(ϕ), u sin(θ) sin(ϕ), u cos(θ))

for all .(u, θ, ϕ) ∈ Ωsph. 

The proof of this Lemma is left to the reader. 

✄ 
✂

,

✁

Exercise 4 

Prove Lemma 2.4.3. 

Further, we define .U : L2
C
(R3) → L2

C
(Ω, u2 sin(θ)) by (2.7), where . Ω := (0, ∞) ×

(0, π) × (−π, π). As a consequence of Lemma 2.4.3, .U L̂2
0U

−1 is given by 

. U L̂2
0U

−1 f = − h
2

sin2(θ)

[
∂2

∂ϕ2 + sin2(θ)
∂2

∂θ2
+ sin(θ) cos(θ)

∂

∂θ

]
f ,

for every . f ∈ C2
0 (Ω, C). 

In the next step, we are going to use the spherical symmetry of the system to decompose 
into a countable number of densely-defined, linear, symmetric and essentially self-adjoint 
operators. The basis for the reduction is Lemma 2.2.2. We define, .X := L2

C
(Ω, u2 sin(θ)), 

for every .(l,m) ∈ I a corresponding linear isometry .Ulm : L2
C
(I , u2) → X , where  . I :=

(0, ∞), by (2.11) and the corresponding closed subspace .Xlm of .X as the range of .Ulm . 
Further, we define the dense subspaces .Dlm of .Xlm by 

. Dlm := UlmC
2
0 (I , C) ,

for all .(l,m) ∈ I. Then, it follows for every .(l,m) ∈ I and . f ∈ C2
0 (I , C)
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. U L̂2
0U

−1 f ⊗ Ylm

= − h
2

sin2(θ)

[
∂2

∂ϕ2 + sin2(θ)
∂2

∂θ2
+ sin(θ) cos(θ)

∂

∂θ

]
f ⊗ Ylm

= h
2l(l + 1) f ⊗ Ylmm ,

where we used that 

. − 1

sin2(θ)

{
∂2

∂ϕ2 +
[
sin(θ)

∂

∂θ

]2}
Ylm = l(l + 1) · Ylm .

The final step in the application of Lemma 2.2.2 consists in the analysis of the reduced 
operators that are unitarily equivalent to the, densely-defined, linear and symmetric operators 
.L̂2

0lm : C2
0 (I , C) → L2

C
(I , u2), defined by 

Reduced Operators 

. L̂2
0lm f = h

2l(l + 1) f , for every f ∈ C2
0 (I , C).

These reduced operators are restrictions of real multiples of the identical operator to the dense 
subspace.C2

0 (I , C) of.L2
C
(I , u2) and therefore essentially self-adjoint. Hence, it follows from 

Lemma 2.2.2 that .L̂2
0 is essentially self-adjoint and from Theorem 2.2.4 that the spectrum 

.σ(L̂2) of the closure .L̂2 of .L̂2
0 is given by 

. σ(L̂2) = h
2.{l(l + 1) : l ∈ N} ,

consists of eigenvalues of infinite multiplicity, and that there is a complete set eigenvectors 
of.L̂2, i.e., the spectrum is a pure point spectrum. The spectrum of.L̂2 is not purely discrete, 
since the eigenvalues are of infinite multiplicity. Finally, we arrive at the following result 
(Fig. 2.2). 

Angular Momentum Operators 

The square of the angular momentum.L̂2
0 is a densely-defined, linear, symmetric and 

essentially self-adjoint operator in .L2
C
(R3) with a pure point spectrum given by 

.h
2.{l(l + 1) : l ∈ N} ,
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consisting of eigenvalues of infinite multiplicity. Hence the spectrum is not purely 
discrete. Again, we note that this result differs significantly from classical mechanics, 
since the values of the square of the angular momentum in classical mechanics are 
not quantized, but can assume any positive real value. 

Fig. 2.2 The spectral values of .L̂2, i.e., all positive integer multiples of .h2 of the form. l(l +
1)h2, where.l ∈ N, are indicated by points. 

2.4.5 The Commuting of the Operators .L̂3 and . L̂2

For the proof, we note that according to the analysis inside the Sects. 2.4.4, 2.4.3 and 
Corollary 2.2.3, the operators .Uh

−1 L̂3U−1 and .Uh
−2 L̂2U−1, where the unitary trans-

formation .U : L2
C
(R3) → X := L2

C
(Ω, u2 sin(θ)) is defined by (2.7), coincide with the 

operator 
. m.idXlm

and the operator 
. l(l + 1).idXlm

,

respectively, on the pairwise orthogonal subspaces.Xlm ⩽ X ,.(l,m) ∈ I, defined by (2.11). 
Hence, it follows from Lemma 2.2.1 and for .σ, τ ∈ R that 

. eiσUh
−1 L̂3U−1 |Xlm

= eiσm.idXlm
, eiτUh

−2 L̂2 U−1 |Xlm
= eiτl(l+1).idXlm

.

As a consequence, 

. 

[
eiσUh

−1 L̂3 U−1
, eiτUh

−2 L̂2 U−1
] ||||

Xlm

= 0 .

Since the span of the union of all .Xlm , .(l,m) ∈ I, is dense  in . X , this implies that 

. 

[
eiσUh

−1 L̂3 U−1
, eiτUh

−2 L̂2 U−1
]

= 0 .

Taking into account that this is true for all .σ, τ ∈ R, it follows from Theorem 2.1.1 that 
.Uh

−1 L̂3U−1 and .Uh
−2 L̂2U−1 commute and hence also that .L̂3 and .L̂2 commute. 

2.5 Symmetry and Invariance 

Symmetry transformations are of fundamental importance in the whole of physics. For 
instance, Euclidean space is homogeneous and isotropic, i.e., there is no preferred location
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or direction in space. Therefore, a free particle in space cannot “know” its location nor 
orientation in space, and hence the physical system is in some sense “invariant” under rigid 
transformations, the symmetry transformations of Euclidean space. On the other hand, in 
general, interactions need not be compatible with rigid transformations. 
In quantum mechanics, to every rigid transformation, there corresponds a unitary linear 
operator .U : X → X on the state space . X . The physical system is invariant under .U if . U
leaves the time evolution operators invariant. 

Definition of a Symmetry of a Quantum Mechanical System 

In the following, we are going to adopt the definition that a symmetry of quantum 
mechanical system is given by a unitary linear operator .U on the state space .X that 
leaves invariant every member of the family .(U (t))t∈R of time evolution operators, 
see (3.2), i.e.,.U is an unitary linear operator such that.[U,U (t)] = 0, for every.t ∈ R. 

Hence if .U is a symmetry of the system and 

. ( R → X , t |→ U (t − t0) f )

is the path in the state space, of the system corresponding to the initial data . f ∈ X \{0} at 
time .t0 ∈ R, then 

. ( R → X , t |→ UU (t − t0) f )

is the path of the system corresponding to the initial data .U f ∈ X \{0} at time . t0. We note 
that for this to be true, it is essential that .U is unitary. 
In the context of time evolution, we remind the reader the method of the book, to deal 
with physical dimensions in operator theory. In this text, physical operators are always of 
a particular form, namely multiples of dimensionless operators. The only place, where the 
physical dimension appears in observables is in the constant multiplying the dimensionless 
operator, in this way giving the operator as well as its spectrum the right physical dimension. 
In particular, in the case of time evolution, the situation is as follows. The Hamilton operator 
.Ĥ is of the form .Ĥ = ε0A, where  .A is a dimensionless operator and .ε0 > 0 is a constant 
with the dimension of an energy. Hence 

. U (t) = e−i t
h
Ĥ = e−i εt

h
A ,

where. εt
h
, for every.t ∈ R, and. A are dimensionless, in this way, allowing a clean application 

of the spectral theorem for the operator . A. Having this in mind, we are going to prove a 
sufficient condition for a symmetry of a physical system.



2.5 Symmetry and Invariance 55

A Sufficient Condition for a Symmetry 

If .Ĥ is the Hamilton operator of the system, and.U is an unitary linear operator such 
that 

.ĤU ⊃ UĤ , (2.13) 

i.e., if for every. f ∈ D(Ĥ), it follows that.U f ∈ D(Ĥ) as well as that.ĤU f = U Ĥ f , 
then .U is a symmetry of the system. 

For the proof, we note that if .U is an unitary linear operator that satisfies (2.13), then . U
leaves the domain .D(Ĥ) of .Ĥ invariant, i.e., 

. UD(Ĥ) ⊂ D(Ĥ) .

Further, for . f ∈ D(Ĥ), the unique solution .u : R → D(Ĥ) of the Schrödinger equation 

. ih.u ,(t) = Ĥu(t)

such that .u(0) = f , where . 
, denotes the ordinary derivative of a .X -valued path, is given by 

. u(t) := U (t) f

for all .t ∈ R. Hence .U ◦ u : R → D(Ĥ) is differentiable such that 

. ih.(U ◦ u),(t) = Uih.u ,(t) = UĤu(t) = ĤUu(t) = Ĥ(U ◦ u)(t) ,

(U ◦ u)(0) = U f .

for every .t ∈ R. Hence, it follows from Stone’s theorem that 

. UU (t) f = (U ◦ u)(t) = U (t)U f ,

for every.t ∈ R. Hence, it follows for every.t ∈ R that the bounded linear operators . UU (t)
and .U (t)U coincide on .D(Ĥ). Since  .D(Ĥ) is dense in the representation space . X , this 
implies that 

. [U,U (t)] = 0 ,

for every .t ∈ R and hence that .U is a symmetry. 
Generically, the exact domain of Hamilton operator is unknown, so that (2.13) can rarely 

be checked explicitly. What is usually known, is a core for .Ĥ that is invariant under . U . 
Indeed, it is sufficient to check (2.13) for the restriction of .Ĥ to such a core.
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A Sufficient Condition for a Symmetry II 

If.Ĥ is the Hamilton operator of the system,.D ⊂ D(Ĥ) a core for. Ĥ , and. U an unitary 
linear operator that leaves .D invariant and such that for every . f ∈ D, it follows that 
.ĤU f = U Ĥ f , then .U is a symmetry of the system. 

For the proof, let. f ∈ D(Ĥ). Since.D ⊂ D(Ĥ) is  a core for. Ĥ , there is a sequence. f1, . . . , fn
in .D such that 

. lim
ν→∞ fν = f and lim

ν→∞ Ĥ fν = Ĥ f .

Hence, 
. lim
ν→∞U fν = U f and U Ĥ f = lim

ν→∞U Ĥ fν = lim
ν→∞ ĤU fν .

Since .Ĥ is closed, if follows that .U f ∈ D(Ĥ) and .ĤU f = U Ĥ f . 

We note that if.U is an unitary linear operator on the state space satisfying (2.13), then 
it follows from the spectral theorem, Theorem 12.6.4, that .U commutes with every 
function . f (Ĥ) of . Ĥ , 

. [U, f (Ĥ)] = 0 ,

for every . f ∈ Us
C
(σ (Ĥ)) . In particular, .U commutes with the spectral projections 

corresponding to .Ĥ and, in particular, leaves its eigenspaces invariant.. 

In the following, as an example of the treatment of rigid transformations in quantum mechan-
ics, we consider unitary representations of the translation group,.(Rn, +) and the orthogonal 
group, .O(n), in .L2

C
(Rn), .n ∈ N

∗. Only later, we switch to the  case that .n = 3, which is of 
primary interest. 

2.6 An Unitary Representation of Translations in Euclidean Space 

For every .v ∈ R
n , we define a corresponding translation .Tv ∈ L(Rn, R

n) on .(Rn, +) by 

. Tv(u) := u − v ,

for every .u ∈ R
n . Further, for every .v ∈ R

n and . f ∈ L2
C
(Rn), we define  

.UTv f := f ◦ T−1
v .
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Since is.T−1
v = T−v is in particular a.C1-diffeomorphism, it follows that. f ◦ T−1

v ∈ L2
C
(Rn), 

. ||UTv f ||22 =
{

Rn
|UTv f |2 dvn =

{

Rn
| f ◦ T−1

v |2 · | det(T−1
v

,
)| dvn

=
{

T−1
v (Rn)

| f |2 dvn =
{

Rn
| f |2 dvn = || f ||22 ,

and hence that 
. ||UTv f ||2 = || f ||2 .

Further, .UTv is obviously linear. In addition, 

. UT0 = idL2
C
(Rn) , UTv1◦Tv2

= UTv1
◦UTv2

,

for all .v1, v2 ∈ R
n . As a consequence, for every .v ∈ R

n , the corresponding .UTv is a linear 
isometry, with a linear isometric inverse and hence unitary linear, where we use the polariza-
tion identities for .C-Sesquilinear forms on complex vector spaces, see Theorem 12.3.3 (ii) 
in the Appendix. Hence, we arrive at a unitary representation of .(Rn, +) on .L2

C
(Rn), 

. U : (Rn, +) → L(L2
C
(Rn), L2

C
(Rn)) ,

defined by 
. U (v) := UTv ,

for every.v ∈ R
n , i.e., .U has its images in the set of unitary linear operators on.L2

C
(Rn) and 

satisfies 
. U (0) = idL2

C
(Rn) , U (v1 + v2) = U (v1) ◦U (v2) .

for all .v1, v2 ∈ R
n . 

In addition,.U is strongly continuous. i.e., if.v1, v2, . . . is a sequence in.R
n that converges 

componentwise to .v ∈ R
n , then 

. lim
ν→∞ ||[U (vν) −U (v)] f ||2 = 0 ,

for every . f ∈ L2
C
(Rn). For the proof, we note that for every .v ∈ R

n and . f ∈ L2
C
(Rn), 

. U (v) f = f ◦ T−1
v = f ◦ T−v .

Hence if .v1, v2, . . . is a sequence in .R
n that converges componentwise to .v ∈ R

n and . f ∈
L2

C
(Rn), then it follows that the corresponding sequence.U (v1) f ,U (v2) f , . . . convergences 

a.e. pointwise to .U (v) f . This implies that the sequence 

.|[U (v1) −U (v)] f |2, |[U (v2) −U (v)] f |2, . . .
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convergences a.e. pointwise to . 0. For the next step, we assume temporarily that . f is in 
particular continuous, with a compact support contained in .UR(0), for  some  .R > 0. Then, 
it follows for very .ν ∈ N

∗ that .U (vν) f is continuous such that 

. supp(U (vν) f ) ⊂ −vν +UR(0) ,

since .Tvν is in particular continuous, implying in particular that .U (vν) f is continuous with 
a compact support and that 

. |U (vν) f | ⩽ || f ||∞ χ−vν+UR(0) .

Since .v1, v2, . . . converges componentwise to .v ∈ R
n , it follows that the sequence 

.|v1|, |v2|, . . . is in particular bounded by some.ρ > 0. This implies that 

. |U (vν) f | ⩽ || f ||∞ χUρ+R(0) ,

for every .ν ∈ N
∗, and hence that the members of the sequence of integrable functions 

. |[U (v1) −U (v)] f |2, |[U (v2) −U (v)] f |2, . . .

are dominated by an integrable function. Hence it follows from Lebesgue’s dominated 
convergence theorem that 

. lim
ν→∞ ||U (vν) f −U (v) f ||2 = 0 .

In the next step, we go back to the general case. Since .C0(R
n, C) is a dense subspace of 

.L2
C
(Rn), for every .μ ∈ N

∗, there  is . fμ ∈ C0(R
n, C) such that 

. || fμ − f ||2 ⩽ 1

μ
.

Hence it follows for every .ν ∈ N
∗ and every .μ ∈ N

∗ that 

. ||U (vν) f −U (v) f ||2
= ||U (vν) f −U (vν) fμ +U (vν) fμ −U (v) fμ +U (v) fμ −U (v) f ||2
⩽ ||U (vν)( f − fμ)||2 + ||U (vν) fμ −U (v) fμ||2 + ||U (v)( fμ − f )||2
⩽ 2

μ
+ ||U (vν) fμ −U (v) fμ||2 .

If .ε > 0 and .μ ∈ N
∗ is such that .μ ⩾ 4/ε, then 

.||U (vν) f −U (v) f ||2 ⩽ ε

2
+ ||U (vν) fμ −U (v) fμ||2 .
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Further, since 
. lim
ν→∞ ||U (vν) fμ −U (v) fμ||2 = 0 ,

there is .ν0 ∈ N
∗, such that 

. ||U (vν) fμ −U (v) fμ||2 ⩽ ε

2
,

for every .ν ∈ N
∗ such that .ν ⩾ ν0. Hence, it follows that 

. ||U (vν) f −U (v) f ||2 ⩽ ε ,

for every .ν ∈ N
∗ such that .ν ⩾ ν0. Since this is true for every .ε > 0, we conclude that 

. lim
ν→∞ ||U (vν) f −U (v) f ||2 = 0 .

2.6.1 Generators Corresponding to Continuous One-Parameter 
Subgroups 

In the following, let .v ∈ R
n . Then .V : R → R

n , defined by 

. V (s) := s v ,

for .s ∈ R, is a continuous group homomorphism, i.e., such that 

. V (s1 + s2) = V (s1) + V (s2) ,

for all .s1, s2 ∈ R and such that, for every sequence.s1, s2, . . . in . R that is convergent to . s ∈
R, the corresponding sequence .V (s1), V (s2), . . . converges componentwise to .V (s), then  
.U ◦ V is a strongly continuous one-parameter unitary group. According to Stone’s theorem, 
there is a unique densely-defined, linear and self-adjoint operator.AV in.X := L2

C
(Rn) such 

that 
. exp(is AV ) = (U ◦ V )(s) ,

for every .s ∈ R and, in particular, that .AV : D(AV ) → X is given by 

. D(AV ) =
{
f ∈ X : lim

s→0,s /=0

1

s
[(U ◦ V )(s) − idX ] f exists

}

and for every . f ∈ D(AV )

.AV f = 1

i
lim

s→0,s /=0

1

s
[(U ◦ V )(s) − idX ] f .
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If . f ∈ C1
0(R

n, C), then it follows from the mean value theorem in several variables the 
existence of .C ⩾ 0 such that 

. | f (v) − f (u)| ⩽ C |v − u| ,

for all .u, v ∈ R
n . Further, if .R > 0 is such that .supp( f ) ⊂ UR(0), we conclude for every 

.s ∈ R, .u ∈ R
n that 

. 

||[(U ◦ V )(s) f ](u) − f (u)
||2 = || f (u + sv) − f (u)

||2 ⩽ C2|v|2 s|2

and hence that 

. 

||||
1

s
[(U ◦ V )(s) f − f ]

||||
2

⩽ C2|v|2 χUR+|v|·|s|(0) ,

for every .s ∈ R
∗. Further, 

. lim
s→0,s /=0

1

s
{[(U ◦ V )(s) − idX ] f } (u) = (v · ∇ f )(u) ,

for every .u ∈ R
n . As a consequence, if .s1, s2, . . . is a sequence in .R

∗ that is convergent to 
. 0, then 

. 

(||||
1

sν
[(U ◦ V )(sν) f − f ] − v · ∇ f

||||
2
)

ν∈N∗

is a sequence of integrable functions that is everywhere on .R
n convergent to the .0-function 

on .R
3 and whose members are dominated by the integrable function 

. 2C2|v|2 χUR+S|v|(0) + 2 |v · ∇ f |2 ,

where .S ⩾ 0 is a upper bound for the sequence .|s1|, |s2|, . . . . Hence, it follows from 
Lebesgue’s dominated convergence theorem that 

. lim
ν→∞

{

Rn

||||
1

sν
[(U ◦ V )(sν) f − f ] − v · ∇ f

||||
2

dvn = 0 ,

i.e., that 

. lim
ν→∞

||||||||
1

sν
[(U ◦ V )(sν) f − f ] − v · ∇ f

||||||||
2

= 0 .

We conclude that .C1
0(R

n, C) ⊂ D(AV ) a well as that 

.AV f = 1

i
v · ∇ f ,
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for every. f ∈ C1
0(R

n, C). Hence, for every.k ∈ {1, . . . , n},.Aek is a self-adjoint extension of 
.(hκ)−1 p̂k0. Since. p̂k0 is essentially self-adjoint, with self-adjoint extension. p̂k , this implies 
that 

. p̂k = hκ Aek .

Hence, we arrive at the following. 

Connection Between Space Translations and the Components of Momentum 

For every .k ∈ {1, . . . , n}, the following representation is true 

. exp
(
i
s

hκ
p̂k
)
f = f ◦ (idRn + sek) , (2.14) 

for every . f ∈ L2
C
(Rn) and .s ∈ R. 

Using (2.14) and (1.1), for .k, l ∈ {1, . . . , n}, it follows that 

. exp
(
i

τ

hκ
p̂k
)
exp(iσκ q̂l) f = exp

(
i

τ

hκ
p̂k
)
exp(iσul) f

= exp[iσ (ul + τ δkl)] · [ f ◦ (idRn + τ ek)]

= exp(iστ δkl) exp(iσul) · [ f ◦ (idRn + τ ek)]

= exp(iτσ δkl) exp(iσul) exp
(
i

τ

hκ
p̂k
)
f

= exp(iτσ δkl) exp(iσκ q̂l) exp
(
i

τ

hκ
p̂k
)
f ,

where .τ, σ ∈ R, . f ∈ L2
C
(Rn) and .δkl is defined as . 1 if .k = l and . 0, otherwise.  

Hence we arrive at Weyl’s form of the canonical commutation relations. These relations are 
required to be satisfied by the quantizations of the canonically conjugate observables of the 
classical system, momentum and position. 

Weyl’s form of the Canonical Commutation Relations for the Components of 
Momentum and Position 

For every .k ∈ {1, . . . , n}, 

.eiτ (hκ)−1 p̂k eiσκ q̂l f = eiτσδkl eiσκ q̂l eiτ (hκ)−1 p̂k , (2.15) 

where .τ, σ ∈ R, . f ∈ L2
C
(Rn) and .δkl is defined as . 1 if .k = l and . 0, otherwise.
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The reader might wonder, whether there is a connection of the components of the position 
operator .q̂1, . . . , .q̂n to an one-parameter unitary group of translations. Indeed, this is the 
case. For the proof, we assume that .k ∈ {1, . . . , n}. Then 

. F−1
2 exp(is Aek ) F2 f = F−1

2 [(F2 f ) ◦ (idRn + sek)] = F−1
2 F2 e

−isuk f

= e−isκ (uk/κ) f = exp(−isκ q̂k) f ,

for every . f ∈ L2
C
(Rn) and .s ∈ R, where we used (1.1). Hence, it follows that 

. exp(isκ q̂k) f = F−1
2 [(F2 f ) ◦ (idRn − sek)] = F−1

2 exp(−is Aek ) F2 f ,

for every. f ∈ L2
C
(Rn) and.s ∈ R. As a consequence,.exp(isκ q̂k) corresponds to a translation 

in momentum space, for every .s ∈ R. Further, 

. q̂k = F−1
2

(
− 1

κ
Aek

)
F2 .

and hence .q̂k coincides with the closure of 

. F−1
2

(
C∞
0 (Rn, C) → L2

C
(Rn), f |→ i

κ

∂ f

∂vk

)
F2 .

Hence, we arrive at the following. 

Connection Between Translations in Momentum Space and the Components of 
Position 

Using in addition (1.1), we arrive for every.k ∈ {1, . . . , n} at the following represen-
tations, 

. exp(isκ q̂k) f = exp(isuk) f = F−1
2 [(F2 f ) ◦ ( idRn − sek)] , (2.16) 

for every . f ∈ L2
C
(Rn) and .s ∈ R, where  .uk : R

n → R denotes the . kth coordinate 
projection, defined by .uk(ū) := ūk for all .ū = (ū1, . . . , ūn) ∈ R

n . In addition, . q̂k
coincides with the closure of 

.F−1
2

(
C∞
0 (Rn, C) → L2

C
(Rn), f |→ i

κ

∂ f

∂vk

)
F2 .
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2.7 An Unitary Representation of Orthogonal Transformations 
in Euclidean Space 

For every .n ∈ N
∗, we define  .O(n) to consist of all real .n × n matrices .M satisfying 

.M∗ · M = E , (2.17) 

where. · denotes matrix multiplication, .E the.n × n unit matrix and.M∗ the transpose of . M . 
We note that the latter implies that 

. 1 = det(E) = det(M∗ · M) = det(M∗) · det(M) = [det(M)]2

and hence that 
. det(M) ∈ {−1, 1} .

Therefore.M is invertible and.M−1 = M∗, i.e., .M is an orthogonal matrix. Also, according 
to definition, every orthogonal matrix .M is invertible such that .M−1 = M∗ and hence is 
satisfying (2.17). As a consequence, .O(n) coincides with the set of orthogonal .n × n-
matrices. Also, since 

. (M1M2)
∗M1M2 = M∗

2M
∗
1M1M2 = E , E∗E = EE = E ,

(
M−1)∗ M−1 = (M∗)∗ M−1 = MM−1 = E ,

for all.M1, M2 ∈ O(n),.O(n) is a subgroup of the general linear group, the so called orthog-
onal group in dimension . n. 

For every real .n × n matrix . M , we define the corresponding transformation . TM ∈
L(Rn, R

n) by 

. TMu := M · u :=
(

nΣ
k=1

M1kuk , . . . ,

nΣ
k=1

Mnkuk

)
,

for every .u = t(u1, . . . , un) ∈ R
n , where .u1, . . . , un ∈ R are the components of the vector 

. u. For every .M ∈ O(n), we note that 

. {TMu|TMu}c =
nΣ
j=1

(TMu) j · (TMu) j =
nΣ
j=1

(
nΣ

k=1

Mjkuk

)
·
(

nΣ
l=1

Mjlul

)

=
nΣ
j=1

nΣ
k=1

nΣ
l=1

MjkM jlukul =
nΣ

k=1

nΣ
l=1

⎛
⎝

nΣ
j=1

M∗
k j M jl

⎞
⎠ ukul

=
nΣ

k=1

nΣ
l=1

Eklukul =
nΣ

k=1

u2k = {u|u}c ,

for every .{ | }c : R
n × R

n → R denotes the canonical scalar product for .Rn , defined by
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. {v|w}c := v1w1 + . . . vnwn ,

for all vectors .v = t(v1, . . . , vn), w = t(w1, . . . , wn) ∈ R
n , where  .v1, . . . , vn ∈ R and 

.w1, . . . , wn ∈ R are the components of the vector . v and . w, respectively. Hence, .TM pre-
serves the scalar product, i.e., is a orthogonal linear transformation. As consequence, .TM is 
injective and hence also bijective. 

On the other hand, if.T ∈ L(Rn, R
n) preserves the canonical scalar product and.M is the 

representation matrix of . T with respect to the canonical basis of .Rn , 

. {TMem |TMem, }c =
nΣ

k=1

nΣ
l=1

⎛
⎝

nΣ
j=1

M∗
k j M jl

⎞
⎠ (em)k (em,)l

=
nΣ
j=1

M∗
mj M jm, = {em |em, }c = Emm,

and hence that (2.17) is true. Here, .e1, . . . , en ∈ R
n is the canonical basis of .Rn . 

As a consequence, if.T ∈ L(Rn, R
n) and.M is the representation matrix of. T with respect 

to the canonical basis of .Rn , then . T is orthogonal if and only if (2.17) is true.  
Further, we note that 

. TE = idRn , TαM1+βM2 = α TM1 + β TM2 , TM1·M2 = TM1 ◦ TM2 ,

for all.α, β ∈ R and real.n × n matrices.M1, M2. In particular, it follows for.M ∈ O(n) that 

. idRn = TE = TM−1·M = TM−1 ◦ TM ,

implying that 
. T−1
M = TM−1 = TM∗ .

For later use, we note that for every real.n × n matrix.M and.v = t(v1, . . . , vn) ∈ R
n , where  

.v1, . . . , vn ∈ R are the components of the . v, it follows that 

. |TMv|2 =
nΣ
j=1

(
nΣ

k=1

Mjkvk

)2

⩽
nΣ
j=1

[(
nΣ

k=1

M2
jk

)(
nΣ

k=1

v2k

)]

=
⎛
⎝

nΣ
j=1

nΣ
k=1

M2
jk

⎞
⎠ · |v|2 ,

where we define 

.|w| := {w|w}1/2c =
⎛
⎝

nΣ
j=1

w2
j

⎞
⎠
1/2

,
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for every.w = t(w1, . . . , wn) ∈ R
n , where.w1, . . . , wn ∈ R are the components of the vector 

. w. Hence 

.|TMv| ⩽

⎛
⎝

nΣ
j=1

nΣ
k=1

M2
jk

⎞
⎠
1/2

· |v| (2.18) 

as well as for all real .n × n matrices . M1, M2

. |(TM2 − TM1)v| ⩽

⎛
⎝

nΣ
j=1

nΣ
k=1

|M2 jk − M1 jk |2
⎞
⎠
1/2

· |v|

for every.v ∈ R
n . Hence, if.M1, M2, . . . is a sequence of real.n × n matrices that converges 

componentwise to a real .n × n matrix . M , then 

. lim
ν→∞ |TMν v − TMv| = 0 , (2.19) 

for every .v ∈ R
n . 

2.7.1 An Unitary Representation of .O(n) on . L2
C
(Rn)

For every orthogonal .T ∈ L(Rn, R
n) and . f ∈ L2

C
(Rn), we define  

. UT f := f ◦ T−1 .

Since is .T−1 is in particular a .C1-diffeomorphism, it follows that . f ◦ T−1 ∈ L2
C
(Rn), 

. ||UT f ||22 =
{

Rn
|UT f |2 dvn =

{

Rn
| f ◦ T−1|2 · | det(T−1,

)| dvn

=
{

T−1(Rn)

| f |2 dvn =
{

Rn
| f |2 dvn = || f ||22 ,

and hence that 
. ||UT f ||2 = || f ||2 .

Further, .UT is obviously linear. In addition, 

. UidRn = idL2
C
(Rn) , UT1◦T2 = UT1 ◦UT2 ,

for all orthogonal .T1, T2 ∈ L(Rn, R
n). Hence, we arrive at a map 

. U : O(n) → L(L2
C
(Rn), L2

C
(Rn)) ,

defined by 
.U (M) := UTM ,
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for every .M ∈ O(n), satisfying 

.U (E) = idL2
C
(Rn) , U (M1 · M2) = U (M1) ◦U (M2) , (2.20) 

for all .M1, M2 ∈ O(n). As a consequence, for every .M ∈ O(n), the corresponding . U (M)

is a linear isometry, with a linear isometric inverse and hence unitary linear, where we use 
the polarization identities for .C-Sesquilinear forms on complex vector spaces, see Theo-
rem 12.3.3 (ii) in the Appendix. Hence, .U is a unitary representation of .O(n) on .L2

C
(Rn), 

since it images are in the set of unitary linear operators on .L2
C
(Rn) and since it is satisying 

(2.20), for all .M1, M2 ∈ O(n). 
In addition, .U is strongly continuous, i.e., if .M1, M2, . . . is a sequence in .O(n) that 

converges componentwise to .M ∈ O(n), then 

. lim
ν→∞ ||[U (Mν) −U (M)] f ||2 = 0 ,

for every . f ∈ L2
C
(Rn). For the proof, we note that for every .M ∈ O(n) and . f ∈ L2

C
(Rn), 

. U (M) f = UTM f = f ◦ T−1
M = f ◦ TM∗ .

Hence if .M1, M2, . . . is a sequence in .O(n) that converges componentwise to . M ∈
O(n) and . f ∈ L2

C
(Rn), then it follows  from (2.19) that the corresponding sequence 

.U (M1) f ,U (M2) f , . . . convergences a.e. pointwise to .U (M) f . This implies that the 
sequence 

. |[U (M1) −U (M)] f |2, |[U (M2) −U (M)] f |2, . . .
convergences a.e. pointwise to . 0. For the next step, we assume temporarily that . f is in 
particular continuous, with a compact support. Then, it follows for very.ν ∈ N

∗ that. U (Mν) f
is continuous such that 

. supp(U (Mν) f ) ⊂ TMν (supp( f )) ,

since.TMν is in particular continuous, implying in particular that.U (Mν) f is continuous with 
a compact support and that 

. |U (Mν) f | ⩽ || f ||∞ χTMν (supp( f )) .

Since.M1, M2, . . . converges componentwise to.M ∈ O(n), it follows from (2.18) the exis-
tence of .C ⩾ 0 such that for every . ν ∈ N

∗

. |TMν v| ⩽ C · |v| ,

for every .v ∈ R
n and at the same time such that 

.|TMv| ⩽ C · |v| ,
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for every .v ∈ R
n . In particular, this implies that 

. |U (Mν) f | ⩽ || f ||∞ χC .(supp( f )) .

and hence that the members of the sequence of integrable functions 

. |[U (M1) −U (M)] f |2, |[U (M2) −U (M)] f |2, . . .

are dominated by an integrable function. Hence it follows from Lebesgue’s dominated 
convergence theorem that 

. lim
ν→∞ ||U (Mν) f −U (M) f ||2 = 0 .

In the next step, we go back to the general case. Since .C0(R
n, C) is a dense subspace of 

.L2
C
(Rn), for every .μ ∈ N

∗, there  is . fμ ∈ C0(R
n, C) such that 

. || fμ − f ||2 ⩽ 1

μ
.

Hence it follows for every .ν ∈ N
∗ and every .μ ∈ N

∗ that 

. ||U (Mν) f −U (M) f ||2
= ||U (Mν) f −U (Mν) fμ +U (Mν) fμ −U (M) fμ +U (M) fμ −U (M) f ||2
⩽ ||U (Mν)( f − fμ)||2 + ||U (Mν) fμ −U (M) fμ||2 + ||U (M)( fμ − f )||2
⩽ 2

μ
+ ||U (Mν) fμ −U (M) fμ||2 .

If .ε > 0 and .μ ∈ N
∗ is such that .μ ⩾ 4/ε, then 

. ||U (Mν) f −U (M) f ||2 ⩽ ε

2
+ ||U (Mν) fμ −U (M) fμ||2 .

Further, since 
. lim
ν→∞ ||U (Mν) fμ −U (M) fμ||2 = 0 ,

there is .ν0 ∈ N
∗, such that 

. ||U (Mν) fμ −U (M) fμ||2 ⩽ ε

2
,

for every .ν ∈ N
∗ such that .ν ⩾ ν0. Hence, it follows that 

. ||U (Mν) f −U (M) f ||2 ⩽ ε ,

for every .ν ∈ N
∗ such that .ν ⩾ ν0. Since this is true for every .ε > 0, we conclude that 

. lim
ν→∞ ||U (Mν) f −U (M) f ||2 = 0 .
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2.7.2 Generators Corresponding to Rotations About the Coordinate 
Axes in . 3 Space Dimensions 

If 
. M : (R, +) → O(n)

is a continuous group homomorphism, i.e., such that 

. M(s1 + s2) = M(s1) · M(s2) ,

for all.s1, s2 ∈ R and such that, for every sequence.s1, s2, . . . in. R that is convergent to.s ∈ R, 
the corresponding sequence .M(s1), M(s2), . . . converges componentwise to .M(s), then 
.U ◦ M is a strongly continuous one-parameter unitary group. According to Stone’s theorem, 
there is a unique densely-defined, linear and self-adjoint operator.AM in.X := L2

C
(Rn) such 

that 
. exp(is AM ) = (U ◦ M)(s) ,

for every .s ∈ R and, in particular, that .AM : D(AM ) → X is given by 

. D(AM ) = { f ∈ X : lim
s→0,s /=0

1

s
[(U ◦ M)(s) − idX ] f exists}

and for every . f ∈ D(AM )

. AM f = 1

i
lim

s→0,s /=0

1

s
[(U ◦ M)(s) − idX ] f .

In the following, our main cases of interest is.n = 3 and rotations about the coordinate axes, 

. Mj : R → O(3) ,

. j ∈ {1, 2, 3}, where  

. M1 =
⎛
⎝
1 0 0
0 cos(s) sin(s)
0 − sin(s) cos(s)

⎞
⎠ , M2 =

⎛
⎝
cos(s) 0 − sin(s)

0 1 0
sin(s) 0 cos(s)

⎞
⎠ ,

M3 =
⎛
⎝

cos(s) sin(s) 0
− sin(s) cos(s) 0

0 0 1

⎞
⎠ .

In the following, we analyze.U ◦ M3. If. f ∈ C1
0(R

3, C), then it follows from the mean value 
theorem in several variables the existence of .C ⩾ 0 such that 

.| f (v) − f (u)| ⩽ C |v − u| ,
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for all .u, v ∈ R
3. Further, if .R > 0 is such that .supp( f ) ⊂ UR(0), we conclude for every 

.s ∈ R, .u = (u1, u2, u3) ∈ UR(0) that 

. 

||[(U ◦ M3)(s) f ](u) − f (u)
||2

= || f (cos(s)u1 − sin(s)u2, sin(s)u1 + cos(s)u2, u3) − f (u1, u2, u3)
||2

⩽ C2 · ||((cos(s) − 1)u1 − sin(s)u2, sin(s)u1 + (cos(s) − 1)u2, 0)
||2

= C2 [(cos(s) − 1)2 + sin2(s)](u21 + u22) = 2C2 [1 − cos(s)](u21 + u22)

= 4C2 sin2
( s
2

)
(u21 + u22) ⩽ C2R2 s2

and hence that 

. 

||||
1

s
[(U ◦ M3)(s) f − f ]

||||
2

⩽ C2 R2 χUR(0) ,

for every .s ∈ R
∗. Further, 

. lim
s→0,s /=0

1

s
{[(U ◦ M3)(s) − idX ] f } (u) =

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)
(u)

for every .u ∈ R
3. As a consequence, if .s1, s2, . . . is a sequence in .R

∗ that is convergent to 
. 0, then 

. 

(||||
1

sν
[(U ◦ M3)(sν) f − f ] −

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)||||
2
)

ν∈N∗

is a sequence of integrable functions that is everywhere on .R
3 convergent to the .0-function 

on .R
3 and whose member are dominated by the integrable function 

. 2C2 R2 χUR(0) + 2

||||u1
∂ f

∂u2
− u2

∂ f

∂u1

||||
2

.

Hence, it follows from Lebesgue’s dominated convergence theorem that 

. lim
ν→∞

{

R3

||||
1

sν
[(U ◦ M3)(sν) f − f ] −

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)||||
2

dv3 = 0 ,

i.e., that 

. lim
ν→∞

||||||||
1

sν
[(U ◦ M3)(sν) f − f ] −

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)||||||||
2

= 0 .

We conclude that .C1
0(R

3, C) ⊂ D(AM3) a well as that 

.AM3 f = 1

i

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)
,
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for every . f ∈ C1
0(R

3, C). Hence, .AM3 is a self-adjoint extension of .h
−1 L̂30. Since  .L̂30 is 

essentially self-adjoint, with self-adjoint extension .L̂3, this implies that  

. L̂3 = h AM3 .

Analogously, it follows that 

. L̂1 = h AM1 , L̂2 = h AM2 .

Hence, we arrive at the following 

Connection Between Rotations About the Coordinate Axes and the Components 
of the Angular Momentum 

For every .k ∈ {1, 2, 3}, the following representation is true 

. exp
(
i
s

h
L̂k

)
f = f ◦ (Mk(s) · idR3) ,

for every . f ∈ L2
C
(R3) and .s ∈ R, where .Mk : (R, +) → O(n) is given by 

. M1 =
⎛
⎝
1 0 0
0 cos(s) − sin(s)
0 sin(s) cos(s)

⎞
⎠ , M2 =

⎛
⎝

cos(s) 0 sin(s)
0 1 0

− sin(s) 0 cos(s)

⎞
⎠ ,

M3 =
⎛
⎝
cos(s) − sin(s) 0
sin(s) cos(s) 0
0 0 1

⎞
⎠ .

2.7.3 Symmetries of Perturbations of the Free Hamilton Operator 

In the first step, we study the transformation of.Δ f , where. f ∈ C2(Rn, C), under coordinate 
transformations .h ∈ C∞(Rn, R

n). For this purpose, we define 

. f̄ := f ◦ h−1

such that 
. f = f̄ ◦ h .

Then it follows by the chain rule
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. 
∂ f

∂u j
(u) =

nΣ
l=1

∂hl
∂u j

(u)
∂ f̄

∂ul
(h(u)) ,

∂2 f

∂ui∂u j
(u)

=
nΣ

l=1

∂2hl
∂ui∂u j

(u)
∂ f̄

∂ul
(h(u)) +

nΣ
k,l=1

∂hl
∂u j

(u)
∂hk
∂ui

(u)
∂2 f̄

∂uk∂ul
(h(u))

=
nΣ

k,l=1

∂hk
∂ui

(u)
∂hl
∂u j

(u)
∂2 f̄

∂uk∂ul
(h(u)) +

nΣ
k=1

∂2hk
∂ui∂u j

(u)
∂ f̄

∂uk
(h(u)) ,

for every .u ∈ R
n and .i, j ∈ {1, . . . , n}. 

Next, we consider the case that . h coincides with a space translation, .h = Tv , for  some  
.v ∈ R

n . Then 

. 
∂ f

∂ui
(u) = ∂ f̄

∂ui
(h(u)) ,

∂2 f

∂ui∂u j
(u) = ∂2 f̄

∂ui∂u j
(h(u)) ,

for every .u ∈ R
n and .i, j ∈ {1, . . . , n}. Hence if .v ∈ R

n , then  

. Δ f = (Δ f̄ ) ◦ h ,

or equivalently, 
. (Δ f ) ◦ h−1 = Δ( f ◦ h−1) .

We note that 
. U (v) f = UTv f = f ◦ T−1

v ,

for . f ∈ L2
C
(Rn). Hence it follows for . f ∈ C2

0 (R
n, C) that 

. U (v)Δ f = ΔU (v) f ,

where we use  that .U (v) f = f ◦ T−1
v ∈ C2

0 (R
n, C). Since .C2

0 (R
n, C) is  a core for  the free  

Hamiltonian .Ĥ that is left invariant by .U (v), it follows that 

For every .v ∈ R
n , the corresponding unitary linear operator .U (v) on .L2

C
(Rn) is a 

symmetry of the free Hamiltonian .Ĥ from Sect. 1.4. 

Further, going back to beginning of this section, we assume that . h is linear. Then all partial 
derivatives of the first order are constant, and it follows that
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. 
∂ f

∂ui
(u) =

nΣ
k=1

Mki
∂ f̄

∂uk
(h(u)) ,

∂2 f

∂ui∂u j
(u) =

nΣ
k,l=1

Mki Ml j
∂2 f̄

∂uk∂ul
(h(u)) ,

for every .u ∈ R
n and .i, j ∈ {1, . . . , n}, where the real .n × n-matrix .M is defined by 

. Mi j := ∂hi
∂u j

,

for all .i, j ∈ {1, . . . , n}. As a consequence, 

. (Δ f )(u) =
nΣ

k,l=1

(
nΣ

i=1

Mki Mli

)
∂2 f̄

∂uk∂ul
(h(u))

=
nΣ

k,l=1

(
nΣ

i=1

Mki M
∗
il

)
∂2 f̄

∂uk∂ul
(h(u))

=
nΣ

k,l=1

(M · M∗)kl
∂2 f̄

∂uk∂ul
(h(u)) ,

for every .u ∈ R
n . Hence, if .M ∈ O(n), then 

. Δ f = (Δ f̄ ) ◦ h ,

or equivalently, 
. (Δ f ) ◦ h−1 = Δ( f ◦ h−1) .

We note that 
. U (M) f = UTM f = f ◦ T−1

M ,

for . f ∈ L2
C
(Rn), and  

. TMu := M · u :=
(

nΣ
k=1

M1kuk , . . . ,

nΣ
k=1

Mnkuk

)
,

for every .u = t(u1, . . . , un) ∈ R
n . Hence 

. 
∂(TM )i

∂u j
= Mi j ,

for all .i, j ∈ {1, . . . , n}, and it follows for .M ∈ O(n) and . f ∈ C2
0 (R

n, C) that 

.U (M)Δ f = ΔU (M) f ,
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where we use  that.U (M) f = f ◦ T−1
M ∈ C2

0 (R
n, C). 4 Since.C2

0 (R
n, C) is a core for the free 

Hamiltonian .Ĥ that is left invariant by .U (M), it follows that 

For every .M ∈ O(n), the corresponding unitary linear operator .U (M) on.L2
C
(Rn) is 

a symmetry of the free Hamiltonian .Ĥ from Sect. 1.4. 

In Sect. 1.6, we showed for.n ⩽ 3 and.V ∈ L2(Rn) + L∞(Rn) that the densely-defined, 
linear and symmetric operator 

. ĤV 0 : C2
0 (R

n, C) → L2
C
(Rn)

in .L2
C
(Rn), defined by 

. ĤV 0 f := − h
2κ2

2m
Δ f + V f = h

2κ2

2m

(
−Δ f + 2m

h2κ2 V f

)
,

for every . f ∈ C2
0 (R

n, C), is essentially self-adjoint. In addition, 

. ĤV 0 = Ĥ + TV ,

where.Ĥ is the free Hamiltonian from Sect. 1.4 and.TV denotes the maximal multiplication 
operator with .V in .L2

C
(Rn), and  

. D
(
ĤV 0

)
= D(Ĥ) ⊂ C∞(Rn, C) .

If .V is in addition a central potential, possibly singular at the origin, of the form .V ◦ | |, 
where .V : (0, ∞) → R, then it follows for .M ∈ O(n) and . f ∈ C2

0 (R
n, C) that 

. U (M)ĤV0 f = ĤV 0U (M) f ,

where we use  that.U (M) f = f ◦ T−1
M ∈ C2

0 (R
n, C). Since.C2

0 (R
n, C) is a core for. Ĥ + TV

that is left invariant by .U (M), it follows that

4 The latter can be seen as follows. Since .T−1
M ∈ C∞(Rn, R

n), we have  .U (M) f ∈ C2(Rn, C). 

Further, if .u /∈ TM (supp( f )), then.T−1
M u /∈ supp( f ) and hence.(U (M) f )(u) = 0. As consequence, 

.(U (M) f )−1(C∗) ⊂ TM (supp( f )) as well as .supp(U (M) f ) ⊂ TM (supp( f )), since  . TM (supp( f ))
is compact, as image of a compact subset of .Rn under a continuous map. Hence.supp(U (M) f ) is a 
compact subset of .Rn and.U (M) f ∈ C2

0 (Rn, C). 
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If.n ⩽ 3 and.V ∈ L2(Rn) + L∞(Rn) is in addition a central potential, of the form. V ◦
| |, for some a.e. on. R defined function, then for every.M ∈ O(n), the corresponding 
unitary linear operator .U (M) on .L2

C
(Rn) is a symmetry of .Ĥ + TV , where .Ĥ is the 

free Hamiltonian from Sect. 1.4, and.TV denotes the maximal multiplication operator 
with .V in .L2

C
(Rn). 

We note that the potential corresponding to the case of an electron in the Coulomb field of 
a nucleus containing . Z protons, 

. V = − Ze2κ

| | ,

where . e denotes the charge of an electron, is a central potential satisfying . V ∈ L2(Rn) +
L∞(Rn). 

2.8 An One-Parameter Group of Symmetries 

The potential functions of classical physics are not unique. The addition of a constant to a 
potential function leads to another physically equivalent potential function, since the force 
fields, given by the negative of the gradients, corresponding to both functions coincide. In 
short, potential functions of classical physics are unique only up to constant. This fact has 
its reflection in quantum mechanics. The easiest way to see this is as follows. 

If .Ĥ is the Hamiltonian of a quantum mechanical system and . f ∈ D(Ĥ), the unique 
solution .u : R → D(Ĥ) of the Schrödinger equation, 

. ih.u ,(t) = Ĥu(t) ,

such that.u(0) = f , where. , denotes the ordinary derivative of a.X -valued path and. (X , { | })
is the representation space, is given by 

. u(t) = e−i (t/h)Ĥ f

for every .t ∈ R. For the next step, let .ω ∈ R, have the dimension .1/Time. Then, we define 
.v : R → D(Ĥ) by 

. v(t) := eiωt u(t) ,

for every .t ∈ R. In this, it is important that according to our definition of physical states, 
for every .t ∈ R the corresponding .u(t) and .v(t) describe the same physical state, if . f /= 0. 
Further, we note for .t ∈ R that



2.9 Galilean Invariance 75

. 
1

τ
[v(t + τ ) − v(τ )] = 1

τ
[eiω(t+τ)u(t + τ) − eiωt u(t)]

= eiωt

τ

[
eiωτu(t + τ ) − u(t)

]

= eiωt
{
eiωτ 1

τ
[u(t + τ) − u(t)] + eiωτ − 1

τ
u(t)

}
,

for every .τ /= 0 and hence that . v is differentiable in . t , with the derivative 

. v,(t) = eiωt [u,(t) + iωu(t)]

and hence that 

. ih.v,(t) = eiωt [ih.u,(t) − hωu(t)] = eiωt (Ĥ − hω)u(t) = (Ĥ − hω)v(t) ,

v(0) = u(0) = f .

Since .D(H) is dense in . X , we conclude that 

. e−(i t/h)(Ĥ−hω) = eiωt e−i (t/h)Ĥ .

Hence, for every . f ∈ X \{0}

. C
∗e−(i t/h)(Ĥ−hω) f = C

∗e−i (t/h)Ĥ f ,

for every .t ∈ R. 

Hence physically, the Hamiltonians.Ĥ − E and.Ĥ generate the same time evolution, 
where .E ∈ R has the dimension of an energy. As a consequence, only energy dif-
ferences are measurable, or the measuring of the value of the energy of Hamiltonian 
system is possible only through comparison with a reference energy. 

2.9 Galilean Invariance 

We consider two observers .O and .O , who move relative to each other, with transla-
tional uniform motion. Therefore, observer .O sees observer .O , moving with velocity 
.v̂ = t (v1, v2, v3) ∈ R

3, while .O , sees .O moving with velocity .−v̂. We choose, for sim-
plicity, that at .t = 0, .O and .O , are coincident and that the Cartesian coordinate axes of 
both coordinate systems coincide. Hence the coordinate axes remain parallel to each other
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during the motion. Then, the coordinates.(t, x1, x2, x3) and.(t ,, x ,
1, x

,
2, x

,
3) of events in space 

and time, corresponding to the observer .O and .O ,, respectively, are related by a Galilean 
transformation 

. x ,
1 = x1 − v1t , x ,

2 = x2 − v2t , x ,
3 = x3 − v3t ,

and 
. t , = t ,

where we assume the existence of an absolute time. t , as is assumed in Newtonian physics. As 
a consequence, the momenta. p̂ and. p̂ , of a particle, as observed from.O and.O ,, respectively, 
are related by 

. p̂ , = p̂ − v̂ .

The latter indicates also how time evolution of a quantum mechanical system is perceived 
from both coordinate systems. In this context, we need to remember that translations in 
“momentum space” are governed by the position operator, see (2.16). 

In the following, we consider more generally free motion in .n ∈ N
∗ space dimensions 

and define 
. σk := mvk

hκ
,

for every.k ∈ {1, . . . , n}, where.v̂ = (v1, . . . , vn) ∈ R
n is the relative velocity of the system 

.O , with respect to . O . 
According to Weyl’s commutation rules for the operators corresponding to the compo-

nents of position and momentum, (2.15), we have for . τ ∈ R

. eiσkκ q̂k eiτ (hκ)−1 p̂k e−iσkκ q̂k f = e−iτσk eiτ (hκ)−1 p̂k

and hence 

. eiσkκ q̂k (hκ)−1 p̂ke
−iσkκ q̂k = (hκ)−1 p̂k − σk = (hκ)−1( p̂k − mvk) .

We note that if .k, l ∈ {1, . . . , n} such that .l /= k, then 

. eiσlκ q̂l eiσkκ q̂k (hκ)−1 p̂ke
−iσkκ q̂k e−iσlκ q̂l = (hκ)−1 p̂k − σk

= (hκ)−1( p̂k − mvk) ,

since .q̂l and . p̂k commute. Hence 

. Uv p̂kU
−1
v = p̂k − mvk ,

for every .k ∈ {1, . . . , n}, where the unitary linear operator .U is defined by 

.Uv := eiσ1κ q̂1 . . . eiσnκ q̂n .
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We note that 
. Uv q̂kU

−1
v = q̂k ,

for every .k ∈ {1, . . . , n}. 
Further, according to Sect. 1.4, the Hamilton operator corresponding to the free motion 

in .n ∈ N
∗ space dimensions is given by 

. Ĥ = ε0.F
−1
2 T| |2F2 ,

where .T| |2 denotes the maximal multiplication in .L2
C
(Rn) with .| |2 and 

. ε0 := h
2κ2

2m
.

Also, the spectrum of.Ĥ consists of the interval.[0, ∞) and is purely absolutely continuous. 
Further, for every bounded universally measurable function . f : [0, ∞) → C: 

. f (Ĥ) = F−1
2 ◦ T f ◦ (ε0.| |2) ◦ F2 ,

where .T f ◦ (ε0.| |2) is the maximal multiplication operator with the function . f ◦ (ε0.| |2), 
defined by 

. T f ◦ (ε0.| |2)g := [ f ◦ (ε0.| |2)] · g ,

for every .g ∈ X := L2
C
(Rn). In particular, for . τ ∈ R

. ei (τ/ε0) Ĥ = ei τ (ε−1
0 Ĥ ) = F−1

2 ◦ T
eiτ | |2 ◦ F2 .

Also, according to (2.16), it follows for .k ∈ {1, . . . , n} that 

. eiσκ q̂k f = eiσ(κ q̂k ) f = eiσuk f = F−1
2 [(F2 f ) ◦ (idRn − σek)] ,

for every. f ∈ L2
C
(Rn) and.σ ∈ R,where.uk : R

n → Rdenotes the. kth coordinate projection, 
defined by .uk(ū) := ūk for all .ū = (ū1, . . . , ūn) ∈ R

n . 
Hence, it follows for .k ∈ {1, . . . , n} further that 

. ei (τ/ε0) Ĥ e−iσkκ q̂k f = F−1
2 eiτ | |2 [(F2 f ) ◦ (idRn + σkek)]

= F−1
2

{
[eiτ |idRn−σkek |2F2 f ] ◦ (idRn + σkek)

}

= e−iσkuk F−1
2 eiτ |idRn−σkek |2F2 f

= e−iσkκ q̂k F−1
2 eiτ |idRn−σkek |2F2 f ,

and hence that 

.eiσkκ q̂k ei (τ/ε0) Ĥ e−iσkκ q̂k f = F−1
2 T

eiτ |id
Rn −σk ek |2 F2 f ,
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for every . f ∈ L2
C
(Rn). We note that if .k, l ∈ {1, . . . , n}, then 

. eiσlκ q̂l eiσkκ q̂k ei (τ/ε0) Ĥ e−iσkκ q̂k f

= eiσlκ q̂l F−1
2 eiτ |idRn−σkek |2F2 f

= F−1
2 {[eiτ |idRn−σkek |2F2 f ] ◦ (idRn − σl el)}

= F−1
2 eiτ |idRn−σkek−σl el |2 [(F2 f ) ◦ (idRn − σl el)]

= F−1
2 eiτ |idRn−σkek−σl el |2F2(eiσl ul f )

= F−1
2 eiτ |idRn−σkek−σl el |2F2 eiσlκ q̂l f

for every . f ∈ L2
C
(Rn) and hence that 

. eiσlκ q̂l eiσkκ q̂k ei (τ/ε0) Ĥ e−iσkκ q̂k e−iσlκ q̂l f = F−1
2 eiτ |idRn−σkek−σl el |2F2 f ,

for every . f ∈ L2
C
(Rn). As a consequence, it follows also that 

. Uve
i (τ/ε0) ĤU−1

v f = F−1
2 eiτ |idRn−σ̂ |2F2 f ,

for every . f ∈ L2
C
(Rn), where  

. σ :=
nΣ

k=1

σkek ∈ R
n .

Now, 
. (R → L(X , X), τ |→ Uve

i (τ/ε0) ĤU−1
v )

is a strongly continuous one-parameter unitary group, with generator 

. ε−1
0 Uv ĤU−1

v ,

and 
. (R → L(X , X), τ |→ F−1

2 eiτ |idRn−σ̂ |2F2)

is a strongly continuous one-parameter unitary group, with generator 

. F−1
2 T|idRn−σ̂ |2F2 ,

where 
. T|idRn−σ̂ |2

denotes the maximal multiplication operator in .L2
C
(Rn) with the function .|idRn − σ̂ |2. 

Hence, 
.Uv ĤU−1

v = ε0F
−1
2 T|idRn−σ̂ |2F2 . (2.21)
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In the following, we are going to investigate the connection of the right hand side of of the 
previous equation with the components of momentum. For this purpose, we consider the 
linear operator .( ˆ̂p − mv̂ )2, defined by 

. ( ˆ̂p − mv̂ )2 f :=
nΣ

k=1

(
p̂k − mvk

)2
f ,

for every . f ∈ SC(Rn). We conclude from known properties of .F2 that 

. F2 ( ˆ̂p − mv̂ )2F−1
2 f =

nΣ
k=1

(
hκ Twk − mvk

)2
f

= (hκ)2TΣn
k=1(wk−σk )

2 f = (hκ)2T|idRn−σ̂ |2 ,

for every. f ∈ SC(Rn), where for every.k ∈ {1, . . . , n},.wk : R
n → R denotes the. kth coor-

dinate projection, defined by .wk(w̄) := w̄k for all .w̄ = t (w̄1, . . . , w̄n) ∈ R
n . According to 

the characterization of essential self-adjointness from Theorem 12.4.9, the restriction of 
.T|idRn−σ̂ |2 to .SC(Rn) is essentially self-adjoint since 

. T|idRn−σ̂ |2±iSC(Rn) ,

contain.C∞
0 (Rn, C) and are therefore dense in.L2

C
(Rn). Since.F2 is unitary, this implies also 

the essential self-adjointness of .( ˆ̂p − mv̂ )2 and that 

. ( ˆ̂p − mv̂ )2 = (hκ)2F−1
2 T|idRn−σ̂ |2F2 .

Hence, it follows from (2.21) that 

. Uv ĤU−1
v = 1

2m
( ˆ̂p − mv̂ )2 .

Position, Momentum and Hamilton Operators Corresponding to the Observer 
. O ,

Summarizing the previous, the operators corresponding to the components of posi-
tion, the components of momentum and the Hamilton operator in the system corre-
sponding to the observer .O ,, that is moving relative to the observer .O with speed 
.v̂ = t (v1, . . . , vk) ∈ R

n , are given by 

. Uv q̂kU
−1
v = q̂k , Uv p̂kU

−1
v = p̂k − mvk ,

Uv ĤU−1
v = 1

2m
( ˆ̂p − mv̂ )2 , (2.22)
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for .k ∈ {1, . . . , n}, were  .( ˆ̂p − mv̂ )2 is the closure of the densely-defined, linear, 
symmetric and essentially self-adjoint operator in .L2

C
(Rn), defined by 

.( ˆ̂p − mv̂ )2 f :=
nΣ

k=1

(
p̂k − mvk

)2
f , (2.23) 

for every . f ∈ SC(Rn), and the unitary linear transformation .Uv to the relatively 
moving system is given by 

.Uv = ei
mv1
h

q̂1 . . . ei
mvn
h

q̂n . (2.24) 

2.10 Gauge Invariance 

We remind the reader of Maxwell’s equations 5 in Minkowski space, for the electromagnetic 
field .Ê, B̂ ∈ C1(Ω, R

3) in Gaussian units 

. 
∂ Ê

∂t
= c ∇̂ × B̂ − 4π ĵ ,

∂ B̂

∂t
= −c ∇̂ × Ê ,

∇̂ · Ê = 4πρ , ∇̂ · B̂ = 0 , (2.25) 

where .Ω ⊂ R
4 is non-empty and open, .t, x1, x2, x3 : R

4 → R are inertial coordinates, . c
denotes the speed of light, .ρ ∈ C(Ω, R) the charge density and . ĵ ∈ C(Ω, R

3) the current 
density. The conservation of charge is described by the conservation law 

. 
∂ρ

∂t
+ ∇̂ · ĵ = 0 ,

and the Lorentz force on a particle with charge . q is given by 

.F̂ = q

(
Ê + 1

c
v̂ × B̂

)
.

5 The source free Maxwell’s equations are invariant under the Poincaré group, i.e., consistent with 
the theory of special relativity, where the speed of light sets a limit for the speed of propagation of any 
action. On the other hand, as we already know, quantum mechanics uses Newtonian ideas of space and 
time, where there is instantaneous propagation of any action, and hence inconsistent with the special 
theory of relativity. Therefore, the following incorporation of the effects of the electromagnetic field 
into quantum mechanics can be expected to be valid only if the expectation values of the speeds of 
the involved particles are small compared to the speed of light. 
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The classical Hamiltonian function .H is given by 

. H = 1

2m

(
p̂ − q

c
Â
)2 + q φ = 1

2mc2

(
c p̂ − q Â

)2 + q φ ,

where . Â ∈ C2(Ω, R
3) and .φ ∈ C2(Ω, R) are the vector and scalar potential, respectively, 

that are connected to the physical field .Ê, B̂ by 

.Ê = −1

c

∂ Â

∂t
− ∇̂φ , B̂ = ∇̂ × Â . (2.26) 

If the Lorenz gauge condition 

.
1

c

∂φ

∂t
+ ∇̂ · Â = 0 , (2.27) 

and the inhomogeneous wave equations 

.
1

c2
∂2φ

∂t
− Δφ = 4πρ ,

1

c2
∂2 Â

∂t2
− Δ Â = 4π

c
ĵ (2.28) 

are satisfied, then the physical field .Ê, B̂ defined by (2.26) satisfies Maxwell’s equations 
(2.25). The physical field is left invariant by a (joint) gauge transformation of the potentials 

. Â → Â + ∇̂Λ , φ → φ − 1

c

∂Λ

∂t
,

where .Λ ∈ C3(Ω, R). Under such a gauge transformation, .H is mapped into 

. HΛ = 1

2m

(
p̂ − q

c
∇̂Λ − q

c
Â
)2 + q ·

(
φ − 1

c

∂Λ

∂t

)
.

In the following, we restrict attention to time-independent physical fields, i.e., .Ω ⊂ R
3 is 

non-empty and open. Then, 

. HΛ = 1

2m

(
p̂ − q

c
∇̂Λ − q

c
Â
)2 + qφ .

Under quantization, the operators corresponding to .H and .HΛ need to be unitarily equiv-
alent. In the following, we assume that .q /= 0. A candidate for the Hamiltonian operator 
corresponding to .HΛ is given by the closure of 

. ĤΛ0 : C2
0 (κΩ, C) → L2

C
(κΩ) ,

defined by 6

6 In the following, we are going to use the conventions that.(â · ∇ + b)g := â · ∇g + b · g,. (â · ∇ +
b)0g := g,.(â · ∇ + b)m+1g := (â · ∇ + b)(â · ∇ + b)mg for every.m ∈ N, where.â ∈ (C(U , C))n , 
.b ∈ C(U , C), .g ∈ C1(U , C) and.U is a non-empty open subset of .Rn , .n ∈ N

∗.
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. ĤΛ0 f :=
{

1

2m

3Σ
k=1

[
hκ

i

∂

∂uk
− q

c
Λ,k

(
1

κ
·
)

− q

c
Âk

(
1

κ
·
)]2

+ q φ

(
1

κ
·
)}

f

= (hκ)2

2m

[
3Σ

k=1

(
1

i

∂

∂uk
− αΛ̄,k − α ^̄Ak

)2
+ φ̄

]
f

= (hκ)2

2m

{
−Δ f − α

i

[
( ^̄A + ∇̂Λ̄) · ∇̂ f + ∇̂ · [ f ( ^̄A + ∇̂Λ̄)]

]

+
(

α2| ^̄A + ∇̂Λ̄|2 + φ̄
)
f
}

,

= (hκ)2

2m

[
−Δ f − 2α

i
( ^̄A + ∇̂Λ̄) · ∇̂ f

+
(

α2| ^̄A + ∇̂Λ̄ |2 − α

i
∇̂ · ( ^̄A + ∇̂Λ̄) + φ̄

)
f
]

,

for every . f ∈ C2
0 (κΩ, C), where  .Λ,k := (ek · ∇̂)Λ, Λ̄,k := ∂Λ̄

∂uk
, for every .k ∈ {1, 2, 3}, 

and 

. Λ̄(u) := 1

q
Λ

(
1

κ
u

)
, ^̄A(u) := 1

κq
Â

(
1

κ
u

)
,

φ̄(u) := 2mq

(hκ)2
φ

(
1

κ
u

)
, α := q2

hc
> 0 ,

for every .u ∈ κΩ. Here .
^̄A ∈ C2(κΩ, R), .Λ̄ ∈ C3(κΩ, R), .φ̄ ∈ C2(κΩ, R) are dimension-

less functions and . α is dimensionless. In particular, 

. Ĥ00 : C2
0 (κΩ, C) → L2

C
(κΩ) ,

defined by 

. Ĥ00 f :=
{

1

2m

3Σ
k=1

[
hκ

i

∂

∂uk
− q

c
Âk

(
1

κ
·
)]2

+ q φ

(
1

κ
·
)}

f

= (hκ)2

2m

{
3Σ

k=1

(
1

i

∂

∂uk
− α ^̄Ak

)2
+ φ̄

]
f

= (hκ)2

2m

{
−Δ f − α

i

[ ^̄A · ∇̂ f + ∇̂ · ( f ^̄A )
]

+
(

α2| ^̄A |2 + φ̄
)
f
}

,

= (hκ)2

2m

[
−Δ f − 2α

i
^̄A · ∇̂ f +

(
α2| ^̄A |2 − α

i
∇̂ · ^̄A + φ̄

)
f

]
,

for every . f ∈ C2
0 (κΩ, C), is the candidate whose closure corresponds to . H . Hence, . Ĥ00

and .Ĥ0Λ are densely-defined, linear operators in .L2
C
(κΩ). Further, it follows by partial 

integration that .Ĥ00 and .Ĥ0Λ are symmetric as well as that
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. 

/
f |Ĥ0Λ f

\
= (hκ)2

2m

{/
f |

3Σ
k=1

[
1

i

∂

∂uk
− α ( ^̄A + ∇̂Λk)

]2
f

\
+ { f |φ̄ f

}}

= (hκ)2

2m

{
3Σ

k=1

/
f |
[
1

i

∂

∂uk
− α ( ^̄A + ∇̂Λk)

]2
f

\
+ { f |φ̄ f

}}

= (hκ)2

2m

{
3Σ

k=1

||||||||
[
1

i

∂

∂uk
− α ( ^̄A + ∇̂Λk)

]
f

||||||||
2

+ { f |φ̄ f
}
}

⩾ (hκ)2

2m

{
f |φ̄ f

}
,

/
f |Ĥ00 f

\
⩾ (hκ)2

2m

{
f |φ̄ f

}
, (2.29) 

for every. f ∈ C2
0 (κΩ, C). The latter inequalities give lower bounds of the spectrum of. Ĥ00

and.Ĥ0Λ, see Corollary 12.5.5 in the Appendix. In addition, we arrive at the following result. 

The operators .Ĥ0Λ and .Ĥ00 are unitarily equivalent, i.e., 

. ĤΛ0 = Texp(iαΛ̄) Ĥ00 ( Texp(iαΛ̄))
−1 .

There is a one-to-one correspondence of self-adjoint extensions of the operators . Ĥ00

and .ĤΛ0. Every self-adjoint extension of .ĤΛ0 is of the form 

. Texp(iαΛ̄) Ĥ ( Texp(iαΛ̄))
−1 ,

where .Ĥ is a self-adjoint extension of .Ĥ00. Every self-adjoint extension of .Ĥ00 is of 
the form 

. Texp(−iαΛ̄) ĤΛ ( Texp(−iαΛ̄))
−1 ,

where .ĤΛ is a self-adjoint extension of .ĤΛ0. 

For the proof, we note that .Texp(iαΛ̄) is a unitary linear operator on .L2
C
(κΩ), with inverse 

.Texp(−iαΛ̄), that maps .C2
0 (κΩ, C) onto itself. Further, for every . f ∈ C2

0 (κΩ, C), it follows 
that 

.Texp(iαΛ̄) Ĥ00Texp(−iαΛ̄) f

= Texp(iαΛ̄)
(hκ)2

2m

[
3Σ

k=1

(
1

i

∂

∂uk
− α ^̄Ak

)2
+ φ̄

]
exp
(−iαΛ̄

)
f

= (hκ)2

2m

[
3Σ

k=1

exp
(
iαΛ̄

) ( 1

i

∂

∂uk
− α ^̄Ak

)2
exp
(−iαΛ̄

)+ φ̄

]
f .
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Since for every . k ∈ {1, 2, 3}

. exp
(
iαΛ̄

) ( 1

i

∂

∂uk
− α ^̄Ak

)2
exp
(−iαΛ̄

)
f

= exp
(
iαΛ̄

) ( 1

i

∂

∂uk
− α ^̄Ak

)
exp
(−iαΛ̄

)

· exp(iαΛ̄
) ( 1

i

∂

∂uk
− α ^̄Ak

)
exp
(−iαΛ̄

)
f

=
(
exp
(
iαΛ̄

) 1
i

∂

∂uk
exp
(−iαΛ̄

)− α ^̄Ak

)

·
(
exp
(
iαΛ̄

) 1
i

∂

∂uk
exp
(−iαΛ̄

)− α ^̄Ak

)
f

=
(
1

i

∂

∂uk
− α

∂Λ̄

∂uk
− α ^̄Ak

)(
1

i

∂Λ̄

∂uk
− α

∂Λ̄

∂uk
− α ^̄Ak

)
f ,

this implies that 

. Texp(iαΛ̄) Ĥ00Texp(−iαΛ̄) f

= (hκ)2

2m

[
3Σ

k=1

(
1

i

∂

∂uk
− αΛ̄,k − α ^̄Ak

)2
+ φ̄

]
f = ĤΛ0 f .

In particular, if .ĤΛ is a self-adjoint extension of .ĤΛ0, then 

. Texp(−iαΛ̄) ĤΛTexp(iαΛ̄)

is a self-adjoint extension of .ĤΛ0. Hence, 

. ĤΛ = Texp(iαΛ̄)[ Texp(−iαΛ̄) ĤΛTexp(iαΛ̄)] Texp(−iαΛ̄) .

Further, if .Ĥ is a self-adjoint extension of .Ĥ0, then 

. Texp(iαΛ̄) Ĥ ( Texp(iαΛ̄))
−1 ,

is a self-adjoint extension of .ĤΛ0. Hence, 

.Ĥ = Texp(−iαΛ̄) [ Texp(iαΛ̄) Ĥ ( Texp(iαΛ̄))
−1] Texp(iαΛ̄) .



3Simple Quantum Systems in . 1 Space Dimension 

3.1 Auxiliary Results About Perturbations of the Free Hamilton 
Operator in . 1D 

In Sect. 1.6, we studied perturbations of the free Hamiltonian in .n ∈ N
∗ space dimensions. 

In the following, we state these results for. 1 space dimension again and derive more detailed 
information about the domains of the involved operators. 

In particular, we showed in Sect. 1.6 that the densely-defined, linear and symmetric oper-
ator 

. ĤV 0 : C2
0 (R, C) → L2

C
(R)

in .L2
C
(R), defined by 

. ĤV 0 f := − h
2κ2

2m
f '' + V f = h

2κ2

2m

(
− f '' + 2m

h2κ2 V f

)
,

for every. f ∈ C2
0 (R, C), where.V ∈ L2(R) + L∞(R), is essentially self-adjoint. In addition, 

. ĤV 0 = Ĥ + TV ,

where.Ĥ is the free Hamiltonian from Sect. 1.4, and.TV denotes the maximal multiplication 
operator with .V in .L2

C
(R), and  

. D
(
ĤV 0

)
= D(Ĥ) ⊂ C∞(R, C).
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Also, we showed there that the essential spectrum.σe(Ĥ) of the free Hamiltonian.Ĥ and the 

essential spectrum, .σe(ĤV 0), of .ĤV 0 coincide and are given by the interval .[0, ∞): 

. σe( ĤV 0 ) = σe(Ĥ) = [0, ∞),

if .V is such that there is a sequence .V1, V2, . . . in .L2
C
(Rn) satisfying 

. lim
ν→∞ ||Vν − V ||∞ = 0.

In the following, we are going to derive further information on .D(Ĥ). For this purpose, we 
recall from Sect. 1.4 that 

.A : C2
0 (R, C) → L2

C
(R), (3.1) 

defined for every . f ∈ C2
0 (R, C) by 

. A f := − f '',

is a densely-defined, linear, positive symmetric and essentially self-adjoint operator in 
.L2

C
(R), whose closure . Ā has the spectrum.σ( Ā ) = [0, ∞), such that 

. ( Ā + 1)−1 f = F−1
2 (1 + | |2)−1F2 f = F2 (1 + | |2)−1F−1

2 f

= 1

(2π)1/2
F1 (1 + | |2)−1F−1

2 f

= 1

(2π)1/2
[F2 (1 + | |2)−1] ∗ f , (3.2) 

for every . f ∈ L2
C
(R). Using, 

. F1
1

1 + | |2 = π e−| |,

which implies that 

. 
1

(2π)1/2

1

1 + | |2 = F−1
2

1

2
e−| |,

we arrive at a further representation of . ( Ā + 1)−1

. ( Ā + 1)−1 f = 1

2
e−| | ∗ f ,

for every . f ∈ L2
C
(R). Subsequently, we arrived at the following Sobolev inequality 

.|| f ||∞ < c1 ||( Ā + 1) f ||2 < c1
( || Ā f ||2 + || f ||2

)
, (3.3)
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for every . f ∈ D( Ā ). In the following, we add to the analysis from Sect. 1.6. Since  

. ( Ā + 1)−1 f = 1

(2π)1/2
F1 (1 + | |2)−1F−1

2 f ,

for every . f ∈ L2
C
(R), see  (3.2), and 

. 
1

1 + id2
R

,
idR

1 + id2
R

∈ L2
C
(R),

it follows that 

. ( Ā + 1)−1 f ∈ {g ∈ C∞(R, C) ∩ C1(R, C) ∩ L2
C
(R) : g' ∈ C∞(R, C) ∩ L2

C
(R)},

where it is used that for every. f ∈ L1
C
(R) such that.idR · f ∈ L1

C
(R), it follows the differen-

tiability of .F1 f and that .(F1 f ) ' = F1(−i .idR · f ). Hence, we arrive at the following result, 
concerning the regularity or “smoothness” of the members of the domain of . Ā. 

. D( Ā) ⊂ { f ∈ C1(R, C) ∩ C∞(R, C) ∩ L2
C
(R) : f ' ∈ C∞(R, C) ∩ L2

C
(R)}.

Here it has been used that for every . f ∈ L1
C
(R) such that .idR · f ∈ L1

C
(R), it follows the 

differentiability of .F1 f and that .(F1 f ) ' = F1(−i .idR · f ). Further, we conclude that 

. ||(( Ā + 1)−1g) '||2 = || 1√
2π

F1 (−i .idR)
(F2g) ◦ (−idR)

1 + id2
R

||2

= ||F−1
2 (−i .idR)

F2g

1 + id2
R

||2 < 1

2
||g||2 = 1

2
||( Ā + 1)( Ā + 1)−1g||2

< 1

2
|| Ā ( Ā + 1)−1g||2 + 1

2
||( Ā + 1)−1g||2

as well as that 

.||(( Ā + 1)−1g) '||∞ = || 1√
2π

F1 (−i .idR)
(F2g) ◦ (−idR)

1 + id2
R

||∞

< 1√
2π

||idR

(F2g) ◦ (−idR)

1 + id2
R

||1 < 1√
2π

|| idR

1 + id2
R

||2 · ||g||2

= 1√
2π

|| idR

1 + id2
R

||2 · ||( Ā + 1)( Ā + 1)−1g||2

< 1√
2π

|| idR

1 + id2
R

||2
(|| Ā ( Ā + 1)−1g||2 + ||( Ā + 1)−1g||2

)
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for every .g ∈ L2
C
(R), where Hoelder’s inequality has been used, and finally the Sobolev 

inequalities 

.|| f '||2 < 1

2

(|| Ā f ||2 + || f ||2
)
, || f '||∞ < c2

(|| Ā f ||2 + || f ||2
)
, (3.4) 

for every . f ∈ D( Ā), where  

. c2 := 1

(2π)1/2
|| idR

1 + id2
R

||2.

We show an auxiliary result needed for the proof of Lemma 3.1.3 that is necessary to deal 
with perturbations of .Ĥ by piecewise continuous potentials. 

Lemma 3.1.1 If . f ∈ C1([0, ∞), C) ∩ L1
C
((0, ∞)) is such that . f ' ∈ L1

C
((0, ∞)), then 

. lim
x→∞ f (x) = 0, f (0) = −

∫ ∞

0
f ' dv1. (3.5) 

If .g ∈ C1((−∞, 0], C) ∩ L1
C
((−∞, 0)) is such that .g ' ∈ L1

C
((−∞, 0)), then 

. lim
x→−∞ g(x) = 0, g(0) =

∫ 0

−∞
g ' dv1. (3.6) 

Proof For the proof, let such . f , g be given, then 

. f (x) = f (0) +
∫ x

0
f ' dv1, g(y) = g(0) −

∫ 0

y
g ' dv1,

for .x > 0 and .y < 0. Hence, it follows the existence of 

. a+ := lim
x→∞ f (x), a− := lim

x→−∞ g(x).

If .a+ /= 0, there  is .x0 > 0 such that .| f (x)| > |a+|/2 for all .x > x0. Hence, 

. 

∫ x

0
| f | dv1 > |a+|

2
(x − x0)

for every .x ∈ [x0, ∞), which contradicts the existence of 

. lim
x→∞

∫ x

0
| f | dv1./

If .a− /= 0, there  is .x0 < 0 such that .|g(x)| > |a−|/2 for all .x < x0. Hence,
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. 

∫ 0

x
|g| dv1 > |a−|

2
(x0 − x)

for every .x ∈ (−∞, x0], which contradicts the existence of 

. lim
x→−∞

∫ 0

x
|g| dv1./

Hence, it follows the validity of (3.5) and (3.6). ⊓⊔

Lemma 3.1.2 (A core for . Ā) 

. D := { f ∈ C2(R, C) ∩ L2
C
(R) : f ', f '' ∈ L2

C
(R)}

is a core for . Ā. In particular, 
. Ā f = − f '',

for every . f ∈ D. 

Proof For the proof, we define .A0 : D → X in .X := L2
C
(R) by 

. A0 f := − f '',

for every . f ∈ D. The operator .A0 is densely-defined, since .C∞
0 (R, C) ⊂ D. Further, with 

the help of Lemma 3.1.1, it follows that 

. ⟨ f |A0g⟩2 = −
∫ 

R

f ∗ · g '' dv1 = −
∫ 

R

[
( f ∗ · g ') ' − f '∗g '] dv1 =

∫ 
R

f '∗g ' dv1

=
(∫ 

R

g '∗ f ' dv1
)∗

= ⟨g|A0 f ⟩∗2 = ⟨A0 f |g⟩2

for all . f , g ∈ D and hence that .A0 is symmetric. Hence.A0 is a symmetric linear extension 
of . A. Since, . A is essentially self-adjoint, this implies that . Ā0 = Ā. ⊓⊔

The following Lemma provides the information needed for dealing with perturbations of 
.Ĥ by piecewise continuous potentials. 

Lemma 3.1.3 The subspace .D of .X := L2
C
(R), defined by 

.D := { f ∈ C1(R, C) ∩ X : f ' ∈ X , f is piecewise C2 such that f '' ∈ X},
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is contained in .D( Ā ), and 
. Ā f = − f '',

for every . f ∈ D. 

Proof For. f ∈ D, there  is.n ∈ N such that.n > 2 and.a1, . . . , an ∈ R satisfying. a1 < · · · <

an as well as such that 

. f |(−∞,a1) ∈ C2((−∞, a1], C), . . . , f |(an ,∞) ∈ C2([an, ∞), C).

In particular, it follows with the help of Lemma 3.1.1 and for.g ∈ D(A0), where.A0 is defined 
as in the proof of Lemma 3.1.2, that 

. ⟨ f |A0g⟩2 = −
∫ 

R

f ∗g ''dv1

= −
∫ 

(−∞,a1)
f ∗g ''dv1 −

n−1∑
k=1

∫ 
(ak ,ak+1)

f ∗g ''dv1 −
∫ 

(an ,∞)

f ∗g ''dv1

=
∫ 

(−∞,a1)
[ f '∗g ' − ( f ∗g ')' ] dv1 +

n−1∑
k=1

∫ 
(ak ,ak+1)

[ f '∗g ' − ( f ∗g ')' ] dv1

+
∫ 

(an ,∞)

[ f '∗g ' − ( f ∗g ')' ] dv1

=
∫ 

(−∞,a1)
f '∗g 'dv1 +

n−1∑
k=1

∫ 
(ak ,ak+1)

f '∗g 'dv1 +
∫ 

(an ,∞)

f '∗g 'dv1

− f ∗(a1)g '(a1) −
n−1∑
k=1

[ f ∗(ak+1)g
'(ak+1) − f ∗(ak)g '(ak)]

+ f ∗(an)g '(an)

=
∫ 

(−∞,a1)
f '∗g 'dv1 +

n−1∑
k=1

∫ 
(ak ,ak+1)

f '∗g 'dv1 +
∫ 

(an ,∞)

f '∗g 'dv1

=
∫ 

(−∞,a1)
[ ( f '∗g)' − f ''∗g ] dv1 +

n−1∑
k=1

∫ 
(ak ,ak+1)

[ ( f '∗g)' − f ''∗g ] dv1

+
∫ 

(an ,∞)

[ ( f '∗g)' − f ''∗g ] dv1

= −
∫ 

(−∞,a1)
f ''∗gdv1 −

n−1∑
k=1

∫ 
(ak ,ak+1)

f ''∗gdv1 −
∫ 

(an ,∞)

f ''∗dv1
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. + f '∗(a1)g(a1) +
n−1∑
k=1

[ f '∗(ak+1)g(ak+1) − f '∗(ak)g(ak)]

− f '∗(an)g(an)

. = −
∫ 

(−∞,a1)
f ''∗gdv1 −

n−1∑
k=1

∫ 
(ak ,ak+1)

f ''∗gdv1 −
∫ 

(an ,∞)

f ''∗dv1

. = ⟨− f ''|g⟩2 .

As a consequence, . f ∈ D(A∗
0) and .A∗

0 f = − f ''. Since  

. A∗
0 = (A∗

0)
∗∗ = Ā∗ = Ā,

this implies that . f ∈ D( Ā ) and . Ā f = − f ''. ⊓⊔

3.2 Quantum Tunneling 

We consider the densely-defined, linear and symmetric operator 

. Ĥ0 : C2
0 (R, C) → L2

C
(R)

in .L2
C
(R), defined by 1

. Ĥ0 f := − h
2κ2

2m
f '' + V0

(
χ(−∞,−1] + χ[1,∞)

)
f = h

2κ2

2m

(− f '' + V f
)

,

for every . f ∈ C2
0 (R, C), where .V0 > 0 has the dimension of an energy, 

. V := α
(
χ(−∞,−1] + χ[1,∞)

)
,

and 

. α := 2mV0
h2κ2 > 0

is dimensionless. Since .V0
(
χ(−∞,−1] + χ[1,∞)

) ∈ L∞(R), .Ĥ0 is essentially self-adjoint 
(Figs. 3.1 and 3.2). 

No physical potential exhibits such an abrupt or sudden change. In reality, a smoother 
change in potentials is to be expected. For example, free electrons in a metal experience 
a smooth change of potential near the metal surface. On the other hand, the use of this 
idealized potential simplifies the mathematical treatment, and its results are applicable to 
actual cases, as an indication of the physical situation.

1 We note that .V0
(
χ(−∞,−1] + χ[1,∞)

)
coincides with the classical potential function only up to a 

scale factor. The classical potential function is given by.V0
(
χ(−∞,−κ−1] + χ[κ−1,∞)

)
. 
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Fig. 3.1 Graph of . V

Fig. 3.2 Graphs of 
. s(9, ·), s(18, ·), s(27, ·), s(36, ·),
s(45, ·), coming from the top 
(blue, left to right), where 
.s(α,λ) := √

(α/λ) − 1 for 
every.λ > 0, and the crossing 
graph of 
. ( [0,∞) → R,λ |→ tan(

√
λ ))

(black). The abscissas of the 
intersections are the 
eigenvalues of . ĀV

In the following, we are going to determine the spectrum.σ(Ĥ) of the closure .Ĥ of .Ĥ0. 
In a first step, we note that 

. σ(Ĥ) ⊂ [0, ∞),

as consequence of the positivity of the free Hamiltonian in .1-space dimension and the 
positivity of . V . In this, we use Theorem 12.5.4 from the Appendix. In a second step, we 
note, see Sect. 3.1, that the essential spectrum.σe(Ĥ − V0) of .Ĥ − V0 is given by 

. σe(Ĥ − V0) = [0, ∞).

As a consequence, 
. σ(Ĥ − V0) = [0, ∞) ·∪σd(Ĥ − V0),

where .σd(Ĥ − V0) denotes the discrete spectrum of .Ĥ − V0, consisting of isolated points 
in .σ(Ĥ − V0) that are eigenvalues of finite multiplicity. As a consequence, 

. σ(Ĥ) = [V0, ∞) ·∪σd(Ĥ) , (3.7)
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Table 3.1 Discrete eigenvalues . λ of . ĀV and corresponding discrete eigenvalues . ε of . Ĥ , for  . α =
9, 18, 27, 36 and. 45

.α .9 .18 .27 .36 . 45

.λ .1.369 . 1.606
. 13.455

. 1.729
. 14.990

. 1.808
. 15.887

. 1.865
. 16.500
. 42.515

.ε/V0 = λ/α .0.152 . 0.089
. 0.747

. 0.064

. 0.555
. 0.050
. 0.441

. 0.041

. 0.367

. 0.945

where .σd(Ĥ) denotes the discrete spectrum of . Ĥ , which we are going to determine in the 
following. For this purpose, we use Lemma 3.1.3 from Sect. 3.1. For simplicity of notation, 
we apply the process to the closure . ĀV of the symmetric and essentially self-adjoint DLO 
.AV : C2

0 (R, C) → L2
C
(R), given  by  

. AV f := − f '' + V f ,

for every . f ∈ C2
0 (R, C). 2 Hence, 

. σ( ĀV ) = [α, ∞) ·∪σd( ĀV ),

where .σd( ĀV ) denotes the discrete spectrum of . ĀV . For .λ ∈ [0, α), it is straightforward to 
find a candidate for a corresponding eigenvector satisfying . f ∈ C1(R, C) .∩L2

C
(R), . f ' ∈

L2
C
(R) and such that . f is piecewise .C2 with . f '' ∈ L2

C
(R). Such candidate is given by 

. f (u) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

e(1+u)
√

α−λ if u < −1

cos
[
(1 + u)

√
λ
]

+
√

α−λ sin
[
(1+u)

√
λ
]

√
λ

if − 1 < u < 0

cos
[
(−1 + u)

√
λ
]

−
√

α−λ sin
[
(−1+u)

√
λ
]

√
λ

if 0 < u < 1

e(1−u)
√

α−λ if u > 1

, (3.8) 

for every .u ∈ R, but . f ∈ C1(R, C) if and only if .λ > 0 and 

. tan(
√

λ ) =
√

α

λ
− 1. (3.9) 

For every value of . α, there is at least . 1 corresponding eigenvalue of . ĀV in .[0, α). 
Rounded to. 3 decimal places, we arrive to the Table 3.1 where the last line of the table gives 

the corresponding eigenvalues . ε of . Ĥ . We note that the energies in .[0, V0) are classically

2 The operator .Ĥ is a multiple of . ĀV , . Ĥ = h
2κ2

2m ĀV .
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Fig. 3.3 Graph of the absolute squares of the “tunneling” eigenfunction corresponding to.α = 9 and 
the “tunneling” eigenfunctions corresponding to . α = 18

forbidden energies. Classical particles would be confined to the interval .[−1, 1]. On the  
other hand, a “quantum particle” can penetrate or “tunnel through” the potential barrier, 
indicated by an exponential decay of the square of the eigenfunction beyond the ends of 
.[−1, 1] (Fig. 3.3). 

Penetration of a potential barrier has no analog in classical mechanics. It has been 
observed in many situations, e.g., in trigonal pyramidal shaped molecule of ammonia, NH. 3, 
with. 3 hydrogen atoms situated on an equilateral triangle plane and the position of the nitro-
gen atom tunneling between. 2 positions of lowest energy, in “field electron emission” from 
material surfaces under the influence of strong electric fields and the emission of.α-particles, 
composite particles consisting of two protons and two neutrons, from nuclei by tunneling 
through the atomic shell (Fig. 3.4). 

Still the question remains, whether all the discrete eigenfunctions of . ĀV are of the 
form (3.8). Indeed, this is the case. For the proof, we need to investigate the regularity 
or “smoothness” of the eigenfunctions of . ĀV . If . λ is an eigenvalue of . ĀV and . f ∈ D( ĀV )

a corresponding eigenfunction, we note that . f ∈ D( ĀV ) implies according to Sect. 3.1 that 
. f ∈ C1(R, C) ∩ C∞(R, C) ∩ L2

C
(R) such that . f ' ∈ C∞(R, C) ∩ L2

C
(R), then 

.λ f = ĀV f = Ā f + V f = ( Ā + 1) f + (V − 1) f ,
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Fig. 3.4 Trigonal pyramidal 
shaped molecule of ammonia, 
with. 2 positions of lowest 
energy of the Nitrogen atom, 
relative to the plane determined 
the hydrogen atoms 

N 

N 

H 
H 

H 

where . Ā is the closure of the operator . A, defined by (3.1) in Sect. 3.1, and hence 

. f (u) = [( Ā + 1)−1(1 + λ − V ) f ](u) = 1

2
[e−| | ∗ (1 + λ − V ) f ](u)

= 1

2

[
e−u

∫ u

−∞
eū [(1 + λ − V ) f ](ū) dū + eu

∫ ∞

u
e−ū [(1 + λ − V ) f ](ū) dū

]
,

for every .u ∈ R. Therefore 

. f '(u)

= 1

2

[
eu
∫ ∞

u
e−ū [(1 + λ − V ) f ](ū) dū − e−u

∫ u

−∞
eū [(1 + λ − V ) f ](ū) dū

]
,

for every .u ∈ R, and  
. f ''(u) = f (u) − [(1 + λ − V ) f ](u),

for every.u ∈ R \ {−1, 1}. In particular,. f is piecewise.C2, with possible jumps in the second 
derivative only in .{−1, 1}, such that . f '' ∈ L2

C
(R). 

Finally, it might be asked, whether the non-vanishing of the potential . V0 (χ(−∞,−1] +
χ[1,∞)) at infinity is somehow responsible for the tunneling effect. It is easy to see that this 
is not the case, since the potential well.−V0 χ(−1,1) vanishes at infinity, the operators.Ĥ and 
.Ĥ − V0 share the same eigenvectors. If. ε is a discrete eigenvalue of.Ĥ and. f a corresponding 
eigenvector, then .ε − V0 (< 0) is a discrete eigenvalue of .Ĥ − V0 and . f a corresponding 
eigenvector. 

3.3 Potential Wells and Potential Barriers 

We consider the densely-defined, linear and symmetric operator 

.Ĥ0 : C2
0 (R, C) → L2

C
(R)
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Fig. 3.5 Graph of .V if .α > 0 and.α < 0, respectively 

in .L2
C
(R), defined by 3

. Ĥ0 f := − h
2κ2

2m
f '' + V0 χ[−a,a] f = h

2κ2

2m

(− f '' + V f
)

,

for every . f ∈ C2
0 (R, C), where  .a > 0 is dimensionless, .V0 ∈ R

∗ has the dimension of an 
energy, 

. V := α χ[−a,a],

and 

. α := 2mV0
h2κ2 ∈ R

∗

is dimensionless (Fig. 3.5). 
Since .V0 χ[−a,a] ∈ L∞(R), .Ĥ0 is essentially self-adjoint. In a second step, we note, see 

Sect. 3.1, that the essential spectrum.σe(Ĥ) of the closure .Ĥ of .Ĥ0 is given by 

. σe(Ĥ) = [0, ∞).

As a consequence, 
. σ(Ĥ) = [0, ∞) ·∪σd(Ĥ),

where .σd(Ĥ) denotes the discrete spectrum of . Ĥ . Further, as a consequence of partial 
integration, see Lemma 1.2.1, and since .V0 χ[−a,a] > V0, .Ĥ0 is semi-bounded from below 
with the lower bound.V0. Hence the closure .Ĥ of .Ĥ0 is semi-bounded from below with the 
lower bound .V0, too, implying that the spectrum.σ(Ĥ) of .Ĥ satisfies

3 We note that .V0 χ[−a,a] coincides with the classical potential function only up to a scale factor. 
The classical potential function is given by.V0 χ[−κ−1a,κ−1a]. 
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. σ(Ĥ) ⊂ [V0, ∞),

where we use Theorem 12.5.4 from the Appendix. Hence, we arrive at the following result. 

The Spectrum .σ(Ĥ) of . Ĥ

☞ If .V0 > 0, then 
. σ(Ĥ) = [0, ∞).

Further, the discrete spectrum.σd(Ĥ) of .Ĥ is empty 

. σd(Ĥ) = φ.

☞ If .V0 < 0, then 
. σ(Ĥ) = [0, ∞) ·∪σd(Ĥ),

and 
. σd(Ĥ) ⊂ [V0, 0).

In the following, we are going to calculate the resolvent of . Ĥ . For simplicity of notation, 
we apply the process to the closure . ĀV of the symmetric and essentially self-adjoint DLO 
.AV : C2

0 (R, C) → L2
C
(R), given  by  

. AV f := − f '' + V f ,

for every . f ∈ C2
0 (R, C). 4 Hence, the spectrum.σ( ĀV ) of . ĀV satisfies 

. σ( ĀV ) = [0, ∞) ·∪σd( ĀV ), σd( ĀV ) =
(

φ if α > 0

⊂ [α, 0) if α < 0
,

where .σd( ĀV ) denotes the discrete spectrum of . ĀV . 
For the construction of the resolvent for . ĀV , let  .λ ∈ C\[0, ∞). Also, for the case that 

.α < λ < 0, we define  
. 

√
α − λ := i

√
λ − α,

and in the following we understand implicitly the use of the holomorphic extension of 
.sinh/idC for the case that .λ = α. Then . fλl : R → C, where  . fλl(u) is defined for every 
.u ∈ R by

4 The operator .Ĥ is a multiple of . ĀV , . Ĥ = h
2κ2

2m ĀV .
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. 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e
√−λ (u+a) if u < −a

cosh
[√

α − λ (u + a)
]+

√−λ sinh
[√

α−λ (u+a)
]

√
α−λ

if u ∈ (−a, a]
[cosh(2a√

α − λ ) +
√−λ sinh(2a

√
α−λ )√

α−λ
]

· cosh[√−λ (u − a)
]

+[√α − λ sinh(2a
√

α − λ ) + √−λ cosh(2a
√

α − λ )]
· sinh

[√−λ (u−a)
]

√−λ
if u > a ,

is continuously differentiable, piecewise .C2 with bounded second order derivatives, such 
that 

. − f ''
λl(u) + (V − λ) fλl(u) = 0,

for every.u ∈ (−∞, −a) ∪ (−a, a) ∪ (a, ∞) and square integrable close to.−∞. The same 
is true for. fλr : R → C, where. fλr (u) := fλl(−u) for every.u ∈ R, but instead being square 
integrable close to.−∞,. fλr is square integrable close to.∞. Further, the Wronski determinant 
of . fλl and . fλr is given by 

. [W ( fλl , fλr )](u) = fλl(u) f '
λr (u) − f '

λl(u) fλr (u)

= −
[
2
√−λ cosh(2a

√
α − λ ) + α − 2λ√

α − λ
sinh(2a

√
α − λ )

]
,

for every .u ∈ R. From Lemma 3.1.3 and since . ĀV has no non-real eigenvalues, it follows 
that 

. W ( fλl , fλr ) /= 0,

for all non-real . λ. Further, for non-real . λ, . fλl satisfies an estimate of the form 

.| fλl(u)| < C eRe(
√−λ ) u, (3.10) 

for every.u ∈ R, were. C is some positive number. As a consequence,. fλr satisfies the estimate 

.| fλr (u)| < C e−Re(
√−λ ) u, (3.11) 

for every .u ∈ R. We define the continuous function .Gλ : R
2 → C by
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. Gλ(u, ū) = 1

[−W ( fλl , fλr )]

(
fλr (u) fλl(ū) ū < u

fλl(u) fλr (ū) u < ū
,

for all .(u, ū) ∈ R
2. We note for .u ∈ R that 

. 

∫ ∞

−∞
|Gλ(u, ū)| dū =

∫ u

−∞
|Gλ(u, ū)| dū +

∫ ∞

u
|Gλ(u, ū)| dū

< C2

|W ( fλl , fλr )|
[
e−Re(

√−λ ) u
∫ u

−∞
eRe(

√−λ ) ū dū

+ eRe(
√−λ ) u

∫ ∞

u
e−Re(

√−λ ) ū dū

]

= 2C2

|W ( fλl , fλr )|
1

Re(
√−λ )

and for .ū ∈ R that 

. 

∫ ∞

−∞
|Gλ(u, ū)| du =

∫ ū

−∞
|Gλ(u, ū)| du +

∫ ∞

ū
|Gλ(u, ū)| du

< C2

|W ( fλl , fλr )|
[
e−Re(

√−λ ) ū
∫ ū

−∞
eRe(

√−λ ) u du

+ eRe(
√−λ ) ū

∫ ∞

ū
e−Re(

√−λ ) u du

]

= 2C2

|W ( fλl , fλr )|
1

Re(
√−λ )

.

Hence the function .Gλ induces a bounded linear integral operator .Int(Gλ) on .L2
C
(R), with 

kernel function .Gλ. In particular, the operator norm.||Int(Gλ)|| satisfies 

. ||Int(Gλ)|| < 2C2

|W ( fλl , fλr )|
1

Re(
√−λ )

.

Further for .h ∈ C0(R, C), the corresponding function .h̄ : R → C, defined by 

. h̄(u) := [Int(Gλ)h](u)

= 1

[−W ( fλl , fλr )]
[
fλr (u)

∫ u

−∞
fλl(ū)h(ū)dū + fλl(u)

∫ ∞

u
fλr (ū)h(ū)dū

]
,

for every .u ∈ R, satisfies .h̄ ∈ C1(R, C) ∩ L2
C
(R), .h̄' ∈ L2

C
(R) and is piecewise .C2 with 

.h̄'' ∈ L2
C
(R). Further, 

. − h̄'' + (V − λ) h̄ = h.



100 3 Simple Quantum Systems in 1 Space Dimension

Hence according to Lemma 3.1.3, .h̄ ∈ D( ĀV ) and 

. ( ĀV − λ) h̄ = h.

The latter implies that, .( ĀV − λ)−1h = Int(Gλ)h and, since .C0(R, C) is dense in . L2
C
(R)

that 

. ( ĀV − λ)−1 = Int(Gλ).

3.3.1 Eigenvalues of .Ĥ for . V0 < 0

In the following, we try to find eigenvalues . λ of . ĀV in the half-open interval 

. [α, 0).

Our main focus in the following is going to show that there is always such an eigenvalue, 
that the number of eigenvalues is finite and to give an estimate of the number of eigenvalues 
in terms of the parameters that are present in the potential. 

For this purpose, we look for a non-trivial . f ∈ C1(R, C) ∩ L2
C
(R) such that 

. f |(−∞,−a) ∈ C2((−∞, −a], C), f |(−a,a) ∈ C2([−a, a], C),

f |(a,∞) ∈ C2([a, ∞), C)

and such that 

. 

⎧⎪⎪⎨
⎪⎪⎩

− f ''(u) − λ f (u) = 0 if u < −a,

− f ''(u) + (α − λ) f (u) = 0 if − a < u < a,

− f ''(u) − λ f (u) = 0 if a < u.

In the following, we define 

. γ1 := √−λ > 0, γ2 := √
λ − α ∈ [0, c0),

where 
. c0 := √−α > 0 .

We note that 
. γ2
1 + γ2

2 = −λ + λ − α = −α = c20.

Then 

. f (u) =

⎧⎪⎪⎨
⎪⎪⎩
A1eγ1(u+a) if u < −a,

sin[γ2(u + a) + β] if − a < u < a,

A3e−γ1(u+a) if a < u,

(3.12)
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where . A1, A3, β ∈ R
5 are such that 

. A1 = sin β, γ1A1 = γ2 cosβ,

sin(2γ2a + β) = A3e
−2γ1a, γ2 cos(2γ2a + β) = −γ1A3e

−2γ1a .

Note that this implies that .γ2 /= 0. The latter system is equivalent to the system 

. A1 = sin β, A3 = sin(2γ2a + β)e2γ1a,

γ1 sin β = γ2 cosβ, γ2 cos(2γ2a + β) = −γ1 sin(2γ2a + β), (3.13) 

which itself is equivalent to the system 

. A1 = sin β, A3 = sin(2γ2a + β)e2γ1a,

0 = γ2

c0
cosβ − γ1

c0
sin β = sin

[
arcsin

(
γ2

c0

)
− β

]
,

0 = γ2

c0
cos(2γ2a + β) + γ1

c0
sin(2γ2a + β) = sin

[
2γ2a + β + arcsin

(
γ2

c0

)]
,

where it has been used that 
. cos x =

√
1 − sin2x

for every .x ∈ [0, π/2]. Also, we note that 

. 
γ2

c0
∈ (0, 1).

Hence (3.13) is equivalent to the system 

. A1 = sin β, A3 = sin(2γ2a + β)e2γ1a,

β = arcsin

(
γ2

c0

)
+ n1π, β + 2γ2a = − arcsin

(
γ2

c0

)
+ n2π,

where .n1, n2 ∈ Z, which itself is equivalent to the system 

. A1 = sin β, A3 = sin(2γ2a + β)e2γ1a,

β = arcsin

(
γ2

c0

)
+ n1π, 2γ2a = (n2 − n1)π − 2 arcsin

(
γ2

c0

)
,

where .n1, n2 ∈ Z. Hence there is a function . f of the required type if and only if 

.2γ2a = nπ − 2 arcsin

(
γ2

c0

)
,

5 Note that there is no loss of generality in considering only real-valued. f . For complex-valued also 
the corresponding real and imaginary parts, .Re f and.Im f , respectively, satisfy the requirements. 
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for some .n ∈ N
∗. For  .n ∈ N

∗, we consider the auxiliary functions . h1, h2 : (0, c0) → R

defined by 

. h1(γ2) := 2aγ2, h2(γ2) := nπ − 2 arcsin

(
γ2

c0

)
,

for every.γ2 ∈ (0, c0). The function.h1 is strictly increasing, whereas.h2 is strictly decreasing. 
Hence there is at most one .γ2 ∈ (0, c0) such that .h1(γ2) = h2(γ2). Further, 

. Ran h1 = (0, 2ac0), Ran h2 =
(
nπ − 2 arcsin

(
γ2

c0

)
, nπ

)

and hence, taking into account that 

. nπ − 2 arcsin

(
γ2

c0

)
> 0,

.h1(γ2) = h2(γ2) for .γ2 ∈ (0, c0) if and only if 

. (n − 1)π < 2ac0,

As a consequence, if .N ∈ N is the largest number satisfying 

. N < 1 + 2a

π

√|α|

then there are precisely .N values of .λ ∈ [α, 0) for which there are corresponding . f of 
the required type. Since .N is the largest such element of . N, we conclude that .N > 1, i.e., 
indicating that . ĀV always has an eigenvalue, and that 

. N − 1 <
2a

π

√|α| < N .

Again, the question remains, whether all the discrete eigenfunctions of . ĀV are of the form 
(3.12). Indeed, this is the case. If. λ is an eigenvalue of. ĀV and. f ∈ D( ĀV ) a corresponding 
eigenfunction, we note that. f ∈ D( ĀV ) implies according to Sect. 3.1 that. f ∈ C1(R, C) ∩
C∞(R, C) ∩ L2

C
(R) such that. f ' ∈ C∞(R, C) ∩ L2

C
(R). In addition, it follows as in Sect. 3.2 

that . f is in particular piecewise .C2, with possible jumps in the second derivative only in 
.{−a, a}, such that . f '' ∈ L2

C
(R). 

Hence, we arrive at the following result. 

The Eigenvalues of .Ĥ in .(V0, 0) if . V0 < 0

If.V0 < 0, then.(V0, 0) contains at least . 1 eigenvalue. Further, the number.N ∈ N
∗ of 

eigenvalues in .(V0, 0) satisfies
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. N − 1 <
2a

π

√
2m|V0|
h2κ2 < N .

Finally, .V0 is not an eigenvalue. a

a As said above, the length. ā corresponding to. a in the classical potential is given by.ā = aκ−1. 
The introduction of . ā into this inequality, leads to the scale independent inequality 

. N − 1 <
2ā

π

√
2m|V0|

h2
< N .

3.3.2 Motion in a “.δ-Function” Potential 

On first sight, the concept of a “.δ-function” does not appear of any use for quantum theory. 6

A .δ-function is supposed to have its support in .1-point. Now, every subset of .Rn , .n ∈ N
∗, 

containing countably many points, is a set of Lebesgue measure . 0. Hence, a .δ-function on 
.R

n is a.e. equal to the function of value . 0 on .Rn , and the equivalence class in . L2
C
(Rn)

corresponding to the.δ-function is given by.0-vector of that space. Therefore multiplication 
of an element of .L2

C
(Rn) by the .δ-function can only lead to the .0-vector of that space, and 

the corresponding multiplication operator is the . 0 operator on that space. 
On the other hand, the.δ-function has a proper definition in distribution theory, and in this 

context, the .δ-distribution can be represented as a limit of functions (regular distributions). 
For instance, if .n = 1, the  .δ-distribution and the negative .δ-distribution are limits of the 
sequence of step functions 

. 

(
1

2ν
χ[−ν,ν]

)
ν∈N∗

and

(
− 1

2ν
χ[−ν,ν]

)
ν∈N∗

,

respectively, for .ν → ∞, where we note that the corresponding sequence of integrals over 
. R is constant of value . 1 and .−1, respectively (Fig. 3.6). 

Hence, it might be asked if the operators . ĀVa for .a → 0+ approach in some sense a 
densely-defined, linear and self-adjoint operator .Aβδ in .L2

C
(R), where .β ∈ R

∗ and 

.Va := β

2a
χ[−a,a],

6 Operators in the resolvent of operators, induced by formal partial differential operators . D, are  
usually integral operators. The corresponding kernel functions .K can be interpreted as solutions of 
inhomogeneous PDE with a.δ-distribution inhomogeneity. On the other hand, there are usually more 
direct ways for obtaining these kernel functions, without involving the theory of distributions. 
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Fig. 3.6 Graphs of . 12ν χ[−ν,ν] and.− 1
2ν χ[−ν,ν] for . ν = 1, . . . , 5

for every.a > 0. Indeed, this is the case. This follows from the fact that for every non-real. λ

. lim
a→0+( ĀVa − λ)−1 f = Int(Kλ) f ,

for every . f ∈ L2
C
(R), where for every non-real . λ as well as for every .λ < 0 such that 

.2
√−λ + β /= 0, .Kλ : R

2 → C is the continuous function defined by 

. Kλ(u, ū) = 1

2
√−λ + β

(
fλr (u) fλl(ū) ū < u

fλl(u) fλr (ū) u < ū
,

the continuous functions .fλl : R → C and .fλr : R → C are defined by 

. fλl(u) := e
√−λ u + β χ(0,∞)(u)

sinh(
√−λ u)√−λ

,

fλr (u) := e−√−λ u − β χ(−∞,0)(u)
sinh(

√−λ u)√−λ
,

for every .u ∈ R, as well as



3.3 Potential Wells and Potential Barriers 105

. Int(Kλ) f

=
(

R → C

u |→ 1
2
√−λ+β

[
fλr (u)

∫ u
−∞ fλl(ū) f (ū) dū + fλl(u)

∫∞
u fλr (ū) f (ū) dū

]
)

=
(

R → C

t |→ ∫
R
Kλ(λ, u, ū) f (ū) dū

)
,

for every . f ∈ L2
C
(R). The proof of this fact is left to the reader. 

✄ 
✂

,

✁

Exercise 5 

For every non-real . λ, show that 

. lim
a→0+( ĀVa − λ)−1 f = Int(Kλ) f ,

for every . f ∈ L2
C
(R). 

For later use in an equivalent definition of .Aβδ in Sect. 3.3.2.1, we note that .fλl , fλl are 
continuous,.C2 on.(−∞, 0) and.(0, ∞), with derivatives that have continuous extensions to 
the boundaries of these intervals. In addition, .fλl |(−∞,0), fλr |(0,∞) and their derivatives are 
.L2. Further, they satisfy the characteristic jump condition 

. lim
u→0+ f 'λl(u) − lim

u→0− f 'λl(u) = β lim
u→0

fλl(u),

lim
u→0+ f 'λr (u) − lim

u→0− f 'λr (u) = β lim
u→0

fλr (u).

Since, in analogy to the estimates (3.10), (3.11) for . fλl and . fλr , .fλl and .fλr , satisfy 

. |fλl(u)| <
(
1 + |β|

|√−λ|
)
eRe(λ)u and |fλr (u)| <

(
1 + |β|

|√−λ|
)
e−Re(λ)u,

respectively, for every .u ∈ R, and hence the function .Kλ induces a bounded linear inte-
gral operator .Int(Kλ) on .L2

C
(R), with kernel function .Kλ. In particular, the operator norm 

.||Int(Kλ)|| satisfies
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. ||Int(Kλ)|| <
2
(
1 + |β|

|√−λ|
)2

|2√−λ + β|Re(√−λ )
.

Further, 

. fλl(u)f 'λr (u) − f 'λl(u)fλr (u)

= [e
√−λ u + β χ(0,∞)(u)

sinh(
√−λ u)√−λ

]

· [−√−λe−√−λ u − β χ(−∞,0)(u) cosh(
√−λ u)]

− [√−λe
√−λ u + β χ(0,∞)(u) cosh(

√−λ u)]

· [e−√−λ u − β χ(−∞,0)(u)
sinh(

√−λ u)√−λ
]

= −2
√−λ

− β χ(−∞,0)(u)e
√−λ u cosh(

√−λ u) + β χ(−∞,0)(u)e
√−λ u sinh(

√−λ u)

− β χ(0,∞)(u)e−√−λ u sinh(
√−λ u) − β χ(0,∞)(u)e−√−λ u cosh(

√−λ u)

= −2
√−λ − β χ(−∞,0)(u) − β χ(0,∞)(u) = −(2

√−λ + β) /= 0,

for every .u ∈ R
∗, and, for . f ∈ L2

C
(R) and almost all .u ∈ R, that 

. [Int(Kλ) f ](u)

= 1

2
√−λ + β

[
fλr (u)

∫ u

−∞
fλl(ū) f (ū) dū + fλl(u)

∫ ∞

u
fλr (ū) f (ū) dū

]
,

[Int(Kλ) f ]'(u)

= 1

2
√−λ + β

[
f 'λr (u)

∫ u

−∞
fλl(ū) f (ū) dū + f 'λl(u)

∫ ∞

u
fλr (ū) f (ū) dū

]
,

[Int(Kλ) f ]''(u)

= 1

2
√−λ + β

[
f ''λr (u)

∫ u

−∞
fλl(ū) f (ū) dū + f ''λl(u)

∫ ∞

u
fλr (ū) f (ū) dū

]

+ 1

2
√−λ + β

[fλl(u)f 'λr (u) − f 'λl(u)fλr (u)] f (u)

= −λ [Int(Kλ) f ](u) − f (u).

Hence, for . f ∈ L2
C
(R) and almost all .u ∈ R (Fig. 3.7), 

. −[Int(Kλ) f ]''(u) − λ [Int(Kλ) f ](u) = f (u).
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Fig. 3.7 Graphs of the continuous extension of.(C\R → R, λ |→ (1/|2√−λ + β|), for  the case of a  
delta function barrier.β = 1 and the case of a delta function well.β = −1. The former is everywhere 
continuous on. C, whereas the latter is continuous on.C\{−1/4} and singular at . λ = −1/4

The latter implies that .Int(Kλ) is injective and, since 

. [Int(Kλ)]∗ = Int(Kλ∗),

it follows from Theorem 12.4.7 in the Appendix that 

. {0} = ker Int(Kλ∗) = ker [Int(Kλ)]∗ = (Ran Int(Kλ))⊥,

i.e., the range of .Int(Kλ)) is dense in .L2
C
(R). Hence, it follows from Theorem VIII.22 of 

Vol.  I of [  60] that the operators . ĀVa for .a → 0+ converge in the strong resolvent sense to 
a self-adjoint operator .Aβδ in .L2

C
(R). As a consequence, we obtain that 

. (Aβδ − λ)−1 = Int(Kλ),

for every non-real . λ. In the following, if not stated otherwise, we assume that . λ is non-real. 
After some calculation, we arrive at a representation.(Aβδ − λ)−1 that connects the resolvent 
of.Aβδ to the resolvent of the closure. Ā of the negative second order derivative. A, see  (1.29) 

.(Aβδ − λ)−1 f = 1

2
√−λ + β

[ e−√−λ | | ∗ f ]

+ β

2
√−λ (2

√−λ + β)

(
χ(0,∞) · (e−√−λ | | ∗ [Pr f − (Pr f ) ◦ (−idR)])

+ χ(−∞,0) · (e−√−λ | | ∗ [Pl f − (Pl f ) ◦ (−idR)])
)
,
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where 

. Pr f := χ(0,∞) · f , Pl f := χ(−∞,0) · f .

Hence, for every non-real . λ and . f ∈ L2
C
(R), we have  

.(Aβδ − λ)−1 f = 2
√−λ

2
√−λ + β

( Ā − λ)−1 f (3.14) 

. + β

2
√−λ + β

{
χ(0,∞) · ( Ā − λ)−1[Pr f − (Pr f ) ◦ (−idR)]

. + χ(−∞,0) · ( Ā − λ)−1[Pl f − (Pl f ) ◦ (−idR)]},
where 

. Pr f := χ(0,∞) · f , Pl f := χ(−∞,0) · f .

We note that the latter representation implies that the domain.D(Aβδ) of.Aβδ and.D( Ā) of. Ā
differ because the domain of.Aβδ contains functions that are not continuously differentiable 
in .u = 0, whereas all elements in the domain of . Ā are continuously differentiable, see 
Sect. 3.1. 

In particular, .Aβδ is not a relatively bounded perturbation of . Ā. 

Further, it follows from (3.14) that 

.(Aβδ − λ)−1g = ( Ā − λ)−1g, (3.15) 

for every .g ∈ L2
C
(R) that is a.e. antisymmetric. If . f ∈ D(A) is antisymmetric, then . (A −

λ) f is also antisymmetric. Hence, in this case . f ∈ D(Aβδ), 

. (Aβδ − λ)−1( Ā − λ) f = f = (Aβδ − λ)−1(Aβδ − λ) f ,

and .Aβδ f = Ā f .
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If . f ∈ D(A) is antisymmetric, then . f ∈ D(Aβδ) and .Aβδ f = A f . 

We note that this indicates a kind of semi-transparency of the .δ-potential. From (3.15) and  
Corollary 12.9.11, it follows that the time-evolution generated by .Aβδ coincides with the 
“free” time evolution generated by . A, for data that are antisymmetric. In addition, from 
(3.15) it follows that .[0, ∞) is part of the spectrum. σ(Aβδ)

. σ(Aβδ) ⊃ [0, ∞).

For the proof, let.λ ∈ [0, ∞),. ϕ a non-trivial antisymmetric element of.C2
0 (R, C). We define  

for .ν ∈ N
∗, . f ±

ν ∈ C2
0 (R, C) by 

. f ±
ν (u) := 1

||ϕ||2 ν−1/2ϕ(u/ν) e±i
√

λu,

for every .u ∈ R. It follows for .ν ∈ N
∗ that 

. || f ±
ν ||22 = 1

||ϕ||22
ν−1

∫ 
R

|ϕ(u/ν)|2 du = 1

||ϕ||22

∫ 
R

|ϕ(u)|2 du = 1,

(A f ±
ν )(u)

= 1

||ϕ||2 ν−1/2
[
−ν−2ϕ ''(u/ν) ∓ 2iν−1

√
λ ϕ '(u/ν) + λϕ(u/ν)

]
e

±i
√

λu

= − 1

||ϕ||2 ν−3/2
[
ν−1ϕ ''(u/ν) ± 2i

√
λ ϕ '(u/ν)

]
e±i

√
λu + λ f ±

ν (u),

for every .u ∈ R. Hence, 

. ||(A − λ) f ±
ν ||2 <

1

||ϕ||2 ν−3/2

[
ν−1

(∫ 
R

|ϕ ''(u/ν)|2du
)1/2

+ 2
√

λ

(∫ 
R

|ϕ '(u/ν)|2du
)1/2

]

= 1

||ϕ||2
(
ν−3/2||ϕ ''||2 + 2ν−1/2

√
λ ||ϕ '||2

)
.

As a consequence, .|| f ±
ν ||2 = 1 for every .ν ∈ N

∗ and 

. lim
ν→∞ ||(A − λ) f ±

ν ||2 = 0. (3.16) 

We note that. f +
ν and. f −

ν are antisymmetric for.λ = 0. For.λ /= 0 and.ν ∈ N
∗, it follows that 

. f +
ν − f −

ν is antisymmetric and that
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. || f +
ν − f −

ν ||22 = 4

||ϕ||22
ν−1

∫ 
R

|ϕ(u/ν)|2 sin2(
√

λ u) du

= 2

||ϕ||22
ν−1

∫ 
R

|ϕ(u/ν)|2 [1 − cos(2
√

λ u)] du

= 2

||ϕ||22

∫ 
R

|ϕ(u)|2 [1 − cos(2
√

λ ν u)] du

= 2

||ϕ||22

[
||ϕ||22 −

∫ 
R

cos(2
√

λ ν u) · |ϕ(u)|2 du
]
.

Since, .|ϕ|2 ∈ L1
C
(R), it follows that 

. lim
ν→∞

∫ 
R

cos(2
√

λ ν u) · |ϕ(u)|2 du = 0

and hence that 
. lim
ν→∞ || f +

ν − f −
ν ||2 = √

2 > 0.

Therefore, we conclude from (3.16), the fact that 

. Aβδ( f
+
ν − f −

ν ) = A( f +
ν − f −

ν ),

for every .ν ∈ N
∗, and Theorem 12.5.3 that 

. [0, ∞) ⊂ σ(Aβδ).

In the following, we are going to use the following convolution products. If .Re(a) > 0 and 
.Re(b) > 0, then 

. e−a | | ∗ e−b | | =
(

2
a2−b2

(
ae−b | | − be−a | |) if a /= b

1
a (1 + a | | ) e−a | | if a = b

,

{
e−a | | ∗ [(χ(0,∞) − χ(−∞,0)) · e−b | |]}(u)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2a
a2−b2

(
e−b|u| − e−a|u|) if a /= b and u > 0

− 2a
a2−b2

(
e−b|u| − e−a|u|) if a /= b and u < 0

|u| e−a|u| if a = b and u > 0

−|u| e−a|u| if a = b and u < 0

.

Hence, if .b /= √−λ, then 

.(Aβδ − λ)−1e−b | |

= 1

(β + 2
√−λ )(λ + b2)

[(β + 2b) e−√−λ | | − (
β + 2

√−λ
)
e−b | | ].
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In particular, if .β < 0 and .b = |β|/2, then 

. (Aβδ − λ)−1e− |β|
2 | | = − 1

λ + β2

4

e− |β|
2 | |,

i.e., .e− |β|
2 | | is an eigenvector of .(Aβδ − λ)−1 to the eigenvalue .−(λ + β2

4 )−1. 

Therefore, if .β < 0, then .e− |β|
2 · | | is an eigenfunction of .Aβδ to the eigenvalue .−β2

4 . 
For the normalization of this eigenfunction, we note that (Fig. 3.8) 

. ||e− |β|
2 | |||2 =

(
2

|β|
)1/2

.

3.3.2.1 An Equivalent Definition of . Aβδ

We observe for non-real . λ as well as for every .λ < 0 such that .2
√−λ + β /= 0 and . g ∈

C0(R, C) that 

. lim
u→0

[Int(Kλ)g](u) = 1

2
√−λ + β

[∫ 0

−∞
fλl(ū) g(ū) dū +

∫ ∞

0
fλr (ū) g(ū) dū

]
,

. lim
u→0−[Int(Kλ)g]'(u) =

. 
1

2
√−λ + β

[
−(

√−λ + β)

∫ 0

−∞
fλl(ū) g(ū) dū + √−λ

∫ ∞

0
fλr (ū) g(ū) dū

]
,

Fig. 3.8 Graph of the 
probability distribution 
corresponding to the 
normalized eigenfunction of 
.Aβδ above, for the case 
.β = −1
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lim 
u→0+[Int(Kλ)g]'(u) = 

. 
1

2
√−λ + β

[
−√−λ

∫ 0

−∞
fλl(ū) g(ū) dū + (

√−λ + β)

∫ ∞

0
fλr (ū) g(ū) dū

]
,

and hence that 

. lim
u→0+[Int(Kλ)g]'(u) − lim

u→0−[Int(Kλ)g]'(u) = β lim
u→0

[Int(Kλ)g](u).

This observation opens an equivalent more direct definition of .Aβδ . For this purpose, we 
define the linear subspace .D(Aβδ0) of .L2

C
(R) by 

. D(Aβδ0) := { f ∈ C(R, C) :
f |(0,∞) ∈ C2([0, ∞), C) ∩ L2

C
((0, ∞))

∧ ( f |(0,∞))
', ( f |(0,∞))

'' ∈ L2
C
((0, ∞))

∧ f |(−∞,0) ∈ C2((−∞, 0], C) ∩ L2
C
((−∞, 0))

∧ ( f |(−∞,0))
', ( f |(−∞,0))

'' ∈ L2
C
((−∞, 0))

∧ [
lim

u→0+ f '(u)
]− [

lim
u→0− f '(u)

] = β f (0) }

and the linear map .Aβδ0 : D(Aβδ0) → L2
C
(R) by 

. Aβδ0 f := − f '',

for every . f ∈ D(Aβδ0). We note that .D(Aβδ0) is dense in .L2
C
(R), since containing the 

subspace 
. { f̂1 + f̂2 : f1 ∈ C2

0 ((−∞, 0), C) ∧ f2 ∈ C2
0 ((0, ∞), C)},

where the wedge symbol denotes the extension of a function to a function on. R, assuming the 
value . 0 in the complement of the domain of the original function. The latter space is dense 
in .L2

C
(R), since  .C2

0 ((−∞, 0), C) is dense in .L2
C
((−∞, 0)) and .C2

0 ((0, ∞), C) is dense in 
.L2

C
((0, ∞)). Further, if . f , g ∈ D(Aβδ0), then it follows from Lemma 3.1.1 that 

.
⟨
f |A0βg

⟩ = −
∫ ∞

−∞
f ∗(u)g''(u) du (3.17) 

. = −
∫ 0

−∞
f ∗(u)g''(u) du −

∫ ∞

0
f ∗(u)g''(u) du

. = −
∫ 0

−∞
[ ( f ∗g')' − f '∗g' ](u) du −

∫ ∞

0
[ ( f ∗g')' − f '∗g' ](u) du

. = f ∗(0) ·
([

lim
u→0+ g'(u)

]− [
lim

u→0− g'(u)
])+

∫ ∞

−∞
f '∗(u)g'(u) du

. = ⟨
f '|g'⟩+ β f ∗(0)g(0) = [ ⟨

g'| f '⟩+ βg∗(0) f (0)
]∗ = ⟨

A0βg| f ⟩ .



3.3 Potential Wells and Potential Barriers 113

Hence, .Aβδ0 is a densely-defined, linear and symmetric operator in .L2
C
(R). Further, for 

non-real . λ as well as for every .λ < 0 such that .2
√−λ + β /= 0 and . g ∈ C0(R, C)

.Int(Kλ)g ∈ D(Aβδ0), (3.18) 

and 
.(Aβδ0 − λ)Int(Kλ)g = g. (3.19) 

Hence, it follows from Theorem 12.4.9 that.Aβδ0 is essentially self-adjoint. Further, for every 
non-real . λ, .( Āλδ0 − λ)−1 and .Int(Kλ), where  . Āλδ0 denotes the closure of .Aβδ0, coincide 
on a dense subspace of .L2

C
(R), and hence 

. ( Āβδ0 − λ)−1 = Int(Kλ).

The latter implies that 
. Āβδ0 = Aβδ.

Also, for every.λ < 0 such that.2
√−λ + β /= 0, since  (3.18) and (3.19) are true for every. g

from the dense subspace.C0(R, C), and since.Int(Kλ) ∈ L(L2
C
(R), L2

C
(R)), it follows from 

Lemma 12.4.8 that 7

. σ(Aβδ) ∩ {λ < 0 : 2√−λ + β /= 0} = φ,

and 
. ( Āβδ0 − λ)−1 = Int(Kλ),

for non-real. λ as well as for every.λ < 0 such that.2
√−λ + β /= 0. Summarizing the infor-

mation about .σ(Aβδ), we arrive at the following statements. 

☞ If .β > 0, then .σ(Aβδ) = [0, ∞). 

☞ If .β < 0, then .σ(Aβδ) = [0, ∞) ∪ {−β2

4 }. 

The physical Hamilton operator .Ĥ corresponding to .Aβδ is given by 

. Ĥ = h
2κ2

2m
Aβδ,

where 

.β = 2mV0
h2κ2 ∈ R

∗

7 We note for .β > 0, the subsequent result can also be obtained from (3.17), since the latter implies 
that.Aβδ0 is positive. Hence, it follows from Theorem 12.5.4 that.Aβδ is positive and that. σ(Aβδ) ⊂
[0, ∞). 
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and .V0 ∈ R
∗ has the dimension of an energy. 8 Hence the spectrum of .σ(Ĥ) of .Ĥ is given 

by 

☞ If .V0 > 0, then .σ(Ĥ) = [0, ∞). 
☞ If .V0 < 0, then .σ(Ĥ) = [0, ∞) ∪ {− m

2h2 (κ−1V0)2}. 

✄ 
✂

,

✁

Exercise 6 

Calculate the resonances of.Ĥ for.V0 > 0, and use Remark 12.9.12 and contour integration 
to obtain an estimate for the corresponding time evolution operators. 

3.4 Weyl’s Limit Point/Limit Circle Criterion 

Weyl’s criterion is an appropriate tool for the determination of the deficiency indices 

. dim
(

[Ran(A + i)]⊥
)

, dim
(

[Ran(A − i)]⊥
)

,

of symmetric DLO’s . A that are induced by formal second order ordinary differential oper-
ators, called Sturm-Liouville operators. In these cases, the deficiency indices coincide and 
are both either equal to . 0, . 1 or . 2, respectively. If the deficiency indices are both equal to . 0, 
.A is essentially self-adjoint. If the deficiency indices are both equal to .n ∈ {1, 2}, to every  
element of the unitary group 

. U (n) := {U ∈ GL(n × n, C) : U∗ = U−1}

in. n dimensions there corresponds precisely. 1 densely-defined, linear and self-adjoint exten-
sion of . A. Such extensions of . A corresponding to different elements of .U (n) are different. 9

Definition 3.4.1 (Weyl’s Limit Point/Limit Circle Cases) Let .a ∈ R ∪ {−∞}, . b ∈ R ∪
{+∞} be such that .a < b, .J := (a, b), .p ∈ C1(J , R) such that .p > 0 and .q ∈ C(J , R). 
Further, let .D2

p,q be the ordinary linear differential operator, defined by 

.D2
p,q :=

(
C2(J , C) → C(J , C), f |→ − (

p · f ')' + q · f
)

. (3.20)

8 We note that the “potential” .V0 δ present in .Ĥ coincides with the classical potential function only 
up to a scale factor. The classical potential function is given by.κ−1V0δ. The latter “.δ-function” has 
the dimension.1/length. 
9 If.A1 and.A2 are (densely-defined, linear and) self-adjoint extensions of. A corresponding to different 
elements of .U (n), then neither .A2 ⊃ A1 nor .A1 ⊃ A2. In this context, it needs to be remembered 
that DSLO’s have no proper (densely-defined, linear and) symmetric extensions. 
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We say that 

. D2
p,q is of

(
limit point type at a (at b)
limit circle type at a (at b)

)
,

if there is . (c, z) ∈ J × C

. 

(
and f ∈ ker(D2

p,q − z) such that χ
(a,c] f /∈ L2

C
(J )

(
χ[c,b) f /∈ L2

C
(J )

)
such that χ

(a,c] f ∈ L2
C
(J )

(
χ[c,b) f ∈ L2

C
(J )

)
for all f ∈ ker(D2

p,q − z)

)
.

We arrive at the following 

Theorem 3.4.2 Let .a, b, J , p, q and .D2
p,q as in Definition 3.4.1. In addition, we define the 

modified Wronskian determinant .W for .D2
p,q by 

. W :=
((
C1(J , C)

)2 → C(J , C), (u, v) |→ p · (u v' − u'v
))

.

Then 

(i) by 

. A0 :=
(
C2
0 (J , C) → L2

C
(J )

f |→ D2
p,q f

)
,

there is defined a densely-defined, linear and symmetric operator in .L2
C (J ), 

(ii) for every .z ∈ C\(R × {0}): 

. [Ran (A0 − z)]⊥ =
{
v ∈ ker

(
D2

p,q − z∗
)

∩ L2
C
(J )

}
,

(iii) the deficiency indices of .A0 are both equal to 

. 

⎧⎪⎪⎨
⎪⎪⎩
0 if D2

p,q is of limit point type at a and b,

1 if the types of D2
p,q differ at a and b,

2 if D2
p,q is of limit circle type at a and b,

(iv) .A0 is essentially self-adjoint if and only if .D2
p,q is of the limit point type at . a and . b. If  

this is the case, then 

. 
(
Ā0 − z

)−1
f

=
(

J → C

t |→ −
[
u2(t)

∫ t
a u1(τ ) f (τ )dτ + u1(t)

∫ b
t u2(τ ) f (τ )dτ

]
)

=
(

J → C

t |→ ∫
J G(t, τ ) f (τ )dτ

)
, (3.21)
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for every .L2
C (J ), where 

. G(t, τ ) =
(

−u2(t)u1(τ ) a < τ < t

−u1(t)u2(τ ) t < τ < b

and.u1, u2 are existing elements of.ker
(
D2

p,q − z
)
satisfying.W (u1,.u2)(c) = 1,. u1

||
(a,c]

∈ L2
C
((a, c]) and .u2

||[c,b) ∈ L2
C
([c, b)), for  some .c ∈ J . 

The proof will not be given here, see [ 42], [ 60] Vol. II. 

3.4.1 The Free Hamiltonian in . 1 Space Dimension, a Simple Application 

According to Theorem 3.4.2, by  

. A0 :=
(
C2
0 (R, C) → L2

C
(R)

f |→ − f ''
)

,

there is defined a densely-defined, linear and symmetric operator in .L2
C
(R). For  . λ ∈ C\

[0, ∞), the .C2-solutions of the differential equation 

. − f '' − λ f = −[ f '' − (
√−λ )2 f ] = 0,

are given by the linear combinations of . f1, f2 ∈ C2(R, C), defined by 

. fl(u) := e
√−λ u, fr (u) := e−√−λ u,

for every.u ∈ R, where.
√ : C\(−∞, 0] → C is the principal branch of the complex square 

root function. Since. fl is not.L2 in a neighborhood of.+∞ and. fr is not.L2 in a neighborhood 
of .−∞, .A0 is essentially self-adjoint. 

The free Hamiltonian .Ĥ in .1-space dimension is given by 

. Ĥ := ε0 Ā0,

where . Ā0 denotes the closure of .A0, and  

. ε0 := h
2κ2

2m
.

Further, the Wronski determinant of . fl and . fr is given by 

.[W ( fl , fr )](u) = fl(u) f '
r (u) − f '

l (u) fr (u)

= −√−λ e
√

λ ue−√−λ u − √−λ e
√−λ ue−√−λ u = −2

√−λ,
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for every .u ∈ R, and for every . λ ∈ C\R

. 
(
Ā0 − λ

)−1
f

=
(

R → C

u |→ 1
2
√−λ

[
fr (u)

∫ u
−∞ fl(ū) f (ū) dū + fl(u)

∫∞
u fr (ū) f (ū) dū

]
)

=
(

R → C

t |→ ∫
R
G(λ, u, ū) f (ū) dū

)
,

for every . f ∈ L2
C
(R), where 

. G(λ, u, ū) = 1

2
√−λ

(
fr (u) fl(ū) ū < u

fl(u) fr (ū) u < ū

= 1

2
√−λ

(
e−√−λ ue

√−λ ū ū < u

e
√−λ ue−√−λ ū u < ū

= e−√−λ |u−ū|

2
√−λ

,

for all .u, ū ∈ R. 

Hence for .λ ∈ C\R and . f ∈ L2
C
(R), 

. [( Ā0 − λ
)−1

f ](u)

= 1

2
√−λ

[
e−√−λ u

∫ u

−∞
e
√−λ ū f (ū) dū + e

√−λ u
∫ ∞

u
e−√−λ ū f (ū) dū

]

=
(
e−√−λ | |

2
√−λ

∗ f

)
(u), (3.22) 

for almost all .u ∈ R. 

3.5 Further Results About the Hamilton Operator of the Harmonic 
Oscillator 

The harmonic oscillator has already been studied in detail in [ 7]. There, we defined the 
Hamiltonian .Ĥ of the system by an explicitly given self-adjoint extension of the densely-
defined, linear and symmetric operator .Ĥ0, given  by  

.Ĥ0 f = hω

(
− f '' + 1

4
u2 f

)
,
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for every . f ∈ D0, where . u denotes the identical function on . R and the Schwartz space . D0

is defined by 

. D0 := { f ∈ C∞(R, C) ∩ X : f (n)∈ X ∧ un f ∈ X , for every n ∈ N
∗},

where .X := L2
C
(R). In the following, we are going to show that .Ĥ0 is indeed essentially 

self-adjoint. More generally, we have the following result. 

The operator .Ĥ0 and the densely-defined, linear and symmetric operator . H0 :
C2
0 (R, C) → L2

C
(R) in .L2

C
(R), defined by 

. H0 f := hω

(
− f '' + 1

4
u2 f

)
,

for every . f ∈ C2
0 (R, C), are essentially self-adjoint and 

. Ĥ = ¯̂H0 = H̄0.

According to Weyl’s limit point criterion, for the proof that the densely-defined, linear and 
symmetric operator in.L2

C
(R), .H0, is essentially self-adjoint, it is sufficient to show that the 

ordinary linear differential operator .D1R,u2/4, defined by (3.20), where .J = R, .1R denotes 
the constant function of value . 1 on .R and . u denotes the identical function on . R, is of  
limit point type at .±∞. For this purpose, we investigate the solutions . f ∈ C2(R, C) of the 
ordinary differential equation 

. − f '' +
(
1

2
+ u2

4

)
f = 0.

The latter differential equation has the solution . f ∈ C2(R, C), defined by  

. f (u) := eu
2/4,

for every .u ∈ R, which is neither .L2 at .−∞ nor .L2 at .∞. Hence, .D1R,u2/4 is of limit point 
type at .±∞. 

For the proof that the closure of .H0 coincides with . Ĥ , we note that it follows from the 
results of Sects. 1.2 and 1.4 that the closure of the densely-defined, linear and symmetric 
operator .H00 : C∞

0 (R, C) → L2
C
(R) in .L2

C
(R), defined by 

.H00 f := hω

(
− f '' + 1

4
u2 f

)
,
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for every . f ∈ C∞
0 (R, C), is an extension of .Ĥ0 as well as that the closure of .H00 is an 

extension of .H0. As a consequence, 

. H̄00 ⊃ Ĥ0 ⊃ H0, H̄00 ⊃ H0,

implying that 

. H̄00 ⊃ ¯̂H0 ⊃ H̄0, H̄00 ⊃ H̄0.

Since .H̄0 is in particular self-adjoint, we conclude that .H̄00 = H̄0 as well as that .Ĥ0 is in 

particular essentially self-adjoint with.
¯̂H0 = H̄0. Finally, since.Ĥ is a self-adjoint extension 

of .Ĥ0, it follows that .Ĥ is a self-adjoint extension of . ¯̂H0 and hence that .Ĥ = H̄0. 

3.6 Motion in a Repulsive Pöschl–Teller Potential and Resonances 

We define the Hamiltonian of the system as the closure of the densely-defined, linear 
operator in .L2

C
(R), .Ĥ0 : C2

0 (R, C) → L2
C
(R), defined by 

.Ĥ0 f := −h
2κ2

2m
f '' + V

(u
κ

)
f = h

2κ2

2m

[
− f '' + U0

cosh2(u)
f

]
, (3.23) 

for every. f ∈ C2
0 (R, C), where. u denotes the identical function on. R, the classical potential 

.V is the Pöschl–Teller potential [ 58], defined by 

. V (q) := V0
cosh2(κq)

,

for every .q ∈ R, and  

. U0 := 2mV0
h2κ2

is dimensionless. Here .V0 > 0 and .κ−1 > 0 are the maximal value and the “width” of 
. V , respectively. Since .U0 cosh−2(u) ∈ L∞(R), it follows from the Rellich-Kato theorem, 
Theorem 1.6.1, that .A0 : C2

0 (R, C) → L2
C
(R), defined by 

.A0 f := − f '' + U0

cosh2
f , (3.24) 

for every. f ∈ C2
0 (R, C), is a densely-defined, linear, symmetric and essentially self-adjoint 

operator in.X := L2
C
(R). Further, as a consequence of partial integration, see Lemma 1.2.1, 

and the positivity of .U0· .cosh−2, .A0 is positive. Hence the closure . A of .A0 is positive, too, 
implying that the spectrum.σ(A) of . A satisfies 

.σ(A) ⊂ [0, ∞),
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where we use Theorem 12.5.4 from the Appendix. In a further step, we note, see Sect. 3.1, 
that the essential spectrum.σe(A) is given by 

. σe(A) = [0, ∞).

Hence, we conclude that 
. σ(A) = [0, ∞)

and therefore also that the discrete spectrum of. A, consisting of isolated points in .σ(A) that 
are eigenvalues of finite multiplicity, is empty. The same applies to the spectrum .σ(Ĥ) of 
. Ĥ , in particular, 

. σ(Ĥ) = [0, ∞),

where .Ĥ denotes the closure of .Ĥ0. 

3.6.1 Calculation of the Resolvent and the Resonances of . A

In the next step, we are going to calculate the resolvent of . A, using the results of Sect. 3.4. 
For this purpose, we introduce the linear differential operator 

. D1R,U0 cosh−2 :=
(
C2(R, C) → C(R, C), f |→ − f '' + U0

cosh2
· f

)
,

where .1R denotes the constant function of value . 1 on .R and consider the solutions of the 
ordinary differential equation 

.

(
D1R,U0 cosh−2 + μ2

)
f =

[
D1R,U0 cosh−2 − (−μ2)

]
f = 0, (3.25) 

where .μ ∈ C. We note that the map .pr := (C → C, μ |→ −μ2) is a covering of .C with 
branch point . 0. For every .λ ∈ C

∗, the  fiber  .pr−1(λ) over . λ contains exactly . 2 elements, 
whereas.pr−1(0) = {0}. Moreover,.pr maps the open right half-plane,.(0, ∞) × R, biholo-
morphically onto the slized plane .C \ [0, ∞) (Fig. 3.9). 

Further, if .g ∈ C2(R, C) is a solution of the hypergeometric differential equation 

. v(1 − v)g '' + (1 + μ − 2v) g ' −U0g = 0,

where . v denotes the identical function on . R, then . f ∈ C2(R, C), defined by 

. f (u) := eμug

(
1

1 + e−2u

)
,

for every .u ∈ R, is a solution of (3.25). Hence . fl , fr ∈ C2(R, C), defined by
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Fig.3.9 Grid lines inside the covering space and corresponding projections onto the base (“spectral”) 
space under. pr

. fl(u) := eμu · F̄
(
1

2
− α,

1

2
+ α, 1 + μ,

1

1 + e−2u

)
,

= [2 cosh(u)]−μ F̄

(
1

2
− α + μ,

1

2
+ α + μ, 1 + μ,

1

1 + e−2u

)
,

fr (u) := fl(−u) = e−μu · F̄
(
1

2
− α,

1

2
+ α, 1 + μ,

1

1 + e2u

)

= e−μu · F̄
(
1

2
− α,

1

2
+ α, 1 + μ, 1 − 1

1 + e−2u

)
,

for every .u ∈ R, where [ 56] (15.8.1) has been used, and where 

. α :=
⎧⎨
⎩
/

1
4 −U0 for U0 < 1

4

i
/
U0 − 1

4 for U0 > 1
4

,

are solutions (3.25). Here.F̄ : C
3 ×U1(0) → C is the holomorphic extension of the function 

. 
(
C
2 × (C \ (−N)) ×U1(0) → C, (a, b, c, z) |→ F(a, b, c, z)/[(c)

)
,

where the hypergeometric function (Gauss series). F and the Gamma function. [ are defined 
according to [ 1] and  .1/[ denotes the extension of .(C \ (−N) → C, c |→ 1/[(c)) to an 
entire analytic function. In particular, if.μ = −n, for.n ∈ N

∗, then according to [ 56] (15.2.3.5) 

. fl(u) = e−nu · F̄
(
1

2
− α,

1

2
+ α, 1 − n,

1

1 + e−2u

)

= ( 12 − α)n(
1
2 + α)n

2n n! coshn(u)
F

(
1

2
− α + n,

1

2
+ α + n, n + 1,

1

1 + e−2u

)
,
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for every .u ∈ R. 

We note that for .μ ∈ (0, ∞) × R, . fl is .L2 at .−∞ and . fr is .L2 at .∞. In particular, 
via Weyl’s limit point / limit circle criterion, this fact provides another independent 
proof that .A0 is essentially self-adjoint. 

In a first step towards the calculation of the resolvent of . A, we are going to calculate the 
Wronski determinant.W ( fl , fr ) of. fl and. fr . For this purpose, we introduce the parameters 

.a := 1

2
− α, b := 1

2
+ α = 1 − a, c := 1 + μ. (3.26) 

According to (15.8.4) of [ 56], if .z ∈ U1(0) \ (−1, 0], then 

. 
sin(π(c − a − b))

π
F̄(a, b, c, z)

= 1

[(c − a)[(c − b)
F̄(a, b, a + b − c + 1, 1 − z)

− (1 − z)c−a−b

[(a)[(b)
F̄(c − a, c − b, c − a − b + 1, 1 − z).

As a consequence, it follows that 

. 
sin(π(c − a − b))

π
F̄(a, b, c, 1 − z)

= 1

[(c − a)[(c − b)
F̄(a, b, a + b − c + 1, z)

− zc−a−b

[(a)[(b)
F̄(c − a, c − b, c − a − b + 1, z)

= 1

[(c − a)[(c − b)
F̄(a, b, a + b − c + 1, z)

− 1

[(a)[(b)
zc−a−b(1 − z)1−c F̄(1 − b, 1 − a, c − a − b + 1, z),

where we used (15.8.1) of [ 56]. Hence if .c − (a + b) = μ /∈ Z, then  

.F̄(a, b, c, 1 − z)

= π/ sin(π(c − a − b)

[(c − a)[(c − b)
F̄(a, b, a + b − c + 1, z)

− π/ sin(π(c − a − b))

[(a)[(b)
zc−a−b(1 − z)1−c F̄(1 − b, 1 − a, c − a − b + 1, z).
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In particular, since 
. a + b = 1, c /∈ Z,

we have 

. z1−c (1 − z)c−a−b F̄(a, b, c, 1 − z)

= − π/ sin(πc)

[(c − a)[(c − b)
z1−c (1 − z)c−a−b F̄(1 − a, 1 − b, 2 − c, z)

+ π/ sin(πc)

[(a)[(b)
F̄(a, b, c, z).

According to (15.10.2), (15.10.3) and (15.8.1) of [ 56], since none of the numbers . c and 
.c − (a + b) is an integer, and if.a − b = −2α is no integer, the latter only excludes the case 
that .U0 = 1/4, then .g1, g2 defined by 

. g1(z) = F̄(a, b, c, z),

g2(z) = z1−c F̄(a − c + 1, b − c + 1, 2 − c, z)

= z1−c (1 − z)c−a−b F̄(1 − a, 1 − b, 2 − c, z),

for every .z ∈ U1(0) \ (−1, 0], satisfy the hypergeometric differential equation 

. z (1 − z)g''
j (z) + [c − (a + b + 1)z]g'

j (z) − abg j (z) = 0,

. j ∈ {1, 2}, as well as  

. [W (g1, g2)](z) = g1(z)g
'
2(z) − g'

1(z)g2(z)

= 1 − c

[(c)[(2 − c)
z−c (1 − z)c−a−b−1 = sin(πc)

π
z−c (1 − z)c−a−b−1,

for every .z ∈ U1(0) \ (−1, 0]. Hence, 

. [W (g1, g3)](z) = − 1

[(c − a)[(c − b)
z−c (1 − z)c−a−b−1,

where 
. g3(z) := z1−c (1 − z)c−a−b F̄(a, b, c, 1 − z),

for every .z ∈ U1(0) \ (−1, 0]. We note that since .a + b = 1
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. f2(u) := e(c−1)ug3

(
1

1 + e−2u

)

= e(c−1)u
(

1

1 + e−2u

)1−c (
1 − 1

1 + e−2u

)c−1

F̄

(
a, b, c, 1 − 1

1 + e−2u

)

= e(c−1)u
(

1

1 + e−2u

)1−c ( e−2u

1 + e−2u

)c−1

F̄

(
a, b, c, 1 − 1

1 + e−2u

)

= e(c−1)ue−2(c−1)u F̄

(
a, b, c, 1 − 1

1 + e−2u

)

= e−(c−1)u F̄

(
a, b, c, 1 − 1

1 + e−2u

)
= fr (u),

for every .u ∈ R. Also, defining . f1 : R → C by 

. f1(u) := e(c−1)ug1

(
1

1 + e−2u

)
= fl(u),

for every .u ∈ R, it follows that 

. [W ( f1, f2)](u) = f1(u) f '
2(u) − f '

1(u) f2(u)

= 2
e2cu

(1 + e2u)2
[W (g1, g3)]

(
1

1 + e−2u

)

= − 2

[(c − a)[(c − b)

e2cu

(1 + e2u)2

(
1

1 + e−2u

)−c[
1 −

(
1

1 + e−2u

)]c−2

= − 2

[(c − a)[(c − b)

e2cu

(1 + e2u)2

(
1

1 + e−2u

)−c( e−2u

1 + e−2u

)c−2

= − 2

[(c − a)[(c − b)

e2cu

(1 + e2u)2

(
e−2u

1 + e−2u

)−2(
1

1 + e−2u

)−c( e−2u

1 + e−2u

)c

= − 2

[(c − a)[(c − b)

1

(1 + e2u)2

(
1

1 + e2u

)−2

= − 2

[(c − a)[(c − b)

= − 2

[
( 1
2 + α + μ

)
[
( 1
2 − α + μ

) .
As a consequence, using analytic extension, we arrive at the following result:
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The Wronski determinant .W ( fl , fr ) of . fl and . fr is given by 

. [W ( fl , fr )](u) = fl(u) f '
r (u) − f '

l (u) fr (u)

= − 2

[
( 1
2 + α + μ

)
[
( 1
2 − α + μ

) ,
for every .u ∈ R. In particular, . fl and . fr are linearly independent, if and only if 

. μ /∈ r(A) :=
U
n∈N

{
μ−
n , μ+

n

}
,

where for each .n ∈ N, 

. μ−
n := −

(
n + 1

2
− α

)
, μ+

n := −
(
n + 1

2
+ α

)
.

Since .0 < Re(α) < 1/2, 
. r(A) ⊂ (−∞, 0) × R.

The elements of .r(A) are called resonances of . A (Fig. 3.10). 

We note that the functions . f −
l and . f −

r , corresponding to .μ−
n , for .n ∈ N, satisfy 

. f −
l (u) = e

−
(
n+ 1

2−α
)
u · F̄

(
1

2
− α,

1

2
+ α,

1

2
+ α − n,

1

1 + e−2u

)

= 2n+ 1
2−α coshn+ 1

2−α(u) F̄

(
−n, 2α − n,

1

2
+ α − n,

1

1 + e−2u

)

= 2n+ 1
2−α

[( 12 + α − n)
coshn+ 1

2−α(u) F

(
−n, 2α − n,

1

2
+ α − n,

1

1 + e−2u

)

Fig. 3.10 List plot of .μ−
n (blue) and  .μ+

n (red) for  .n = 1 to . 6. The left drawing corresponds to 
.U0 = 21/100 < 1/4, and the right corresponds to .U0 = 29/100 > 1/4
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= 2n+ 1 
2−α

[( 1 2 + α − n) 
coshn+ 1 

2−α (u) 
( 1 2 − α)n 

( 1 2 + α − n)n 

F

(
−n, 2α − n, 

1 

2 
+ α − n, 

1 

1 + e2u

)

= ( 1 2 − α)n 

( 1 2 + α − n)n 
f − 
l (−u) = [( 1 2 − α + n) [(  1 2 + α − n)

[( 1 2 − α) [(  1 2 + α) 
f −r (u) 

= sin(π( 1 2 − α)) 
sin(π( 1 2 − α + n)) 

f −r (u) = (−1)n f −r (u), 

for every .u ∈ R, where (15.8.1) and (15.8.7) of [ 56] have been used. Further, we note that 
the functions . f +

l and . f +
r , corresponding to .μ+

n , for .n ∈ N, satisfy 

. f +
l (u) = e

−
(
n+ 1

2+α
)
u · F̄

(
1

2
− α,

1

2
+ α,

1

2
− α − n,

1

1 + e−2u

)

= 2n+ 1
2+α coshn+ 1

2+α(u) F̄

(
−n, −2α − n,

1

2
− α − n,

1

1 + e−2u

)

= 2n+ 1
2+α

[( 12 − α − n)
coshn+ 1

2+α(u) F

(
−n, −2α − n,

1

2
− α − n,

1

1 + e−2u

)

= 2n+ 1
2+α

[( 12 − α − n)
coshn+ 1

2+α(u)
( 12 + α)n

( 12 − α − n)n

F

(
−n, −2α − n,

1

2
− α − n,

1

1 + e2u

)

= ( 12 + α)n

( 12 − α − n)n
f +
l (−u) = [( 12 − α − n) [( 12 + α + n)

[( 12 − α) [( 12 + α)
f +
r (u)

= sin(π( 12 + α))

sin(π( 12 + α + n))
f +
r (u) = (−1)n f +

r (u),

for every.u ∈ R, where again (15.8.1) and (15.8.7) of [ 56] have been used. As a consequence, 
we arrive at the following result: 

The functions. f −
l and. f +

l , corresponding to the resonances.μ−
n and.μ+

n , respectively, 
where .n ∈ N, satisfy 

. f −
l (u) = [2 cosh(u)]n+ 1

2−α F̄

(
−n, 2α − n,

1

2
+ α − n,

1

1 + e−2u

)
,
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f + 
l (u) = [2 cosh(u)]n+ 1 

2+α F̄

(
−n, −2α − n, 

1 

2 
− α − n, 

1 

1 + e−2u

)
, 

f − 
l (−u) = (−1)n f − 

l (u), f + 
l (−u) = (−1)n f + 

l (u), 

for every .u ∈ R. In particular, these so called resonance modes grow exponentially 
at .−∞ and .+∞ and therefore are no elements of .L2

C
(R). 

From Theorem 3.4.2, it follows for .μ ∈ (0, ∞) × R
∗ that 

. R(−μ2) f = (A + μ2)−1 f = 1

2
[

(
1

2
+ α + μ

)
[

(
1

2
− α + μ

)

·
(

R → C

u |→ fr (u)
∫ u
−∞ fl(v) f (v)dv + fl(u)

∫∞
u fr (v) f (v)dv

)

=
(

R → C

u |→ ∫
R
K (μ, u, v) f (v)dv

)
,

for every . f ∈ L2
C
(R), where .K ∈ (C\r(A)) × R

2 → C is defined by 

. K (μ, u, v) := 1

2
[

(
1

2
+ α + μ

)
[

(
1

2
− α + μ

)(
fr (u) fl(v) v < u

fl(u) fr (v) u < v

= 1

2
[

(
1

2
+ α + μ

)
[

(
1

2
− α + μ

)
e−μ|u−v|

·
⎧⎨
⎩
F̄
(
1
2 − α, 1

2 + α, 1 + μ, 1
1+e2u

)
F̄
(
1
2 − α, 1

2 + α, 1 + μ, 1
1+e−2v

)
v < u

F̄
(
1
2 − α, 1

2 + α, 1 + μ, 1
1+e−2u

)
F̄
(
1
2 − α, 1

2 + α, 1 + μ, 1
1+e2v

)
u < v

,

for every.μ ∈ C\r(A) and all.u, v ∈ R. It follows from Theorem 12.9.31 that.K is continuous 
and for . f , g ∈ C2

0 (R, C), by differentiation under the integral sign, that . Rg, f : C\r(A) →
C, defined by 

. Rg, f (μ) :=
∫ 

R2
g∗(u)K (μ, u, v) f (v) dudv,

for every .μ ∈ C\r(A), is a holomorphic extension of . ((0, ∞) × R
∗ → C, μ |→⟨

g|(A + μ2)−1 f
⟩
). 

The resonances of . A, which coincide with the zeros of the Wronskian determinant func-
tion .W ( fl , fr ), are poles of .Rg, f . These poles are simple for the case .α /= 0 and second 
order for the case .α = 0. It should be noted that in fact these resonances depend not only 
on the operator . A, but also on the choice of a dense subspace of .L2

C
(R). 10 This subspace is

10 It can be shown that. A and the closure of the negative second order derivative (1.29), are unitarily 
equivalent, but the analogous analysis shows that the latter operator, for the same subspace, has no 
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the space where the data for the Schrödinger equation are going to be taken from, here the 
space of complex-valued .C2-functions on the real line with compact support. 

3.6.2 Calculation of the Functional Calculus for . A

For the calculation of the Functional Calculus for . A, we use Stone’s formula, Theo-
rem 12.9.8 (ii). 

Theorem 3.6.1 The following is true. 

(i) For . f , g ∈ C2
0 (R, C), by .h f ,g(λ) := 0, for every .λ < 0, and 

. h f ,g(λ) := 1

2πi
·
∫ 

R2

[
K
(
−i

√
λ , u, v

)
− K

(
i
√

λ , u, v
)]

· f ∗(u)g(v) dudv,

for every .λ > 0, there is defined a continuous complex-valued function .h f ,g : R → C. 
In particular, if . f = g, then .h f ,g is positive real-valued. 

(ii) The spectrum .σ(A) = [0, ∞) of . A is purely absolutely continuous. 11

(iii) For . k ∈ Us
C
([0, ∞))

. ⟨ f |k(A)g⟩ =
∫ 

R

k̂(λ) h f ,g(λ) dλ,

for all . f , g ∈ C2
0 (R, C), where . k̂ denotes the extension of . k to a function on .R that 

vanishes on .(−∞, 0). 

Proof For the proof, let . f , g ∈ C2
0 (R, C). We note that by 

. F(λ, u, v) :=
[
K
(
−i

√
λ , u, v

)
− K

(
i
√

λ , u, v
)]

· f ∗(u)g(v),

for every .(λ, u, v) ∈ [0, ∞) × R
2, there is defined a continuous function . F : [0, ∞) ×

R
2 → C. Hence, if .λ ∈ [0, ∞) and .λ1, λ2, . . . is a sequence in .[0, ∞) that is conver-

gent to. λ, then.F(λ1, ·),F(λ2, ·), . . . is a sequence of continuous complex-valued functions 
with a compact support contained in .supp( f ) × supp(g) that is everywhere on .R2 point-
wise convergent to.F(λ, ·) and whose component functions are dominated by the integrable 
function 

. 

[
sup

(λ',u,v)∈BR(λ)×supp( f )×supp(g)

|F(λ', u, v)|
]

χsupp( f )×supp(g),

resonances. On the other hand, using the results of this Section, a dense subspace of the domain of 
that operator can be given that leads to resonances.
11 The latter means that every set of Lebesgue measure. 0 is also a set of measure. 0 for every spectral 
measure of . A. In particular, as a consequence, . A has no eigenvalues. 
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where.R > 0 is such that.λν ∈ BR(λ), for every.ν ∈ N
∗. Hence, it follows from Lebesgue’s 

dominated convergence that .h f ,g is well-defined as well as continuous on .[0, ∞). Since  
.h f ,g is continuous on .(−∞, 0) and since .h f ,g(0) = 0, it follows that .h f ,g is continuous. 

According to Stone’s formula, Theorem 12.9.8 (ii), for .α, β ∈ R such that .α < β and 
.ε > 0, 

. = 1

π

/
f |
[
arctan

(
1

ε

(
id[0,∞) −α

))− arctan

(
1

ε

(
id[0,∞) −β

))]
(A)g

\

= 1

2πi

∫ β

α
⟨ f | [R(λ + iε) − R(λ − iε)] g⟩ dλ

= 1

2πi

∫ β

α

\
f |
[
R(−[√−(λ + iε) ]2) − R(−[√−(λ − iε) ]2)

]
g
/
dλ

= 1

2πi

∫ β

α

(∫ 
R2

[
K (
√−(λ + iε) , u, v) − K (

√−(λ − iε) , u, v)
]

· f ∗(u)g(v) dudv

)
dλ

= 1

2πi

∫ 
[α,β]×R2

[
K (
√−(λ + iε) , u, v) − K (

√−(λ − iε) , u, v)
]

· f ∗(u)g(v) dλdudv,

where we used Fubini’s theorem and that the integrand of the last integral is a continuous 
function with a compact support. Also, we use that .G+ : (R × (0, ∞)) × R

2 → C and 
.G− : (R × (−∞, 0)) × R

2 → C, defined by 

. G+(λ, u, v) := K (
√−λ, u, v) f ∗(u)g(v),

for all .(λ, u, v) ∈ (R × (0, ∞)) × R
2 and 

. G−(λ, u, v) := K (
√−λ, u, v) f ∗(u)g(v),

for all.(λ, u, v) ∈ (R × (−∞, 0)) × R
2, respectively, have an extension to continuous func-

tions on the closed upper half-plane and closed lower half-plane, respectively. Further, for 
.λ ∈ R, it follows that 

. 

√−(λ ± iε) = 1√
2

·
(/√

λ2 + ε2 + (−λ) ∓ i

/√
λ2 + ε2 − (−λ)

)

and hence that 

. lim
ε→0

√−(λ ± iε) = 1√
2

·
(√|λ| − λ ∓ i

√|λ| + λ
)

=
(

∓i
√

λ if λ > 0√|λ| if λ < 0
.
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Hence it follows from the spectral theorem, Theorem 12.6.4, see Remark 12.9.9, and 
Lebesgue’s dominated convergence theorem that 

. 
1

2

\
f |
[(

χ(α,β)

||[0,∞)

)
(A) +

(
χ[α,β]

||[0,∞)

)
(A)

]
g
/

= 1

2πi

∫ 
R3

χ[α,β](λ) χ[0,∞)(λ)
[
K (−i

√
λ , u, v) − K (i

√
λ , u, v)

]
· f ∗(u)g(v)

dλdudv

=
∫ 

R

χ[α,β](λ) · h f ,g(λ) dλ,

where Fubini’s theorem has been used. With the help of the spectral theorem, Theo-
rem 12.6.4, we conclude further that 

. s − lim
ν→∞

1

2

[(
χ(α,α+ 1

ν )

||[0,∞)

)
(A) +

(
χ[α,α+ 1

ν ]
||[0,∞)

)
(A)

]

= 1

2

(
χ[α,α]

||[0,∞)

)
(A)

and with the help of Lebesgue’s dominated convergence theorem that 

. lim
ν→∞

∫ 
R

χ[α,α+ 1
ν ](λ) · h f ,g(λ) dλ = 0,

implying that 

. 

\
f |
(
χ[α,α]

||[0,∞)

)
(A)g

/
= 0.

Hence, we conclude that 

. 

\
f |
(
χJ
||[0,∞)

)
(A)g

/
=
∫ 

R

χJ (λ) · h f ,g(λ) dλ,

as well as that 

. ψ f (J ) =
∫ 

R

χJ (λ) · h f , f (λ) dλ,

for every bounded interval. J of. R, where.ψ f denotes the spectral measure corresponding to 
. A and . f . Since .h f , f is continuous, the latter also implies that .h f , f is positive real-valued. 
Further, from the Radon-Nikodym theorems, it follows that .ψ f is absolutely continuous 
with respect to the Lebesgue measure on. R and, for every.k ∈ Us

C
([0, ∞)), since according 

to the spectral theorem, Theorem 12.6.4, . k̂ is .ψ f -integrable such that 

. ⟨ f |k(A) f ⟩ =
∫ 

R

k̂ dψ f ,

that .k̂ h f , f is Lebesgue measurable such that
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. ⟨ f |k(A) f ⟩ =
∫ 

R

k̂(λ) h f , f (λ) dλ.

Since the latter is true for every. f ∈ C2
0 (R, C), with the help of the polarization identities for 

.C-Sesquilinear forms on complex vector spaces, see Theorem 12.3.3 (ii) in the Appendix, 
this implies that 

. ⟨ f |k(A)g⟩ =
∫ 

R

k̂(λ) h f ,g(λ) dλ,

for all. f , g ∈ C2
0 (R, C). Finally, since for every. f ∈ C2

0 (R, C),.ψ f is absolutely continuous 
with respect to the Lebesgue measure on .R and since .C2

0 (R, C) is dense in .L2
C
(R), the  

closed subspace of .L2
C
(R), consisting of elements whose spectral measures are absolutely 

continuous with respect to the Lebesgue measure on . R, coincides with .L2
C
(R), and hence 

the spectrum.σ(A) = [0, ∞) of . A is purely absolutely continuous. ⊓⊔

✄ 
✂

,

✁

Exercise 7 (Motion in an attractive Pöschl–Teller potential) 

Show that .Ĥ0 : C2
0 (R, C) → L2

C
(R), defined by 

. Ĥ0 f := −h
2κ2

2m
f '' + V

(u
κ

)
f = h

2κ2

2m

[
− f '' − U0

cosh2(u)
f

]
,

for every. f ∈ C2
0 (R, C), where. u denotes the identical function on. R, the classical poten-

tial .V is the attractive Pöschl–Teller potential [ 58], defined by 

. V (q) := − V0
cosh2(κq)

,

for every .q ∈ R, where .V0 > 0, .κ > 0 has the dimension .l−1 and 

. U0 := 2mV0
h2κ2

is dimensionless, is essentially self-adjoint. In addition, determine the spectrum of this 
operator.
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✄ 
✂

,

✁

Exercise 8 (Motion in a Rosen–Morse potential) 

Show that .Ĥ0 : C2
0 (R, C) → L2

C
(R), defined by 

. Ĥ0 f := −h
2κ2

2m
f '' + V

(u
κ

)
f

= h
2κ2

2m

(
− f '' +

[
U01 tanh(u) − U02

cosh2(u)

]
f

)
,

for every . f ∈ C2
0 (R, C), is the Rosen–Morse potential [ 64], defined by 

. V (q) := V01 tanh(κq) − V02
cosh2(κq)

,

for every .q ∈ R, where .V01 ∈ R
∗, .V02 ∈ R, .κ > 0 has the dimension .l−1 and 

. U01 := 2mV01
h2κ2 , U02 := 2mV02

h2κ2 ,

are dimensionless, is essentially self-adjoint. In addition, determine the spectrum of this 
operator.



4Motion in a Central Force Field 

Frequently, the Hamiltonians in quantum mechanics are representations of formal 1 partial 
differential operators, restricted to an open subset. Ωof.Rn,.n ∈ N

∗, with singular coefficients, 
i.e., either the coefficients of the principal part of the operator vanish “on” the boundary of 
.Ω or the potential is unbounded. For instance, in the case of the harmonic oscillator, the 
potential is unbounded. Also in the case of an electron in the electric field of an atomic 
nucleus, the so called “Coulomb-potential” is unbounded. 2 In such cases, the domain of the 
Hamiltonian is not a priori clear, but has to determined, if necessary, employing additional 
physical boundary conditions. 

Supplementary Information The online version contains supplementary material available at 
https://doi.org/10.1007/978-3-031-49078-1_4. 

1 In operator theory, the term “formal” indicates that the operator in question does not come together 
with a representation (function) space and a natural domain in that space, both crucial in determin-
ing the spectral properties of the later operator. The domain of a DSLO is critical. Neither proper 
extensions nor proper restrictions of a DSLO are self-adjoint. In this sense, domains of DSLO are 
“maximal.” So, strictly speaking, a formal partial differential operator (“PDO”) alone is of little sig-
nificance in operator theory. This has to be seen in the context that the “operators” considered in the 
vast majority of quantum theory text books are formal PDOs. 
2 Such cases are rarely considered in the theory of partial differential equations. The fact of having 
singular coefficients complicates the analysis of these operators and lead to development of an area of 
operator theory studying extensions of operators, like von Neumann’s extension theory of (densely-
defined, linear and) symmetric operators in Hilbert spaces. 

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 
H. R. Beyer, Introduction to Quantum Mechanics, Synthesis Lectures on Engineering, 
Science, and Technology, https://doi.org/10.1007/978-3-031-49078-1_4 
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In these cases, the determination of the corresponding Hamiltonian starts with a prelim-
inary Hamiltonian.Ĥ0, defined on a “minimal domain”.D0, like in the case of the harmonic 
oscillator. 3 Such “preliminary Hamiltonians” are densely-defined, linear and symmetric. In 
the next step, the self-adjoint extensions of .Ĥ0 are studied. If there is such an extension, 4

such extensions are restrictions of the adjoint operator .Ĥ∗
0 of .Ĥ0. If there is only . 1 such 

extension, i.e., .Ĥ0 is essentially self-adjoint, like in the case of the harmonic oscillator, then 
the Hamiltonian of the system is given by the closure of .Ĥ0 which is equal to .Ĥ∗

0 . If not,  
additional physical boundary conditions are needed that, on the one hand, should be trivially 
satisfied by the elements of .D0 and, on the other hand, restrict the domain of .Ĥ∗

0 . In this  
case, the physical Hamiltonian is a proper restriction of .Ĥ∗

0 . 
In a position representation, the minimal Hamiltonian for a particle subject to a central 

potential.V ◦ | | that might be singular in the origin, where.V : (0, ∞) → R is a continuous 
function, is given by 

. Ĥ0 =
(

C2
0 (R

3, C) → L2
C
(R3)

f |→ − h
2κ2

2m Δ f + (V ◦ | |) · f

)
,

where we assume that .(V ◦ | |) · f ∈ L2
C
(R3), for every . f ∈ C2

0 (R
3, C). 

With the help of Lemma 1.2.1, it follows that the operator .Ĥ0 is densely-defined, linear 
and symmetric. In the following, we are going to use the spherical symmetry of the system to 
define the Hamiltonian as a direct sum of a countable number of Sturm–Liouville operators. 
For this, in a first step, we change the representation, using a unitary transformation . U
induced by spherical coordinates. 

4.1 A Change of Representation Induced by Introduction of 
Spherical Coordinates 

We repeat the steps from Sect. 2.4. First, we note the following Lemma. 

Lemma 4.1.1 (Transformation of the Laplace Operator in 3 Dimensions into Spherical 
Coordinates) For this, let .Ω ⊂ R

3\({0} × {0} × R) be non-empty and open. In addition, let 
.Ωsph ⊂ R

3 be a non-empty open subset such 

.g(Ωsph) = Ω ,

3 The domain is chosen “minimal,” in order not to miss the physical extension. 
4 Preliminary Hamiltonians that have no self-adjoint extensions are easy to construct, but are usually 
of no physical relevance. On the other hand, frequently, preliminary Hamiltonians are semi-bounded 

from below, i.e, .
(
f |Ĥ0 f

)
< γ \ f | f / for every . f ∈ D(Ĥ0) and some real . γ. In these  cases, there  is  

always a self-adjoint extension of .Ĥ0. One such extension is the so called “Friedrichs Extension.” 
Often, it turns out that the “physical” extension coincides with the latter extension. 
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where .g ∈ C∞(R3, R
3) is defined by 

. g(u, θ, ϕ) := (u sin(θ) cos(ϕ), u sin(θ) sin(ϕ), u cos(θ))

for all .(u, θ, ϕ) ∈ R
3. Finally, let . f ∈ C2(Ω, R). Then  

. (Δ f )(g(u, θ, ϕ)) = ∂2 f̄

∂u2
(u, θ, ϕ) + 2

u

∂ f̄

∂u
(u, θ, ϕ)

+ 1

u2 sin2(θ)

[
∂2 f̄

∂ϕ2 (u, θ, ϕ) + sin2(θ)
∂2 f̄

∂θ2
(u, θ, ϕ)

+ sin(θ) cos(θ)
∂ f̄

∂θ
(u, θ, ϕ)

]
(4.1) 

for all .(u, θ, ϕ) ∈ Ωsph, where . f̄ ∈ C2(Ωsph, R) is defined by 

. f̄ (u, θ, ϕ) := ( f ◦ g)(u, θ, ϕ) = f (u sin(θ) cos(ϕ), u sin(θ) sin(ϕ), u cos(θ))

for all .(u, θ, ϕ) ∈ Ωsph. 

The proof of this Lemma is left to the reader. 

✄ 
✂

,

✁

Exercise 9 

Prove Lemma 4.1.1. 

Further, we define .U : L2
C
(R3) → L2

C
(Ω, u2 sin(θ)) by (2.7), where . Ω := (0, ∞) ×

(0, π) × (−π, π). As a consequence of Lemma 4.1.1, .U Ĥ0U−1 is given by 

. U Ĥ0U
−1 f

= −h
2κ2

2m

(
∂2

∂u2
+ 2

u

∂

∂u
+ 1

u2 sin2(θ)

[
∂2

∂ϕ2 + sin(θ)
∂

∂θ
sin(θ)

∂

∂θ

])
f

+ V (u) f ,

for every . f ∈ C2
0 (Ω, C). 

4.2 Reduction of . U Ĥ0U−1

In the next step, we are going to use the spherical symmetry of the system to decompose 
into a countable number of densely-defined, linear, symmetric Sturm–Liouville operators. 
The basis for the reduction is Lemma 2.2.2. We define, .X := L2

C
(Ω, u2 sin(θ)), for every
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.(l,m) ∈ I a corresponding linear isometry .Ulm : L2
C
(I , u2) → X , where .I := (0, ∞), by  

(2.11) and the corresponding closed subspace .Xlm of .X as the range of .Ulm . Further, we 
define the dense subspaces .Dlm of .Xlm by 

. Dlm := UlmC
2
0 (I , C),

for all .(l,m) ∈ I. For every .(l,m) ∈ I and . f ∈ C2
0 (I , C), it follows that 

. U Ĥ0U
−1 f ⊗ Ylm

= −h
2κ2

2m

(
∂2

∂u2
+ 2

u

∂

∂u
+ 1

u2 sin2(θ)

[
∂2

∂ϕ2 + sin(θ)
∂

∂θ
sin(θ)

∂

∂θ

])
f ⊗ Ylm

+ V (u) f ⊗ Ylm

= −h
2κ2

2m

(
f '' + 2

u
f ' −

[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

)
⊗ Ylm

= h
2κ2

2m

(
−
(
f '' + 2

u
f '
)

+
[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

)
⊗ Ylm ∈ Xlm ,

where we used that 

. − 1

sin2(θ)

(
∂2

∂ϕ2 +
[
sin(θ)

∂

∂θ

]2)
Ylm = l(l + 1) · Ylm.

We note that the latter “invariance” is due the “spherical symmetry” of .Ĥ0. This is going to 
explained in more detail in a separate chapter on symmetries. 

4.3 Analysis of the Reduced Operators 

The final step in the application of Lemma 2.2.2 consists in the analysis of the reduced 
operators that are unitarily equivalent to the, densely-defined, linear and symmetric, Sturm– 
Liouville operators .Ĥlm : C2

0 (I , C) → L2
C
(I , u2), defined by  

Reduced Operators 

. Ĥlm f := h
2κ2

2m

(
− 1

u2
(
u2 f ')' + [

l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

)
,

for every . f ∈ C2
0 (I , C), where . u denotes the the identity function on . I , for all .(l,m) ∈ I. 

For this purpose, after applying another unitary transformation .U to .Ĥlm , we are going
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to use Weyl’s Limit Point/Limit Circle Criterion given below. The unitary transformation 
.U : L2

C
(I , u2) → L2

C
(I ) is given by 

. U f := u f ,

for every . f ∈ L2
C
(I ). Then, .UĤlmU

−1 is given by 

. ĤlmU
−1 f = h

2κ2

2m

(
− 1

u2

[
u2
(

f

u

)']'
+
[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

u

)

= h
2κ2

2m

(
− 1

u2

[
u2
(

f '

u
− f

u2

)]'
+
[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

u

)

= h
2κ2

2m

(
− 1

u2
(
u f ' − f

)' + [
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

u

)

= h
2κ2

2m

(
−1

u
f '' +

[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

u

)

= U−1 h
2κ2

2m

(
− f '' +

[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

)

for every . f ∈ C2
0 (I , C) and hence .UĤlmU

−1 : C2
0 (I , C) → L2

C
(I ) is given by 

Transformed Reduced Operators 

. UĤlmU
−1 f = h

2κ2

2m

(
− f '' +

[
l(l + 1)

u2
+ 2mV (u)

h2κ2

]
f

)
,

for every . f ∈ C2
0 (I , C). 

4.4 Motion in a Coulomb Field 

4.4.1 An Application of  Weyl’s Criterion  

In the following, we apply Weyl’s Limit Point/Limit Circle Criterion to the case of an electron 
in the Coulomb field of an nucleus containing . Z protons. In this case, 

. V = − Ze2κ

u
,

where .e > 0 denotes the charge of an electron. Then, for .(l,m) ∈ I
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. UĤlmU
−1 f = h

2κ2

2m

[
− f '' +

(
−ν

u
+ Δ

u2

)
f

]
,

for every . f ∈ C2
0 (I , C), where  

. ν := 2mZe2

h2κ
, Δ := l(l + 1).

In a first step, we analyze the asymptotic of the solutions of 

. f '' +
(

λ + ν

u
− Δ

u2

)
f = 0, (4.2) 

at . 0, where .λ > 0. In order to allow a direct application of Theorem 12.8.1, we use instead 
of . f the auxiliary function .g := f ◦ (−idR), which satisfies the differential equation 

. g'' +
(

λ − ν

u
− Δ

u2

)
g = 0,

where now. u denotes the identical function on.(−∞, 0). In the next step, we define.g1 := g/u, 
.g2 := g'. Then 

.

(
g1
g2

)'
=
[

1

−u

(
1 −1

−Δ 0

)
+
(

0 0
ν − λu 0

)]
·
(

g1
g2

)
, (4.3) 

where 

. A0 =
(

1 −1
−Δ 0

)
, A1 =

(
0 0

ν − λu 0

)
.

An application of Theorem 12.8.1 to (4.3) gives the existence of linearly independent solu-
tions . f1, f2 ∈ C2(I , C) of (4.2) and .R1, R2 ∈ C1

(
I , C

2
)
such that 

. f1 = u−l(1 + R11), f '
1 = u−(l+1)(−l + R12),

f2 = ul+1(1 + R21), f '
2 = ul(l + 1 + R22),

lim
u→0

|R1(u)| = lim
u→0

|R2(u)| = 0. (4.4) 

The details of this application are left to the reader. 

✄ 
✂

,

✁

Exercise 10 

Use Theorem 12.8.1 to show that for every non-real . λ

. lim
a→0+( ĀVa − λ)−1 f = Int(Kλ) f ,

for every . f ∈ L2
C
(R).
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Asymptotic of the Solutions of (4.2) at . 0

We note in the case.l = 0 that. f1 and. f2 are both square integrable close to. 0, whereas 
in all other cases . f1 is not square integrable close to . 0. 

In a second step, we analyze the asymptotic of the solutions of (4.2) at.∞. For this purpose, 
we reparametrize. f , with the help of an auxiliary function. h, such that the resulting equation 
for . f ◦ h allows the application of Theorem 12.8.1. The function . h is defined by 

. h :=
/
u ·
(
u + ν

λ

)
+ ν

λ
· artanh

(/
u

u + ν
λ

)

=
/
u ·
(
u + ν

λ

)
+ ln

⎧⎨
⎩
[

λ

ν

(/
u + ν

λ
+ √

u

)2] ν
2λ

⎫⎬
⎭ . (4.5) 

Then 

. h' =
/
1 + ν/λ

u
, h'' = − ν/λ

2u3/2
√
u + (ν/λ)

, .

Since 
. h(0) = 0, h' < 1,

. h is a strictly increasing .C2-diffeomorphism from .0, ∞) onto .(0, ∞). In addition, if . k :
(0, ∞) → R is such that.k|[c,∞) is integrable, then it follows that.k · |h'|||[c,∞)

is integrable, 
since .|h'| is bounded measurable. Hence, it follows from Lebesgue’s change of variable 
fomula that .k ◦ h−1|[h(c),∞) is integrable and that 

. 

∫ ∞

c
k · |h'| dv1 =

∫ ∞

h(c)
k ◦ h−1 dv1.

Further, 
. g := f ◦ h−1

satisfies 
. f = g ◦ h, f ' = (

g' ◦ h
) · h', f '' = (

g'' ◦ h
) · h' 2 + (

g' ◦ h
) · h''

and, since 

.0 = f '' +
(

λ + ν

u
− Δ

u2

)
f

= (
g'' ◦ h

) · h' 2 + (
g' ◦ h

) · h'' +
(

λ + ν

u
− Δ

u2

)
(g ◦ h),
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it follows that 

. 0 = (
g'' ◦ h

)+ h''

h' 2
(
g' ◦ h

)+ λ + ν
u − Δ

u2

h' 2 (g ◦ h)

= (
g'' ◦ h

)+ h''

h' 2
(
g' ◦ h

)+ λ · (1 + ν/λ
u ) − Δ

u2

h' 2 (g ◦ h)

= (
g'' ◦ h

)−
ν/λ

2u3/2
√
u+(ν/λ)

1 + ν/λ
u

(
g' ◦ h

)+ λ · (1 + ν/λ
u ) − Δ

u2

h' 2 (g ◦ h)

= (
g'' ◦ h

)− ν/λ

2u2
(
1 + ν/λ

u

)3/2 (g' ◦ h
)+

(
λ − Δ/u2

1 + ν/λ
u

)
(g ◦ h)

and hence that 

. g'' −
⎡
⎢⎣ (ν/λ)/u2

2
(
1 + ν/λ

u

)3/2 ◦ h−1

⎤
⎥⎦ g' +

[
λ −

(
Δ/u2

1 + ν/λ
u

)
◦ h−1

]
g = 0.

Using the definitions 

. a := (ν/λ)/u2

2
(
1 + ν/λ

u

)3/2 ◦ h−1, b :=
(

Δ/u2

1 + ν/λ
u

)
◦ h−1,

we arrive at the system 

.

(
g

g'
)'

=
[(

0 1
−λ 0

)
+
(
0 0
b a

)](
g

g'
)

= (A0 + A1)

(
g

g'
)

, (4.6) 

where 

. A0 :=
(

0 1
−λ 0

)
, A1 =

(
0 0
b a

)
.

We note that.a|[c,∞) and.b|[c,∞) are integrable for.c > 0. Hence, Theorem 12.8.1 is applicable 
to (4.6) and gives the existence of linearly independent solutions. f3, f4 ∈ C2(I , C) of (4.2) 
and .R3, R4 ∈ C1

(
I , C

2
)
such that 

. f3 = exp(i
√

λ h) · (1 + R31), f '
3 = exp(i

√
λ h) · (i

√
λ · h' + R32),

f4 = exp(−i
√

λ h) · (1 + R41), f '
4 = exp(−i

√
λ h) · (−i

√
λ · h' + R42),

lim
u→∞ |R3(u)| = lim

u→∞ |R4(u)| = 0. (4.7) 

The details of this application are left to the reader.
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✄ 
✂

,

✁

Exercise 11 

Use Theorem 12.8.1 to show that there are linearly independent solutions . f3, f4 ∈
C2(I , C) of (4.2) and .R3, R4 ∈ C1

(
I , C

2
)
such that (4.7) is satisfied. 

Asymptotic of the Solutions of (4.2) at . ∞
We note that in all cases . f3 and . f4 are both not square integrable close to .∞. 

From the results on the asymptotic of the solutions of (4.2) at . 0 and.∞, we conclude the 
following. 

Extension Properties of the Reduced Operators 

For the case that.l = m = 0, the reduced operator.Ĥlm , i.e., the purely radial operator 
.Ĥ00 is not essentially self-adjoint, with deficiency indices equal to. 1. In all other cases, 
.Ĥlm is essentially self-adjoint and hence the corresponding self-adjoint extension is 
given by .Ĥ∗

lm . 

Since .Ĥlm is essentially self-adjoint for .(l,m) ∈ I\{(0, 0)}, the corresponding self-
adjoint extension is given by its adjoint .Ĥ∗

lm . From the general theory for Sturm–Liouville 
operators, see e.g. [ 80]), it follows that the following is true. 

A Larger Core for . Ĥ∗
lm, (l,m) ∈ I\{(0, 0)}

. Dlm :=
(
f ∈ C2(I ,C) ∩ L2

C
(I ) : − f '' +

(
−ν

u
+ Δ

u2

)
f ∈ L2

C
(I )

)

defines a core for .(UĤlmU
−1)∗ = UĤ∗

lmU
−1. 

For . f ∈ Dlm , .(UĤlmU
−1)∗ f is given by 

.(UĤlmU
−1)∗ f = h

2κ2

2m

[
− f '' +

(
−ν

u
+ Δ

u2

)
f

]
.
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Later, we are going to show that the eigenvectors of .Ĥ∗
lm , .(l,m) ∈ I\{(0, 0)}, are ele-

ments of .Dlm . 

4.4.2 Extensions of the Purely Radial Operator . Ĥ00

For an application of Lemma 2.2.2, solely the radial operator .Ĥ00 needs to be extended, 
such that the extended operator is in addition essentially self-adjoint. This is done in the 
following for the equivalent operator .A00 : C2

0 (I , C) → L2
C
(I ), defined by 

. A00 f := − f '' − ν

u
f ,

for every . f ∈ C2
0 (I , C), where .λ > 0, by using a method which can be found in [ 41]. This 

method has the technical advantage over the von Neumann extension theory that it does not 
presuppose a detailed knowledge of the deficiency subspaces of .A00. For the application of 
this method, we let . π denote the canonical projection of .D(A∗

00) onto the quotient space 
.D(A∗

00)/D( Ā00) and define .\ , / : (D(A∗
00)/D( Ā00))

2 → C by 

. \ f + D( Ā00), g + D( Ā00)/ := i (
(
A∗
00 f |g

)
2 − (

f |A∗
00g
)
2) ,

for all. f , g ∈ D(A∗
00), where.\ | /2 denotes the scalar product of.L2

C
(J ). Since both deficiency 

indices of.A00 are equal to. 1,.D(A∗
00)/D( Ā00) is a.2-dimensional complex vector space and 

.\ , / defines an inner product (i.e., a nondegenerate symmetric sesquilinear form) of signature 

.(1, 1) on.D(A∗
00)/D(A00). A subspace.D of.D(A∗

00) “is” the domain of a linear self-adjoint 
extension of.A00 if and only if.π(D) is a maximal null space of.(D(A∗

00)/D( Ā00), \, /), i.e., 
iff the equality 

. π(D) = { f + D( Ā00) ∈ D(A∗
00)/D( Ā00) : \ f + D( Ā00), g + D( Ā00)/ = 0,

for all g ∈ D}

is valid. Hence, given an orthonormal basis . f1 + D( Ā00), f2 + D( Ā00) of 
.(D(A∗

00)/D( Ā00), \ , /), i.e., 

. \ f j + D( Ā00), fk + D( Ā00)/ = η jk ,

for . j, k ∈ {1, 2}, where: 

. η11 = 1 , η22 = −1 , η12 = η21 = 0,

constructed below, the domains of linear self-adjoint extensions of .A00 can be seen to be 
given by the sequence .(Dβ)β∈[0,π) of pairwise different subspaces of .D(A∗

00), where  

.Dβ := { f ∈ D(A∗
00) : i (

(
A∗
00( f1 + e2iβ f2)| f

)
2
−
(
f1 + e2iβ f2|A∗

00 f
)
2
) = 0},
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for .β ∈ [0, π). By the general theory for Sturm–Liouville operators (see, e.g., [ 80]), 

. D0 := { f : f ∈ C2(I ,C) ∩ L2
C
(I ) and − f '' − ν

u
f ∈ L2

C
(I )}

defines a core for .A∗
00, and for . f ∈ D0 the corresponding .A∗

00 f is given by 

. A∗
00 f = − f '' − ν

u
f .

Hence for . f , g ∈ D0, 

. \ f + D( Ā00), g + D( Ā00)/ := i (
(
A∗
00 f |g

)
2 − (

f |A∗
00g
)
2)

= i
∫ ∞

0

[(
− f ∗'' − ν

u
f ∗) g − f ∗ (−g'' − ν

u
g
)]

du

= i
∫ ∞

0

(− f ∗''g + f ∗g'') du = i
∫ ∞

0

(− f ∗'g + f ∗g')' du
= i

∫ ∞

0

(
f ∗g' − f '∗g

)'
du.

We note that 
. g1 := h · [1 − νu ln(u)], g2 := hu,

where .h ∈ C∞(I , R) is an otherwise arbitrary auxiliary function which is equal to . 1 on 
.(0, 1/4] and is equal to . 0 on .[3/4, ∞) (such a function is of course easy to construct), are 
linearly independent elements of .D0 satisfying 

. \g1 + D( Ā00), g1 + D( Ā00)/ = \g2 + D( Ā00), g2 + D( Ā00)/ = 0,

\g1 + D( Ā00), g2 + D( Ā00)/ = −i, \g2 + D( Ā00), g1 + D( Ā00)/ = i .

As a consequence, defining 

. f1 :=
√
2

2
(g1 + ig2), f2 :=

√
2

2
(g1 − ig2) = f ∗

1 ,

we obtain 

. \ f1 + D( Ā00), f1 + D( Ā00)/ = 1, \ f2 + D( Ā00), f2 + D( Ā00)/ = −1,

\ f1 + D( Ā00), f2 + D( Ā00)/ = \ f2 + D( Ā00), f1 + D( Ā00)/ = 0,

i.e., . f1 + D
(
Ā00
)
, f2 + D

(
Ā00
)
is an orthonormal basis of .(D(A∗

00)/D( Ā00), \ , /). (In 
particular, it follows that both . f1 and. f2 are not contained in the domain of . Ā00.) Hence by 
.(A∗

00|Dβ )β∈[0,π) it is given a sequence of pairwise different linear self-adjoint extensions of 
.A∗

00 which includes all linear self-adjoint extension of.A00. Furthermore, for any. β ∈ [0, π)

the subspace .Dβ ∩ D0 and .D'
β defined below are cores for .A∗

00|Dβ . We note that
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. Dβ ∩ D0

=
{
f ∈ C2(I , C) ∩ L2

C
(I ) : − f '' − ν

u
f ∈ L2

C
(I )

and lim
u→0

(
[cos(β)g1 + sin(β)g2]2

[
f

cos(β)g1 + sin(β)g2

]')
(u) = 0

)
,

for .β ∈ [0, π). and .D'
β

(⊂ Dβ ∩ D0
)
is given by 

.D'
β := C2

0 (J , C) + C [cos(β)g1 + sin(β)g2] . (4.8) 

We note that for .β = π/2 that 

. cos(β)g1 + sin(β)g2 = hu.

As a consequence, 

. Dπ/2 ∩ D0 =(
f ∈ C2(I , C) ∩ L2

C
(I ) : − f '' − ν

u
f ∈ L2

C
(I ) ∧ lim

u→0
u2(u−1 f )'(u) = 0

)
,

D'
π/2 = C2

0 (J , C) + C.hu.

The Appropriate Essentially Self-Adjoint Extension of . Ĥ00

The extension .UĤ00eU
−1 of .UĤ00U

−1, given  by  

. UĤ00eU
−1 f := h

2κ2

2m

(
− f '' − ν

u
f
)

,

for every . f ∈ C2(I , C) ∩ L2
C
(I ) such that 

. − f '' − ν

u
f ∈ L2

C
(I ) and lim

u→0
u2(u−1 f )'(u) = 0, (4.9) 

is essentially self-adjoint. 

We note that the back transformation of .hu gives 

. U−1hu = h.

Further,
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. U00h = U
1√
4π

(h ◦ | |).

where, see above,.h ∈ C∞(I , R) is an otherwise arbitrary auxiliary function which is equal 
to . 1 on .(0, 1/4] and is equal to . 0 on .[3/4, ∞). As a consequence, 

. 
1√
4π

(h ◦ | |) ∈ C2
0 (R

3, C).

In the following, we define 
. D00 := C2

0 (J , C) + C.hu.

From the previous analysis, we conclude that we cannot use Lemma 2.2.2, to conclude the 
essential self-adjointness of.Ĥ0 for the case of an electron in the Coulomb field of an nucleus 
containing. Z protons. For this reason, like in Sect. 1.6, we extend the minimal Hamiltonian 
.Ĥ0 in this case to .Ĥ1 : C2

0 (R
n, C) → L2

C
(Rn) in .L2

C
(Rn), defined by 

.Ĥ1 f := − h
2κ2

2m
Δ f − Ze2κ

| | f = h
2κ2

2m

(
−Δ f − ν

| | f

)
, (4.10) 

for every . f ∈ C2
0 (R

n, C), where  

. ν := 2mZe2

h2κ

is dimensionless. Then .Ĥ1 is densely-defined, since .C2
0 (R

n, C) is a dense subspace of 
.L2

C
(Rn). Further, as a consequence of the linearity of differentiation and outer multiplication 

of complex-valued functions by complex numbers,.Ĥ1 is linear. As a consequence of “partial 
integration,” .Ĥ1 is symmetric, see Lemma 1.2.1. In Sect. 1.6, we already proved that .Ĥ1 is 
essentially self-adjoint. On the other hand, our previous analysis gives an independent proof 
of this fact. For this purpose, we use Lemma 2.2.2, where .A = U Ĥ1U−1. 5 Then, 

. (Xlm)(l,m)∈I

gives a decomposition of .X = L2
C
(Ω, u2 sin(θ)) into pairwise orthogonal subspaces. Fur-

ther, the restrictions of . A to the dense subspaces .UlmU
−1Dlm , .(l,m) ∈ I of .Xlm densely-

defined, linear, symmetric and essentially self-adjoint operators in .Xlm . Hence it follows 
from Lemma 2.2.2 that .A is essentially self-adjoint. Further, we note that in Sect. 1.6, we  

proved that the essential spectrum.σe(
¯̂H1) of the closure of .

¯̂H1 coincides with the essential 
spectrum of the free Hamiltonian, i.e., that

5 We mention that in the definition of .A we suppress a “trivial” unitary transformation. Strictly 
speaking, in the definition of .A the unitary transformation .U should be replaced by the unitary 
transformation.UV−1

R3\H. Similar is true for the operator.U Ĥ0U
−1 above. Also there a trivial unitary 

transformation is suppressed. 
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The Essential Spectrum of . ¯̂H1

.σe(
¯̂H1) = [0, ∞). (4.11) 

4.4.3 Eigenvalues of .Ĥ∗
00e and .Ĥ∗

lm
for .(l,m) ∈ . I\{(0, 0)}

In the next step, we are going to find the eigenvalues and corresponding eigenstates of . Ĥ∗
00e

and.Ĥ∗
lm for.(l,m) ∈ I\{(0, 0)}. For this purpose, we analyze the solutions of the equation 

. f '' +
(

−σ2 + ν

u
− Δ

u2

)
f = 0, (4.12) 

where .σ ∈ (0, ∞) × R. The parameter .−σ2 may be regarded as a spectral parameter. 6, 7

Using the ansatz 
. f (u) = ul+1e−σug(2σu),

where . g is a twice complex differentiable function, defined on open subset of . C, we arrive 
at the equation 

. 2σu g''(2σu) + [2(l + 1) − 2σu] g'(2σu) −
[
(l + 1) − ν

2σ

]
g(2σu) = 0,

which is of the form of Kummer’s equation. Hence, see [ 1, 56], solutions are given by 

. f1 := ul+1e−σuM
(
(l + 1) − ν

2σ
, 2(l + 1), 2σu

)
= ul+1eσuM

(
(l + 1) + ν

2σ
, 2(l + 1), −2σu

)
= (2σ)−(l+1)M ν

2σ , l+ 1
2
(2σu) ,

f2 := ul+1e−σuU
(
(l + 1) − ν

2σ
, 2(l + 1), 2σu

)
= (2σ)−(l+1) W ν

2σ , l+ 1
2
(2σu) , (4.13) 

where the Whittaker functions .M and .U are defined according to [ 1]. If

6 We note that, as a consequence, .−σ2 ∈ C\([0,∞) × {0}). On the other hand, according to the 
asymptotic analysis in Sect. 4.4.1, there are no eigenvalues in the interval .(0, ∞), where  the below  
shown fact is used that eigenfunctions are .C∞. That . 0 is no eigenvalue will be proved later. 
7 Of course, since the operators in question are self-adjoint, there are no non-real spectral values 
which include eigenvalues. On the other hand, considering the cases that .−σ2 is non-real does not 
involve more effort. In addition, we are going to need later the solutions of (4.12) corresponding to 
non-real values of .−σ2. 
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. (l + 1) − ν

2σ
/∈ −N,

these solutions are linearly independent, with Wronskian determinant given by 

. W ( f1, f2) = f1 f
'
2 − f '

1 f2 = − [(2(l + 1))

(2σ)(2l+1)[((l + 1) − ν
2σ )

.

We note that for .(l,m) ∈ .I \{(0, 0)}, . f1 is .L2 close to . 0, and, according to [ 1] 13.5.2, . f2 is 
.L2 close to .∞, but not .L2 close to . 0, see  [  1] 13.5.6, if .(l + 1) − (ν/(2σ)) /∈ −N. Further  
for .l = m = 0, . f1 is .L2 close to . 0 and, according to [ 1] 13.5.2, . f2 is .L2 close to .∞, 

. u2
(

f1
u

)'
= σu2e−σu

[
−M

(
1 − ν

2σ
, 2, 2uσ

)
+
(
1 − ν

2σ

)
M
(
2 − ν

2σ
, 3, 2uσ

)]
→ 0,

for .u → 0, whereas . f2, see  [  1] 13.5.7, is .L2 close to . 0, if .1 − (ν/(2σ)) /∈ −N, but  

. u2
(

f2
u

)'
= −σu2e−σu

[
U
(
1 − ν

2σ
, 2, 2uσ

)
+ 2

(
1 − ν

2σ

)
e−uσ U

(
2 − ν

2σ
, 3, 2uσ

)]
→ −2σ

(
1 − ν

2σ

) 1

[(2 − ν
2σ )

= − 2σ

[(1 − ν
2σ )

,

for .u → 0, see  [  1] 13.5.6 and 13.5.7, if .1 − (ν/(2σ)) /∈ −N, i.e., . f1 is in the domain of 
.UĤ00eU

−1 close to. 0, but. f2 is not in the domain of.UĤ00eU
−1 close to. 0, if. 1 − (ν/(2σ)) /∈

−N. 
In a first step, we investigate the regularity or “smoothness” of eigenfunctions, i.e., how 

“smooth” eigenfunctions are, if existent. For this purpose, we use Theorem 3.4.2 (iv). In 
addition, we choose.σ = (1 + i)/

√
2 such that.σ2 = i Then. f1 and. f2 satisfy the assumptions 

of Theorem 3.4.2 (iv), where 

. D2
p,q =

(
C2(I , C) → C(I , C), f |→ − f '' +

(
−ν

u
+ Δ

u2

)
f

)
.

Hence, the resolvent of the operator .Alm corresponding to .D2
p,q is given by (3.21). If . λ is 

an eigenvalue of .Alm and . f a corresponding eigenvector, then 

. (Alm + σ2) f = (λ + σ2) f

and hence 
. f = (λ + σ2)(Alm + σ2)−1 f .
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Hence, . f is continuous. Reiterating this argument, it follows that . f is .C∞. This argument 
can be used for .(l,m) ∈ I\{(0, 0)}. For  .l = m = 0, this argument applies, too, since it is 
easy to show that also in this case .( Â∗

00 + σ2)−1, where . Â∗
00 is the closure of the extension 

. Â00 of the corresponding .A00, with a domain whose elements satisfy (4.9), is given by 
(3.21), too. Corresponding details are left to the reader. 

✄ 
✂

,

✁

Exercise 12 

Show that .( Â∗
00 + σ2)−1, where  . Â∗

00 is the closure of the extension . Â00 of the corre-
sponding .A00, with a domain whose elements satisfy (4.9), is given by (3.21). 

In the next step, we show that . 0 is no eigenvalue. For this purpose, we need to analyze 
the solutions of 

. f '' +
(

ν

u
− Δ

u2

)
f = 0. (4.14) 

Using the ansatz 
. f (u) = √

u g(2
√

νu )

into (4.2), where . g is a twice differentiable function on . I , we arrive at the equation 

. (2
√

νu )2g''(2
√

νu ) + 2
√

νu g'(2
√

νu )

+ [(2√νu )2 − (4l2 + 4l + 1)] g(2
√

νu ) = 0,

which is of the type of a Bessel equation. Hence, linearly independent solutions are given 
by 

. f3 = √
u J2l+1(2

√
νu ) , f4 = √

u Y2l+1(2
√

νu ) .

According to [  1, 56], these are not square integrable, and hence . 0 is no eigenvalue. 
For the final step, we return to (4.13). Since, see [ 1] 13.1.4, except when 

. (l + 1) − ν

2σ
= 0, −1, −2, . . .

(polynomial cases), for .Re(2σu) > 0, 

. f1(u) ∼|u|→∞ (2σ)−
ν
2σ −(l+1) [(2(l + 1))

[(l + 1 − ν
2σ )

u− ν
2σ eσu

[
1 + O

(
1

2|σ|u
)]

,

it follows that .−σ2 is an eigenvalue of . 2m
h2κ2

Ĥ∗
00e and . 2m

h2κ2
Ĥ∗
lm for .(l,m) ∈ .I\{(0, 0)}, 

respectively, if and only if 

. (l + 1) − ν

2σ
= −n,

for some.n ∈ N and hence if and only if
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Table 4.1 Table of generalized Laguerre polynomials, where.x > 0. For  fixed.l ∈ N,. n runs through 
the natural numbers from.l + 1 to. ∞
.L(2l+1)

n−(l+1)(x) .l = 0 .l = 1 .l = 2 . l = 3

.n = 1 .1 .2 − x . 12

(
6 − 6x + x2

)
. 16

(
24 − 36x + 12x2 − x3

)
.n = 2 .N/A .1 .4 − x . 12

(
20 − 10x + x2

)
.n = 3 .N/A .N/A .1 . 6 − x

.n = 4 .N/A .N/A .N/A . 1

. σ = ν

2(n + l + 1)
.

As a consequence, the set of eigenvalues .σp(Ĥ∗
00e) of .Ĥ∗

00e and the set of eigenvalues 
.σp(Ĥ∗

lm) of .Ĥ∗
00e for .(l,m) ∈ I\{(0, 0)}, respectively, is given by 

Eigenvalues of .Ĥ∗
00e and .Ĥ∗

00e for . (l,m) ∈ I\{(0, 0)}

. σp(Ĥ
∗
00e) = −Z2 me4

2h2
·
(
1

n2
: n ∈ {1, 2, . . . }

)
,

σp(Ĥ
∗
lm) = −Z2 me4

2h2
·
(
1

n2
: n ∈ {l + 1, l + 2, . . . }

)
,

for every (l,m) ∈ I\{(0, 0)},

with corresponding eigenfunctions 

. f1(u) = ul+1e− νu
2n M

(
l + 1 − n , 2(l + 1) ,

νu

n

)

=
(
n + l

2l + 1

)−1

· ul+1e− νu
2n L(2l+1)

n−(l+1)

(νu

n

)
,

and the .L(2l+1)
n−(l+1) are generalized Laguerre polynomials, the latter defined according to [ 1, 

56], i.e., consists of infinitely simple eigenvalues, for every .l ∈ N (Table 4.1). 
We note that in the case of the hydrogen atom .m is the mass of an electron and . e the 

elementary charge. Then 8

8 Here. c denotes the speed of light in vacuum, and.e2/(hc) is the so called fine structure constant.
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. 
me4

2h2
=
(
e2

hc

)2
mc2

2
≈ 13.6 eV.

As a consequence, we have the following relation between the principal quantum number. n
and the orbital angular momentum quantum number 9 . l as  displayed in Table  4.2 

Relationship between the Principal Quantum Number. n and the Orbital Angular 
Momentum Quantum Number . l. 

Table 4.2 Relation between the principal quantum number. n and the orbital angular momentum 
quantum number. l. For  fixed. l, . n runs from.l + 1 to . ∞ 

Another way of displaying this relationship is as follows (Table 4.3): 

Principal Relationship between the Principal Quantum Number . n, the Orbital 
Angular Momentum Quantum Number . l and Magnetic Quantum Number . m. 

Table 4.3 For every.n ∈ N∗,. l runs from. 0 to.n − 1 and for every.l ∈ N∗,. m runs from.−l to. l. 
In spectroscopy, the letters .s, p, d, f , g, . . .  correspond to.l = 0, 1, 2, 3, 4, . . .  , respectively 

9 The quantum number.m is called the magnetic quantum number. 
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Hence for every .n ∈ N∗, the corresponding energy level 

. En := −Z2 me4 

2h2 
· 1 
n2 

is degenerate of the order 

. 

n−1∑
l=0 

(2l + 1) = 2 
n−1∑
l=0 

l + n = 2 
n−1∑
l=1 

l + n = 2 
n − 1 
2 

n + n = n2 . 

In spectroscopy, the corresponding eigenstates are designated by the non-vanishing natural 
number. n, followed by a letter (s, p, d, f, g, ...) indicating the value of. l. The quantum number 
.m is not mentioned. Thus the ground state is a . 1s state, the first-excited state is four-fold 
degenerate and contains one. 2s state and three. 2p states; the second-excited state is nine-fold 
degenerate and contains one . 3s state, three . 3p states and five . 3d states;  and so forth.  

4.4.4 Corresponding Normalized Eigenfunctions 

Eigenvectors of the Hamiltonian .H in the Position Representation 

With the help of Lemma 12.9.29, we arrive at the following family of normalized 
eigenfunctions .(elmn)(l,m,n)∈I×{l+1,l+2,... } of the Hamiltonian . H , where for every 
.(l, m, n) ∈ I × {l + 1, l + 2, . . .  }, .elmn : R3\({(0, 0)} ×  R) → C, defined by 

. elmn(u) 

=
/

1 

8π 
· (2l + 1) · (l − m)! 

(l + m)! · 
[n − (l + 1)]! 
n(n + l)!

(ν 
n

)3 

·
(

ν|u| 
n

)l 
e− ν|u| 

2n L(2l+1) 
n−(l+1)

(
ν|u| 
n

)
· Pm 

l

(
u3 
|u|
)

·
(

u1 + iu2 
|u1 + iu2|

)m 
, 

for every .u = (u1, u2, u3) ∈ R3\({(0, 0)} ×  R), where  

. ν := 
2mZe2

h2κ 
, 

the associated Legendre polynomials of the first kind .Pm 
l are defined according to 

Lemma 2.4.2 and the generalized Laguerre polynomials.L(2l+1) 
n−(l+1) are defined accord-

ing to [ 1, 56], is a normalized eigenvector of .H corresponding to the eigenvalue 

.En := −Z2 me4 

2h2 
· 1 
n2 

= −Z2
(
e2

hc

)2 
mc2 

2 
· 1 
n2 

. 
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In the following, we choose the scale . κ 

.κ :=
(

h
2 

me2

)−1 

, (4.15) 

implying that 
. ν = 2Z . 

For the case of the hydrogen atom,.Z = 1,. m is the mass of an electron and. e the elementary 
charge. Then 10 . κ is the inverse of the so called “Bohr radius” . a0, defined by 

. a0 := h
2 

me2 
=
(
e2

hc

)−1
h

mc 
≈ 0.53 · 10−10 m = 0.53Å. 

We note that for every .(l, m, n) ∈ I × {l + 1, l + 2, . . .  }, 

. (Uelmn)(u, θ, ϕ) 

=
/(ν 

n

)3 [n − (l + 1)]! 
2n(n + l)!

(νu 

n

)l 
e− νu 

2n L(2l+1) 
n−(l+1)

(νu 

n

)
Ylm(θ, ϕ) ,  

for all .(u, θ, ϕ) ∈ (0, ∞) × (0, π) × (−π, π). 
Further, we note that all eigenvectors are axially symmetric, i.e., rotational symmetric 

around the.u3-axis. Indeed, this is due to our decomposition and not a physical feature. It is 
not difficult to give a decomposition that singles out any given axis through the origin and 
that leads to eigenvectors of .H that are axially symmetric around that axis. 

Probability Distributions Associated with the Eigenvectors of the Hamiltonian 
.H and Position Measurement 

Using the scale (4.15), the probability distribution corresponding to the position mea-
surement of the particle and the state .C

∗.elmn is given by 

. | elmn(u)|2 

= 
1 

8π 
· (2l + 1) · (l − m)! 

(l + m)! · 
[n − (l + 1)]! 
n(n + l)!

(
2Z 

n

)3 

·
(
Z |u| 
2

)2l 
e− 2Z |u| 

n

[
L(2l+1) 
n−(l+1)

(
2Z |u| 
n

)]2 
·
[
Pm 
l

(
u3 
|u|
)]2 

, 

for every ..u = (u1, u2, u3) ∈ R3\{(0, 0, 0)} (Figs. 4.1 and 4.2). 

10 If .m is the mass of an electron and . e the elementary charge, the quantity .a0 := h
2 

me2 
is called the 

“Bohr radius” and.
h
mc is the reduced Compton wavelength of the electron. 
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To facilitate the interpretation of the graphics of some of the orbitals of the hydrogen atom 
later on, we give the following reminder. If the particle is in the state .C∗.elmn , 11 for some 
.(l, m, n) ∈ I × {l + 1, l + 2, . . .  }, the probability of finding the position of the particle to 
belong to the interval .I1× I2× I3 in physical space, where 

. Ik = [akκ−1, bkκ−1], 

.ak ∈ R, .bk ∈ R, .ak > bk are dimensionless, for every .k ∈ {1, 2, 3}, is given  by  

. 

∫
[a1,b1]×[a2,b2]×[a3,b3] 

|elmn(u)|2 du1du2du3 

=
∫
I1×I2×I3 

κ3|elmn(κ x)|2 dx1dx2dx3, 

where .x = (x1, x2, x3) ∈ R3 are points in physical space. As we already know, in a posi-
tion representation, the coordinates .u1, u2, u3 of points .u = (u1, u2, u3) in the domains 
of functions belonging to the representation space can be interpreted as numbers whose 
multiplication by the unit of length .κ−1 lead to a point .κ−1u = (κ−1u1, κ−1u2, κ−1u3) in 
physical space. In the case of a hydrogen atom, .κ−1 is given by the Bohr radius . a0. 

4.4.5 Continuous Spectrum of . Ĥ∗ 
00e and . Ĥ∗ 

lm 
for .(l, m) ∈ . I\{(0, 0)} 

For .λ > 0, we showed in Sect.  4.4.1 the existence of corresponding linearly independent 
solutions . f ∈ C2(I , C) and .R ∈ C1

(
I , C2

)
of 

. − f '' +
(

− 
ν 
u 

+ Δ

u2

)
f − λ f = 0 

such that 

. f = exp(i
√

λ h) · (1 + R1), f ' = exp(i
√

λ h) · (i√λ · h' + R2), 
lim 
u→∞ |R(u)| = 0. 

We note that, since 
. lim 
u→∞ |R(u)| = 0, 

there is .u0 > 1 such that 
.| f (u)| = |1 + R1(u)| < 1 

2 
, 

11 The analogous is true for any other state .C∗. f , where. f ∈ L2 
C (R

3) is such that .|| f ||2 = 1. 
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Fig. 4.1 Contour plots of the restrictions to the .u2, u3-plane of the probability distributions corre-
sponding to . 1s, . 2s, .2 p, .3p and .3d states. Relatively darker colors indicate relatively higher proba-
bilities. The complete distribution is obtained by rotation around the.u3-axis 
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Fig.4.2 Region plots of the probability distributions corresponding to. 1s,. 2s,.2 p,.3p and.3d states of 
the hydrogen atom and probabilities larger than.0.1, 0.0005, 0.003, 0.001 and.0.0001, respectively 
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for .u < u0. Further, let .ϕ ∈ C2 
0 (I , C) be non-trivial and such that 

. supp(ϕ) ⊂ [u0, ∞). 

We define for .μ ∈ N∗, . fμ ∈ C2 
0 (I , C) by 

. fμ := μ−1/2 ϕ

(
u 

μ

)
· f . 

Then 

. || fμ||2 2 = μ−1
||||||||ϕ
(
u 

μ

)
· f
||||||||
2 

2 
= μ−1

∫ ∞ 

0

||||ϕ
(
u 

μ

)||||
2 

· |  f (u)|2 du

> C2 
f μ

−1
∫ ∞ 

0

||||ϕ
(
u 

μ

)||||
2 

du = C2 
f ||ϕ||2 2, 

where .C f > 0 is such that 
. | f (u)| > C f . 

for every .u < u0. We note that 

. || fμ||2 2 = μ−1
∫ ∞ 

0

||||ϕ
(
u 

μ

)||||
2 

· |  f (u)|2 du < (4μ)−1
∫ ∞ 

0

||||ϕ
(
u 

μ

)||||
2 

du = ||ϕ||2 
4 

, 

and hence that 

. 
1

|| fμ||2 > 2

||ϕ||2 , 

for every .μ ∈ N∗. In addition, let .C f ' > 0 such that 

. | f '(u)| > C f ' . 

for every .u < 1. We note that such .C f ' > 0 exists, in particular, since 

. h'(u) >
/
1 + 

ν 
λ 

, 

for every .u < 1. Hence, it follows that 

. − f ''
μ +

(
− 

ν 
u 

+ Δ

u2

)
fμ − λ fμ = −  

2 

μ3/2 ϕ
'
(
u 

μ

)
f ' − 

1 

μ5/2 
ϕ''
(
u 

μ

)
f 

and 
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. 

||||||||− f ''
μ +

(
− 

ν 
u 

+ Δ

u2

)
fμ − λ fμ

||||||||
2

> 2 

μ3/2

||||||||ϕ'
(
u 

μ

)
f '
||||||||
2 

+ 1 

μ5/2

||||||||ϕ''
(
u 

μ

)
f

||||||||
2 

= 2 

μ3/2

[∫ ∞ 

0

||||ϕ'
(
u 

μ

)||||2 | f '|2 du
]1/2 

+ 1 

μ5/2

[∫ ∞ 

0

||||ϕ''
(
u 

μ

)||||2 | f |2 du
]1/2

>
2C f '

μ3/2

[∫ ∞ 

0

||||ϕ'
(
u 

μ

)||||2 du
]1/2 

+ 
C f 
μ5/2

[∫ ∞ 

0

||||ϕ''
(
u 

μ

)||||2 du
]1/2 

= 
2C f '

μ
||ϕ'||2 + 

C f 
μ2

||ϕ''||2. 

As a consequence, 

. lim 
μ→∞

||||||||− f ''
μ +

(
− 

ν 
u 

+ Δ

u2

)
fμ − λ fμ

||||||||
2 

= 0. 

Therefore, we conclude from Theorem 12.5.3 that 

. σ( Ĥ∗
00e) ⊃ (0, ∞), σ( Ĥ∗ 

lm) ⊃ (0, ∞) 

and, since spectra of DSLO are closed subsets of . R, that  

. σ( Ĥ∗
00e) ⊃ [0, ∞), σ( Ĥ∗ 

lm) ⊃ [0, ∞), 

for every .(l, m) ∈ I\{(0, 0)}. 

4.4.6 The Spectrum of . Ĥ∗ 
00e and . Ĥ∗ 

lm 
for .(l, m) ∈ . I\{(0, 0)} 

Summarizing our results concerning the spectra of the reduced operators, we have that 

. σ( Ĥ∗
00e) ⊃ −Z2 me4 

2h2

(
1, 

1 

4 
, 
1 

9 
, . . .

)
∪ [0, ∞), 

σ( Ĥ∗ 
lm) ⊃ −Z2 me4 

2h2

(
1 

(l + 1)2 
, 

1 

(l + 2)2 
, . . .

)
∪ [0, ∞). 

for every.(l, m) ∈ I\{(0, 0)}. In the following, we are going to show that these sets related 
by inclusion signs are actually equal. 
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The Spectra of . Ĥ∗
00e and . Ĥ∗ 

lm for . (l, m) ∈ I\{(0, 0)} 
are given by 

.σ( Ĥ∗
00e) = −Z2 me4 

2h2

(
1, 

1 

4 
, 
1 

9 
, . . .

)
∪ [0, ∞), (4.16) 

. σ( Ĥ∗ 
lm) = −Z2 me4 

2h2

(
1 

(l + 1)2 
, 

1 

(l + 2)2 
, . . .

)
∪ [0, ∞), 

for every .(l, m) ∈ I\{(0, 0)}. 

For this purpose, we go back to the Hamiltonian . ¯̂H1, see  (4.10), from Sect. 4.4.2. It  

follows from Theorem 12.9.5 in the Apppendix, that the set of eigenvalues .σp( ¯̂H1) of . ¯̂H1 

is given by 

. σp( ¯̂H1) = 
∞U
l=0 

−Z2 me4 

2h2

(
1 

(l + 1)2 
, 

1 

(l + 2)2 
, . . .

)
. 

Since .σp( ¯̂H1) is a discrete set, consisting of simple eigenvalues, it follows that the discrete 

spectrum .σd ( ¯̂H1) of . ¯̂H1 coincides with .σp( ¯̂H1). Since the essential spectrum .σe( ¯̂H1) of 
. 
¯̂H1 is given by .[0, ∞), see  (4.11), it follows that the spectrum.σ( ¯̂H1) of . ¯̂H1 is given by 

The Spectrum .σ( ¯̂H1) of . ¯̂H1 

is given by 

.σ( ¯̂H1) = [0, ∞) ∪ 
∞U
l=0 

−Z2 me4 

2h2

(
1 

(l + 1)2 
, 

1 

(l + 2)2 
, . . .

)
. (4.17) 

Finally, via Theorem 12.9.5, the latter implies (4.16). 
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✄ 
✂

,

✁

Exercise 13 

The reduced operators, corresponding to the distance of the particle from the origin 
coincide with the maximal multiplication operator with the function 

. T = 
1 

κ 
idI , 

and the reduced operators, corresponding to the component of the velocity of the particle 
tangential to concentric circles around the axis .{0} × {0} ×  R, are given by the maximal 
multiplication operators with the function 

. Tm = m
hκ 
m 

1 

idI 
, 

where.m ∈ Z. Calculate the expectation values of these operators in the states correspond-
ing to the eigenfunction.elmn ,.(l, m, n) ∈ I × {l + 1, l + 2, . . .  }, and compare the latter 
to the speed of light. 



5Motion in an Axially-Symmetric Force Field 

In a position representation, the minimal Hamiltonian for a particle subject to an axially-

symmetric potential .V ◦ (

/
u21 + u22 , u3), where for every .k ∈ {1, 2, 3} the corresponding 

.uk denotes the projection of .R3 onto the . kth coordinate and .V : (0, ∞) × R → R is a 
continuous function, is given by 

. Ĥ0 =
(

C2
0 (R

3, C) → L2
C
(R3)

f |→ − h
2κ2

2m Δ f + [
V ◦ (

/
u21 + u22 , u3)

] · f

)
,

where we assume that .
[
V ◦ (

/
u21 + u22 , u3)

] · f ∈ L2
C
(R3), for every . f ∈ C2

0 (R
3, .C). 

With the help of Lemma 1.2.1, it follows that the operator .Ĥ0 is densely-defined, linear 
and symmetric. In the following, we are going to use the axial symmetry of the system to 
define the Hamiltonian as a direct sum of a countable number of densely-defined, linear and 
symmetric operators. For this, in a first step, we change the representation, using a unitary 
transformation .U induced by cylindrical coordinates. 
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5.1 A Change of Representation Induced by Introduction 
of Cylindrical Coordinates 

First, we note the following Lemmas, whose proof is left to the reader. 

Lemma 5.11 (Transformation of the Laplace Operator into Cylindrical Coordinates) For 
this, let .Ω ⊂ R

3 \ ({0} × {0} × R) be non-empty and open. In addition, let .Ωcyl ⊂ R
3 be a 

non-empty open subset such 
. g(Ωcyl) = Ω ,

where .g ∈ C∞(R3, R
3) is defined by 

. g(u, ϕ, z) := (u cos(ϕ), u sin(ϕ), z)

for all .(u, ϕ, z) ∈ R
3. Finally, let . f ∈ C2(Ω, R). Then 

. (Δ f )(g(u, ϕ, z)) = ∂2 f̄

∂u2
(u, ϕ, z) + 1

u

∂ f̄

∂u
(u, ϕ, z) + 1

u2
∂2 f̄

∂ϕ2 (u, ϕ, z)

+ ∂2 f̄

∂z2
(u, ϕ, z) (5.1) 

for all .(u, ϕ, z) ∈ Ωcyl , where . f̄ ∈ C2(Ωcyl , R) is defined by 

. f̄ (u, ϕ, z) := ( f ◦ g)(u, ϕ, z) = f (u cos(ϕ), u sin(ϕ), z)

for all .(u, ϕ, z) ∈ Ωcyl . 

✄ 
✂

,

✁

Exercise 14 

Prove Lemma 5.11. 

Lemma 5.12 (Transformation of .L̂30 into Cylindrical Coordinates) For this, let . Ω ⊂ R
3

be non-empty and open. In addition, let .Ωsph ⊂ R
3 be a non-empty open subset such 

. g(Ωsph) = Ω ,

where .g ∈ C∞(R3, R
3) is defined by 

. g(u, ϕ, z) := (u cos(ϕ), u sin(ϕ), z) ,

for all .(u, ϕ, z) ∈ Ωsph. Finally, let . f ∈ C1(Ω, R). Then  

.

(
u1

∂ f

∂u2
− u2

∂ f

∂u1

)
(g(u, ϕ, z)) = ∂ f̄

∂ϕ
(u, ϕ, z) , (5.2)



5.1 A Change of Representation Induced by Introduction of Cylindrical Coordinates 163 

for all .(u, ϕ, z) ∈ Ωsph, where . f̄ ∈ C1(Ωsph, R) is defined by 

. f̄ (u, ϕ, z) := ( f ◦ g)(u, ϕ, z) = f (u cos(ϕ), u sin(ϕ), z) ,

for all .(u, ϕ, z) ∈ Ωsph. 

The map . g induces the unitary transformation 

. U : L2
C
(R3) → L2

C
(Ω, u) ,

where .Ω := (0, ∞) × (−π, π) × R, defined by 

.U f := f ◦ g|Ω , (5.3) 

for every . f ∈ L2
C
(R3). The inverse .U−1 of .U is given by 

. U−1 f := f ◦ (g|Ω)−1 ,

for every . f ∈ L2
C
(Ω, u), where .(g|Ω)−1 : R

3\Z → Ω is given by 

. (g|Ω)−1(u) =
⎧
⎨
⎩

(

/
u21 + u22 , arccos(u1/

/
u21 + u22 ) , u3) if u2 > 0

(

/
u21 + u22 , − arccos(u1/

/
u21 + u22 ) , u3) if u2 < 0

for all.u = (u1, u2, u3) ∈ R
3\Z. Here,.Z := (−∞, 0] × {0} × R is a closed Lebesgue zero 

set. The proof that .U is indeed a unitary linear transformation is mainly an application of 
Lebesgue’s change of variable formula and is left to the reader. 

✄ 
✂

,

✁

Exercise 15 

Show that .U is a unitary linear transformation. 

As a consequence of Lemma 5.11, it follows that .U Ĥ0U−1 is given by 

. U Ĥ0U
−1 f = −h

2κ2

2m

(
∂2

∂u2
+ 1

u

∂

∂u
+ 1

u2
∂2

∂ϕ2 + ∂2

∂z2
− 2m

h2κ2 V (u, z)

)
f

= −h
2κ2

2m

(
1

u

∂

∂u
u

∂

∂u
+ 1

u2
∂2

∂ϕ2 + ∂2

∂z2
− 2m

h2κ2 V (u, z)

)
f ,

for every. f ∈ C2
0 (Ω, C), where.u, ϕ, z denote the coordinate projections of.R3 onto the. 1st, 

. 2nd and . 3rd component, respectively.
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5.2 Reduction of . Ĥ0

We decompose .X := L2
C
(Ω, u) into subspaces .Xm , .m ∈ Z, using  that  

. 

(
1√
2π

· eim.id(−π,π) : m ∈ Z

)

is a Hilbert basis for .L2
C
(−π, π), see Lemma 2.4.2. For this purpose, we use the following 

notation: 
. I := (0, ∞) , J := (−π, π)

and for each . f ∈ L2
C
(I × R, u), where  . u denotes the projection of .I × R onto the . 1st 

component, and each .g ∈ L2
C
(J ), the corresponding . f ⊗ g ∈ X is defined by 

. ( f ⊗ g)(u, ϕ, z) := f (u, z) · g(ϕ),

for all .(u, z) from the domain of . f and all . ϕ from the domain of . g. 
For every .m ∈ Z, the space .Xm is then given by the range of the linear isometry . Um :

L2
C
(I × R, u) → X , defined by 

.Um f := 1√
2π

f ⊗ eim.idJ , (5.4) 

for all . f ∈ L2
C
(I × R, u). 

The fact that .Um is isometric is not difficult to prove by using Fubini’s theorem. The 
pairwise orthogonality of the subspaces.Xm of. X for all.m ∈ Z follows from the orthogonality 
of the family 

. 

(
1√
2π

eim.idJ

)

m∈Z

.

Finally, the fact that the span of the union of all .Xm , .m ∈ Z, is dense  in .X is a consequence 
of the completeness of the previous family in .L2

C
(J ). 

The corresponding sequence of dense subspaces.Dm of.Xm , needed for an application of 
Lemma 2.2.2, is chosen as follows: 

. Dm := UmC
2
0 (I × R, C) ,

for every .m ∈ Z. That these spaces are also subspaces of 

. D(U Ĥ0U
−1) = U (C2

0 (R
3, C))

follows from the fact that for every . f ∈ C2
0 (I × R, C), we have that
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. (Um f )(u, ϕ, z) = 1√
2π

( f ⊗ eim.idJ )(u, ϕ, z)

= 1√
2π

f (u, z) eimϕ = 1√
2π

f (u, z) (eiϕ)m

= 1√
2π

f (|u cos(ϕ) + iu sin(ϕ)|, z)
|u cos(ϕ) + iu sin(ϕ)|m [u cos(ϕ) + iu sin(ϕ)]m

= h(u cos(ϕ), u sin(ϕ), z) = (Uh)(u, ϕ, z) ,

for every .(u, ϕ, z) ∈ Ω, where .h : R
3 → C is defined by 

. h(u1, u2, u3) := 1√
2π

f (|u1 + iu2|, u3)
|u1 + iu2|m (u1 + iu2)

m ,

for every .u = (u1, u2, u3) ∈ R
3. We note that .h ∈ C2

0 (R
3, C). 

Further, for every .m ∈ Z and . f ∈ C2
0 (I × R, C), it follows that 

. U Ĥ0U
−1( f ⊗ eim.idJ )

= −h
2κ2

2m
·
[(

1

u

∂

∂u
u

∂

∂u
− m2

u2
− 2m

h2κ2 V (u, z) + ∂2

∂z2

)
f

]
⊗ eim.idJ ,

where . u and . z denote the projection of .I × R onto the . 1st and . 2nd component, 
respectively. 

5.3 Motion of a Charged Particle in a Homogeneous Magnetic Field 

As an example of the motion of a particle subject to an axisymmetric force field, we consider 
the motion of a charged particle with charge .q /= 0, in a constant magnetic field in the 
direction of the. 3rd coordinate axis, using the notation from Sect. 2.10. In particular,.Ω = R

3, 
.ρ = 0, . →j = →0 , and  

. φ(x1, x2, x3) = 0 , →A(x1, x2, x3) = 1

2
t (−Bx2, Bx1, 0) ,

for every .(x1, x2, x3) ∈ R
3, where .B /= 0 has the dimension .(m/l)1/2/t . Then 

. →∇ · →A = 0 , Δ →A = →0 ,

and hence (2.27) and (2.28) are satisfied. Further, from (2.26), it follows that
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. →E = →0 , →B = →∇ × →A = t (0, 0, B) ,

i.e., there is no electric field, but only a constant magnetic field in the direction of the . 3rd 
coordinate axis. 

In classical physics, the kinetic energy of the particle as well as the component of the 
velocity of the particle into the direction of the magnetic field are constants of motion. The 
Lorentz force exerted on the particle by the magnetic field forces the particle into a helical 
motion around an axis through the point 

. 

(
x1(0) + mc

qB
v2(0), x2(0) − mc

qB
v1(0), 0

)

that is parallel to the. 3rd coordinate axis. Here.x1(0), .x2(0) and.v1(0), .v2(0) are the compo-
nents of the position and initial velocity, respectively, of the particle in the direction of the 
. 1st and . 2nd coordinate axis. The distance of the motion to this axis is given by 

. 

/
v21(0) + v22(0)

mc

|qB| ,

the frequency of the circular motion, given by the projection of the motion into the coordinate 
plane spanned by the . 1st and . 2nd coordinate axis, by 

.ω := |qB|
mc

, (5.5) 

and the rotation in this plane is clockwise if.qB > 0 and counterclockwise if.qB < 0. Since  
. →E = 0, the energy density . ε of the electromagnetic field is constant, given by 

. ε = 1

8π
B2 .

Hence, the energy content of the electromagnetic field is infinite, which is not physical. On 
the classical level, this idealization does not create problems, since the motion orthogonal 
to the magnetic field stays bounded, whereas the motion parallel to the magnetic field is 
free, i.e., particles never “sense” the infinite extension of the magnetic field. Similar is true 
for quantum mechanics, since the spectrum of the Hamilton operator corresponding to the 
system is bounded from below. More precisely, the lowest possible energy is given.

1
2h times 

the frequency of the classical circular motion (5.5), 

. 
1

2
hω,

Equation (5.16), signaling absorption of energy from the magnetic field. For an electron 
subject to a magnetic field of.100 G, the strength of standard magnets that, e.g., are attached 
to fridges,
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. 
1

2
hω ≈ 0.58 · 10−6 eV .

The situation is different for an electromagnetic field, solely due to constant electric field, 
that causes unbounded motion, i.e., particles do sense the infinite extension of such a field. 
Indeed, in this case the spectrum of the Hamilton operator corresponding to the quantum 
mechanical system is not bounded from below, which is not physical, since opening the 
possibility of extraction of an infinite amount of energy from the system. For this reason, 
the associated quantum system is not considered in this book. 

In quantum mechanics, a candidate for a minimal Hamiltonian 

. Ĥ00 : C2
0 (R

3, C) → L2
C
(R3) ,

of the physical system is given by 

. Ĥ00 f = (hκ)2

2m

[
−Δ − αB

κ2q
· 1
i
t (−u2, u1, 0) · →∇ + α2B2

4κ4q2
(u21 + u22)

]
f

= (hκ)2

2m

[
−Δ − αB

κ2q
· 1

h
L̂30 + α2B2

4κ4q2
(u21 + u22)

]
f ,

for every . f ∈ C2
0 (R

3, C), where 

. α := q2

hc
> 0 .

Then, for every .m ∈ Z and . f ∈ C2
0 (I × R, C), it follows that 

. U Ĥ00U
−1( f ⊗ eim.idJ )

= h
2κ2

2m
·
[(

−1

u

∂

∂u
u

∂

∂u
+ m2

u2
+ β2u2 − ∂2

∂z2
− 2mβ

)
f

]
⊗ eim.idJ ,

where 

. β := αB

2κ2q
= 1

4

qB
mc
hκ2

2m

/= 0 ,

is dimensionless and . u and . z denote the projection of .I × R onto the . 1st and . 2nd 
component, respectively. 

In the following, we are going to follow a different approach for the definition of the 
Hamilton operator of the system that uses an orthogonal decomposition of.X := L2

C
(Ω, u). 

For this purpose, in a first step, we are going to find a Hilbert basis of eigenfunctions of, 
(if .m = 0, an appropriate extension of), the densely-defined, linear and symmetric Sturm– 
Liouville operator
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. Sm :=
⎛
⎝ C2

0 (I ) → L2
C
(I , u)

f |→ − 1
u (u f ')' +

)
m2

u2
+ β2u2

)
f

⎞
⎠ ,

where . u denotes the identical function on . I . For this purpose, we use the Hilbert space 
isomorphism.V : L2

C
(I , u) → L2

C
(I ), defined by 

. V f := u1/2 f ,

for every . f ∈ L2
C
(I , u). The inverse .V−1 : L2

C
(I ) → L2

C
(I , u) is given by 

. V−1 f := u−1/2 f ,

for every . f ∈ L2
C
(I ). Then .Sm := V SmV−1 : C2

0 (I , C) → L2
C
(I ) is given by 

. Sm f = − f '' +
(
m2 − 1

4

u2
+ β2u2

)
f ,

for every . f ∈ C2
0 (I , C) (Fig. 5.1). 

5.3.1 Construction of a Hilbert Basis of . L2
C
(0,∞)

For the construction of the Hilbert basis .(emn)n∈N of .L2
C
(I ), we note that .Sm is induced by 

the linear differential operator 

. D2
1R,

)
m2− 1

4

)
u−2+β2u2

:=
(
C2(I , C) → C(I , C), f |→ − f '' +

(
m2 − 1

4

u2
+ β2u2

)
· f

)
,

where.1I denotes the constant function of value. 1 on. I and. u denotes the identical function 
on . I . 

In the following, we consider the solutions of the ordinary differential equation 

.

(
D2
1R,

)
m2− 1

4

)
u−2+β2u2

− λ

)
f = 0 , (5.6) 

where .λ ∈ C. For this purpose, we note that if .g ∈ C2(I , C) is a solution of the confluent 
hypergeometric differential equation 

.vg ''(v) + (|m| + 1 − v) g '(v) −
( |m| + 1

2
− λ

4|β|
)

g(v) = 0 , (5.7)
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Fig. 5.1 Graphs of the potentials of .Sm for .m = 0 and.m = 1. In both cases. β = 1

for every .v ∈ R, then . f ∈ C2(I , C), defined by 

. f (u) := u|m|+ 1
2 e− |β|u2

2 g(|β|u2) ,

for every .u ∈ I , is a solution of (5.6). 
Hence for .λ = 2(|m| + 1)|β|, such that 

. 
|m| + 1

2
− λ

4|β| = 0 ,

two linearly independent solutions of (5.7) are given by .g1, g2 : I → R, defined by 

. g1(v) := 1 , g2(v) :=
∫ v

1

ev

v|m|+1 dv ,

for every .v ∈ I , and hence two linearly independent solutions of (5.6) are given by . f1, f2 :
I → R, defined by 

. f1(u) := u|m|+ 1
2 e− |β|u2

2 , f2(u) := f1(u)

∫ |β|u2

1

ev

v|m|+1 dv ,

for every .u ∈ I . We note for .|u| < 1/
√|β| that 

. 

|||||
∫ |β|u2

1

ev

v|m|+1 dv

||||| =
∫ |β|u2

1

ev

v|m|+1 dv < 1

(|β|u2)|m|+1

∫ |β|u2

1
ev dv = e|β|u2 − e

(|β|u2)|m|+1

and hence that 

. | f2(u)| < u|m|+ 1
2 e− |β|u2

2
e|β|u2 − e

(|β|u2)|m|+1 = 1

|β||m|+1 u
−( |m|+ 3

2 )( e
|β|u2
2 − e1−

|β|u2
2 ) .

Therefore, . f1 is .L2 at .∞, whereas . f2 is not .L2 at .∞. Hence, we arrive at the following 
result.
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The differential operator .D2
1R,

)
m2− 1

4

)
u−2+β2u2

is of limit point type at .∞. 

Further, we note for .m /= 0 and .|u| > 1/
√|β| that 

. 

|||||
∫ |β|u2

1

ev

v|m|+1 dv

||||| =
∫ 1

|β|u2
ev

v|m|+1 dv <
∫ 1

|β|u2
dv

v|m|+1 = 1

|m|
[
(|β|u2)−|m| − 1

]

and hence that 

. | f2(u)| < u|m|+ 1
2 e− |β|u2

2
1

|m|
[
(|β|u2)−|m| − 1

]

= 1

|m||β||m|
)
u

1
2−|m| − |β||m|u|m|+ 1

2

)
e− |β|u2

2 .

Therefore, . f1 is .L2 at . 0, whereas . f2 is not .L2 at . 0. As a consequence, the following is true. 

If .m /= 0, then .D2
1R,

)
m2− 1

4

)
u−2+β2u2

is of limit point type at . 0. 

Even further, we note for .m = 0 and .|u| > 1/
√|β| that 

. 

|||||
∫ |β|u2

1

ev

v
dv

||||| =
∫ 1

|β|u2
ev

v
dv > e ·

∫ 1

|β|u2
dv

v
= e | ln(|β|u2)|

and hence that 

. | f2(u)| > e u
1
2 | ln(|β|u2)| e− |β|u2

2 .

Therefore, . f1 and . f2 are both .L2 at . 0. Hence, we arrive at the following result. 

If .m = 0, then .D2
1R,

)
m2− 1

4

)
u−2+β2u2

is of limit circle type at . 0. 

Summarizing the previous, we conclude that the following is true.
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The ordinary differential operator 

. D2
1R,

)
m2− 1

4

)
u−2+β2u2

is of limit circle type at. 0, if.m = 0, is of limit point type at. 0, if.m /= 0, and is of limit 
point type at .∞. As a consequence,.Sm is essentially self-adjoint for.m /= 0, whereas 
the deficiency indices of .S0 are equal to . 1. 

In particular, since.Sm is essentially self-adjoint if.m /= 0, the corresponding self-adjoint 
extension is given by its adjoint .S∗

m . from the general theory for Sturm–Liouville operators 
(see, e.g., [ 80]), it follows that the following is true. 

A Larger Core for .Sm if . m /= 0

The subspace 

. Dm :=
(
f ∈ C2(I , C) ∩ L2

C
(I ) : − f '' +

(
m2 − 1

4

u2
+ β2u2

)
· f ∈ L2

C
(I )

)

of .L2
C
(I ) is  a core for .S̄m . For every . f ∈ Dm , 

. S̄m f = − f '' +
(
m2 − 1

4

u2
+ β2u2

)
· f .

Later, we are going to show that the eigenvectors of .S̄m , .m /= 0, are elements of .Dlm . 
In the following, we are going to construct the self-adjoint extensions of .S0, by using 

the method described in Sect. 4.4.2. For the application of this method, we let . π denote 
the canonical projection of .D(S∗

0 ) onto the quotient space .D(S∗
0 )/D(S̄0) and define . ( , ) :

(D(S∗
0 )/D(S̄0))

2 → C by 

. ( f + D(S̄0), g + D(S̄0)) := i (
(
S∗
0 f |g)2 − (

f |S∗
0 g

)
2) ,

for all. f , g ∈ D(S∗
0 ), where.( | )2 denotes the scalar product of.L2

C
(J ). Since both deficiency 

indices of.S0 are equal to. 1,.D(S∗
0 )/D(S̄0) is a.2-dimensional complex vector space and. ( , )

defines an inner product (i.e., a nondegenerate symmetric sesquilinear form) of signature 
.(1, 1) on .D(S∗

0 )/D(S0). A subspace .D of .D(S∗
0 ) “is” the domain of a linear self-adjoint
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extension of .S0 if and only if .π(D) is a maximal null space of .(D(S∗
0 )/D(S̄0), (, )), i.e., iff 

the equality 

. π(D) = { f + D(S̄0) ∈ D(S∗
0 )/D(S̄0) : ( f + D(S̄0), g + D(S̄0)) = 0,

for all g ∈ D}

is valid. Hence, given an orthonormal basis . f1 + D(S̄0), f2 + D(S̄0) of . (D(S∗
0 )/D(S̄0),

( , )), i.e., 
. ( f j + D(S̄0), fk + D(S̄0)) = η jk ,

for . j, k ∈ {1, 2}, where: 

. η11 = 1 , η22 = −1 , η12 = η21 = 0 ,

constructed below, the domains of linear self-adjoint extensions of .S0 can be seen to be 
given by the sequence .(Dγ)γ∈[0,π) of pairwise different subspaces of .D(S∗

0 ), where  

. Dγ := { f ∈ D(S∗
0 ) : i (

(
S∗
0 ( f1 + e2iγ f2)| f

)
2
−

(
f1 + e2iγ f2|S∗

0 f
)
2
) = 0} ,

for .γ ∈ [0, π). By the general theory for Sturm–Liouville operators (see, e.g., [ 80]), 

. D0 := { f : f ∈ C2(I , C) ∩ L2
C
(I ) and − f '' +

(
− 1

4u2
+ β2u2

)
f ∈ L2

C
(I )}

defines a core for .S∗
0 , and for . f ∈ D0 the corresponding .S∗

0 f is given by 

. S∗
0 f = − f '' +

(
− 1

4u2
+ β2u2

)
f .

Hence for . f , g ∈ D0, 

. ( f + D(S̄0), g + D(S̄0)) := i (
(
S∗
0 f |g)2 − (

f |S∗
0 g

)
2)

= i
∫ ∞

0

(
f ∗g' − f '∗g

)'
du .

We note that 
. g1 := −hu1/2 ln(u) , g2 := hu1/2 ,

where .h ∈ C∞(I , R) is an otherwise arbitrary auxiliary function which is equal to . 1 on 
.(0, 1/4] and is equal to . 0 on .[3/4, ∞) (such a function is of course easy to construct), are 
linearly independent elements of .D0 satisfying 

.(g1 + D(S̄0), g1 + D(S̄0)) = (g2 + D(S̄0), g2 + D(S̄0)) = 0 ,

(g1 + D(S̄0), g2 + D(S̄0)) = −i , (g2 + D(S̄0), g1 + D(S̄0)) = i .
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As a consequence, defining 

. f1 :=
√
2

2
(g1 + ig2) , f2 :=

√
2

2
(g1 − ig2) = f ∗

1 ,

we obtain 

. ( f1 + D(S̄0), f1 + D(S̄0)) = 1 , ( f2 + D(S̄0), f2 + D(S̄0)) = −1 ,

( f1 + D(S̄0), f2 + D(S̄0)) = ( f2 + D(S̄0), f1 + D(S̄0)) = 0 ,

i.e., . f1 + D
(
S̄0

)
, f2 + D

(
S̄0

)
is an orthonormal basis of .(D(S∗

0 )/D(S̄0), ( , )). (In par-
ticular, it follows that both . f1 and . f2 are not contained in the domain of .S̄0.) Hence by 
.(S∗

0 |Dγ )γ∈[0,π) it is given a sequence of pairwise different linear self-adjoint extensions of 
.S∗
0 which includes all linear self-adjoint extension of .S0. Furthermore, for any . γ ∈ [0, π)

the subspace .Dγ ∩ D0 and .D'
γ defined below are cores for .S∗

0 |Dγ . We note that 

. Dγ ∩ D0

=
(
f ∈ C2(I , C) ∩ L2

C
(I ) : − f '' +

(
− 1

4u2
+ β2u2

)
f ∈ L2

C
(I )

and lim
u→0

(
[cos(γ)g1 + sin(γ)g2]2

[
f

cos(γ)g1 + sin(γ)g2

]')
(u) = 0

)
,

for .γ ∈ [0, π). and .D'
γ

(⊂ Dγ ∩ D0
)
is given by 

.D'
γ := C2

0 (J , C) + C [cos(γ)g1 + sin(γ)g2] . (5.8) 

We note that for .γ = π/2 that 

. cos(γ)g1 + sin(γ)g2 = hu1/2 .

As a consequence, 

.Dπ/2 ∩ D0 =(
f ∈ C2(I , C) ∩ L2

C
(I ) : − f '' +

(
− 1

4u2
+ β2u2

)
f ∈ L2

C
(I )

∧ lim
u→0

u · (u−1/2 f )'(u) = 0

)
,

D'
π/2 = C2

0 (J , C) + C.hu1/2 .
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The Appropriate Essentially Self-Adjoint Extension of . S0

The extension .S0e of .S0, given  by  

. S0e f := − f '' +
(

− 1

4u2
+ β2u2

)
f ,

for every . f ∈ C2(I , C) ∩ L2
C
(I ) such that 

. − f '' +
(

− 1

4u2
+ β2u2

)
f ∈ L2

C
(I )

and lim
u→0

u · (u−1/2 f )'(u) = 0 , (5.9) 

is essentially self-adjoint. 

For later use, we note the following. 

The Corresponding Extension of . S0

The corresponding extension .S0e of .S0 is given by 

. S0e f := −1

u
(u f ')' + β2u2 f ,

for every . f ∈ C2(I , C) ∩ L2
C
(I , u) such that 

. − 1

u
(u f ')' + β2u2 f ∈ L2

C
(I , u) and lim

u→0
u f '(u) = 0 . (5.10) 

In the following, we study the regularity or smoothness of the eigenfunctions of .S̄m for 
.m /= 0 and .S̄0e. For this purpose, we consider the case that .λ = −2(|m| + 1)|β|, such that 

. 
|m| + 1

2
− λ

4|β| = |m| + 1 .

Then, two linearly independent solutions .g1, g2 ∈ C2(I , C) of (5.7) are given by 

. g1(v) = ev , g2(v) = ev ·
∫ ∞

v

w−(|m|+1)e−w dw ,

for every .v ∈ R. Hence two linearly independent solutions of (5.6) are given by . f1, f2 :
I → R, defined by
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. f1(u) := u|m|+ 1
2 e

|β|u2
2 , f2(u) := −|β||m|

2
u|m|+ 1

2 e
|β|u2
2

∫ ∞

|β|u2
v−(|m|+1)e−v dv ,

for every .u ∈ I . We note that 

. | f2(u)| = |β||m|

2
u|m|+ 1

2 e
|β|u2
2

∫ ∞

|β|u2
v−(|m|+1)e−v dv

> |β||m|

2
u|m|+ 1

2 e
|β|u2
2 (|β|u2)−(|m|+1)

∫ ∞

|β|u2
e−v dv

= |β||m|

2
u|m|+ 1

2 e
|β|u2
2 (|β|u2)−(|m|+1)e−|β|u2

= |β||m|

2
|β|−(|m|+1)u−(|m|+ 3

2 )e− |β|u2
2 = 1

2|β| u
−(|m|+ 3

2 )e− |β|u2
2 ,

for every.u ∈ I . Hence,. f1 is.L2 at. 0 and. f2 is.L2 at.∞. In addition, the Wronski determinant 
.W ( f1, f2) of . f1 and . f2 is constant of value . 1: 

. W ( f1, f2) = f1 f
'
2 − f '

1 f2 = 1 .

We define for every .h ∈ C0(I , C) a corresponding function .Kh : I → C by 

. Kh(u) := −
[
f2(u)

∫ u

0
f1(v)h(v)dv + f1(u)

∫ ∞

u
f2(v)h(v)dv

]

=
∫ 

I
Gm(u, v)h(v)dv , (5.11) 

for every .u ∈ I , where  

. Gm(u, v) :=
(

− f2(u) f1(v) 0 < v < u

− f1(u) f2(v) u < v
,

for almost all .(u, v) ∈ I 2. We note that .Kh ∈ C2(I , C) such that 

. 

(
D2
1R,

)
m2− 1

4

)
u−2+β2u2

− λ

)
Kh = h

and that 

. Kh(u) =
(

− f1(u)
∫ ∞
0 f2(v)h(v)dv for sufficiently small u ∈ I

− f2(u)
∫ ∞
0 f1(v)h(v)dv for sufficiently large u ∈ I

.

In particular, .Kh ∈ L2
C
(I ) and if .m = 0, then
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. lim
u→0

u · (u−1/2Kh)' = 0 ,

since 

. lim
u→0

u · (u−1/2 f1)
' = lim

u→0
u · (e

|β|u2
2 )' = |β| lim

u→0
u2e

|β|u2
2 = 0 ,

i.e., .Kh is in the domain of .S0e. Further, if  

. h =
(
D2
1R,

)
m2− 1

4

)
u−2+β2u2

− λ

)
f ,

where. f ∈ C2
0 (I , C), then it follows from partial integration that.Kh has a compact support. 

Hence, .Kh − f ∈ C2
0 (I , C). Since, 

. 

(
D2
1R,

)
m2− 1

4

)
u−2+β2u2

− λ

)
(Kh − f ) = 0 ,

it follows that .Kh = f . Continuing, we note that for .u, v ∈ I satisfying . 0 < v < u

. |Gm(u, v)| = | f2(u)| · | f1(v)| > 1

2|β| u
−(|m|+ 3

2 )v|m|+ 1
2 e− |β|u2

2 e
|β|v2
2 ,

and for .u, v ∈ I satisfying .u < v that 

. |Gm(u, v)| = | f1(u)| · | f2(v)| > 1

2|β| u
|m|+ 1

2 v−(|m|+ 3
2 )e

|β|u2
2 e− |β|v2

2 .

Hence it follows for .u ∈ I that 

. 

∫ ∞

0
|Gm(u, v)| dv =

∫ u

0
|Gm(u, v)| dv +

∫ ∞

u
|Gm(u, v)| dv

> 1

2|β| u
−(|m|+ 3

2 )e− |β|u2
2

∫ u

0
v|m|+ 1

2 e
|β|v2
2 dv

+ 1

2|β| u
|m|+ 1

2 e
|β|u2
2

∫ ∞

u
v−(|m|+ 3

2 )e− |β|v2
2 dv

> 1

2|β| u
−(|m|+ 3

2 )

∫ u

0
v|m|+ 1

2 dv + 1

2|β| u
|m|+ 1

2

∫ ∞

u
v−(|m|+ 3

2 ) dv

= 1

2|β|

(
1

|m| + 1
2

+ 1

|m| + 3
2

)

and for .v ∈ I that
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. 

∫ ∞

0
|Gm(u, v)| du =

∫ v

0
|Gm(u, v)| du +

∫ ∞

v

|Gm(u, v)| du

> 1

2|β| v−(|m|+ 3
2 )e− |β|v2

2

∫ v

0
u|m|+ 1

2 e
|β|u2
2 du

+ 1

2|β| v|m|+ 1
2 e

|β|v2
2

∫ ∞

v

u−(|m|+ 3
2 )e− |β|u2

2 du

> 1

2|β| v−(|m|+ 3
2 )

∫ v

0
u|m|+ 1

2 du + 1

2|β| v|m|+ 1
2

∫ ∞

v

u−(|m|+ 3
2 ) du

= 1

2|β|

(
1

|m| + 1
2

+ 1

|m| + 3
2

)
.

Hence the function .Gm induces a bounded linear integral operator .Int(Gm) on .L2
C (I ), 

with kernel function .Gm . In particular, the operator norm.||Int(Gm)|| satisfies 

. ||Int(Gm)|| > 1

2|β|

(
1

|m| + 1
2

+ 1

|m| + 3
2

)
.

From the previous, it follows in particular that 

.

(
(S̄m − λ) Int(Gm) h = h if m /= 0

(S̄0e − λ) Int(G0) h = h
, (5.12) 

for every .h ∈ C0(I , C). Since  .C0(I , C) is dense in .L2
C (I ), .Int(Gm) is a bounded linear 

operator on .L2
C (I ), and .S̄m − λ for .m /= 0 as well as .S̄0e − λ are closed, the latter implies 

that (5.12) is true for every.h ∈ L2
C (I ). Hence,.S̄m − λ for.m /= 0 and.S̄0e − λ are surjective. 

According to Theorem 12.4.7, the latter implies that .S̄m − λ for .m /= 0 and .S̄0e − λ are 
injective and hence as whole bijective. Summarizing, we have the following result. 

Inverses of .S̄m − λ for .m /= 0 and . S̄0e − λ

The value.λ = −2(|m| + 1)|β| for.m /= 0 and.λ = −2|β| is contained in the resolvent 
set of .S̄m if .m /= 0 and .S̄0e, respectively. In particular, 

. (S̄m − λ)−1 = Int(Gm) ,

for .m /= 0, and  
. (S̄0e − λ)−1 = Int(G0) .

As a consequence, if.S = S̄m for.m /= 0 or.S = S̄0e, then the domain.D(S) of. S is given 
by
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. D(S) = Ran(S − λ) ⊂ C(I , C) ∩ L2
C
(I ) .

Hence, if .μ ∈ R is an eigenvalue of .S and . f a corresponding eigenfunction, then . f ∈
C2(I , C), since . f satisfies the “integral equation” 

. f = (μ − λ)(S − λ)−1 f .

Regularity of the eigenfunctions of .S̄m for .m /= 0 and . S̄0e

If.λ ∈ R is an eigenvalue of.S̄m for.m /= 0 or.S̄0e and. f a corresponding eigenfunction, 
then . f ∈ C2(I , C) ∩ L2

C
(I ). 

A solution of (5.6) that is regular at the origin is given by 

. f1(u) := u|m|+ 1
2 e− |β|u2

2 M

( |m| + 1

2
− λ

4|β| , |m| + 1, |β|u2
)

,

for every .u ∈ I . In particular for .m = 0, 

. u−1/2 f1(u) = e− |β|u2
2 M

(
1

2
− λ

4|β| , 1, |β|u2
)

,

for every .u ∈ I , and hence 
. lim
u→0

u · (u−1/2 f1)
'(u) = 0 .

If 

. 
|m| + 1

2
− λ

4|β| /∈ −N ,

a condition that is equivalent to the condition that 

. λ /∈ [2(|m| + 1) + 4N] |β| ,

it follows from (13.1.4) of [ 1] that 

. f1(u) = |β|−
) |m|+1

2 + λ
4|β|

)
[(|m| + 1)

[(
|m|+1

2 − λ
4|β| )

u
− 1

2

)
1+ λ

|β|
)
e

|β|u2
2

[
1 + O((|β|u2)−1)

]

for .u → ∞. We conclude that . f1 ∈ D(S̄m) for .m /= 0 or . f1 ∈ D(S̄0e) if and only if 

. λ ∈ [2(|m| + 1) + 4N] |β| .

Further, if 
.λn = [2(|m| + 1) + 4n] |β| ,
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Table 5.1 Table of generalized Laguerre polynomials, where. x > 0

.L |m|
n (x) .n = 0 .n = 1 .n = 2 . n = 3

.|m| = 0 .1 .1 − x .
1
2

)
2 − 4x + x2

)
. 
1
6

)
6 − 18x + 9x2 − x3

)

.|m| = 1 .1 .2 − x .
1
2

)
6 − 6x + x2

)
. 
1
6

)
24 − 36x + 12x2 − x3

)

.|m| = 2 .1 .3 − x .
1
2

)
12 − 8x + x2

)
. 
1
6

)
60 − 60x + 15x2 − x3

)

.|m| = 3 .1 .4 − x .
1
2

)
20 − 10x + x2

)
. 
1
6

)
120 − 90x + 18x2 − x3

)

for some.n ∈ N, then.λn is an eigenvalue of .S̄m for .m /= 0 or .S̄0e and. f1 is a corresponding 
eigenfunction. We note that in this case 

. f1(u) = n!
(|m| + 1)n

u|m|+ 1
2 e− |β|u2

2 L |m|
n (|β|u2)

for every .u ∈ I , where the generalized Laguerre polynomials 

. (L |m|
n )(|m|,n)∈N2

are defined according to [ 1] 22.5.54. Indeed, for every .m ∈ Z, the corresponding family of 
functions 

.

(
u|m|+ 1

2 e− |β|u2
2 L |m|

n (|β|u2)
)

n∈N

(5.13) 

is dense in.L2
C
(I ). This follows from Theorem 5.7.1 in [ 75]. The details of the proof are left 

to the reader. 

✄ 
✂

,

✁

Exercise 16 

Using Theorem 5.7.1 in [ 75], show that the family (5.13) is dense  in .L2
C
(I ). 

Hence, we arrive at the following result (Table 5.1). 

For every . m, a Hilbert basis of eigenfunctions .(emn)n∈N of .S̄m for .m /= 0 and .S̄0e is 
given by 

.emn(u) =
[

2n!
[(|m| + n + 1)

|β||m|+1
]1/2

u|m|+ 1
2 e− |β|u2

2 L |m|
n (|β|u2) ,
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for every .u ∈ I , satisfying 

. Semn = [2(|m| + 1) + 4n] |β| emn ,

and 

. (V−1emn)(u) =
[

2n!
[(|m| + n + 1)

|β||m|+1
]1/2

u|m|e− |β|u2
2 L |m|

n (|β|u2) .

for every .u ∈ I . 

Here, [ 1] 22.2.12 is used for normalization. As a consequence, the spectrum .σ(S) of 
.S = S̄m for .m /= 0 or .S = S̄0e is purely discrete and given by (Figs. 5.2, 5.3, 5.4, 5.5, 5.6 
and Table 5.2) 

. σ(S) = {[2(|m| + 1) + 4n] |β| : n ∈ N} .

Fig. 5.2 Graphs of .u |V−1emn|2(u) for .(m, n) = (0, 0) and.(m, n) = (0, 1), where.β = 1
2 . 

Fig. 5.3 Graphs of .u |V−1emn|2(u) for .(m, n) = (0, 2) and.(m, n) = (1, 0), where.β = 1
2
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Fig. 5.4 Graphs of .u |V−1emn|2(u) for .(m, n) = (1, 1) and.(m, n) = (1, 2), where. β = 1
2

Fig. 5.5 Graphs of .u |V−1emn|2(u) for .(m, n) = (2, 0) and.(m, n) = (2, 1), where. β = 1
2

Fig. 5.6 Graph of 
.u |V−1emn|2(u) for 
.(m, n) = (2, 2), where. β = 1

2

Table 5.2 Table of the functions.u |V−1emn|2(u) · e u2
2 for .m and. n from. 0 to. 2, where. β = 1

2

.u |V−1emn|2(u) · e u2
2 .n = 0 .n = 1 . n = 2

.m = 0 .u .
u
4

)
u2 − 2

)2
. 
u
64

)
u4 − 8u2 + 8

)2

.m = 1 .
u3
2 .

u3
16

)
u2 − 4

)2
. 
u3
384

)
u4 − 12u2 + 24

)2

.m = 2 .
u5
8 .

u5
96

)
u2 − 6

)2
.
u5
3072

)
u4 − 16u2 + 48

)2
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5.3.2 Synthesis and Properties of the Hamilton Operator .Ĥ of the 
System 

As a result of Sect. 5.3.1, it follows that the family 

.

(
emn ⊗ 1√

2π
eim.idJ

)

(m,n)∈Z×N

(5.14) 

is a Hilbert basis of.L2(I × J ). We decompose.X = L2
C
(Ω, u) into subspaces.Xmn ,. (m, n) ∈

Z × N. For every .(m, n) ∈ Z × N, the space .Xmn is then given by the range of the linear 
isometry .Umn : L2

C
(R) → X , defined by 

.Umn f := (V−1emn) ⊗ 1√
2π

eim.idJ ⊗ f , (5.15) 

for every. f ∈ L2
C
(R). The fact that.Umn is isometric is not difficult to prove by using Fubini’s 

theorem. The pairwise orthogonality of the subspaces .Xmn of .X for all . (m, n) ∈ Z × N

follows from the orthogonality of the family (5.14). Finally, the fact that the span of the 
union of all .Xmn , .(m, n) ∈ Z × N, is dense  in  .X is a consequence of the completeness 
of the family in (5.14). We note that the functions .emn , .(m, n) ∈ Z × N, do not have a 
compact support. The corresponding sequence of dense subspaces.Dmn of.Xmn , needed for 
an application of Lemma 2.2.5, is chosen as follows: 

. Dmn := UmnC
2
0 (R, C) ,

for every .m ∈ Z. Taking into account that for every . (m, n) ∈ Z × N

. 

(
−1

u

∂

∂u
u

∂

∂u
− 1

u2
∂2

∂ϕ2 + β2u2 − ∂2

∂z2
− 2β

i

∂

∂ϕ

)
(V−1emn) ⊗ eim.idJ

√
2π

⊗ f

= (V−1emn) ⊗ eim.idJ
√
2π

⊗ {− f '' + [2 (|m| ∓ m + 1) + 4n] |β| f } ,

for every . f ∈ C2
0 (R, C), where the minus sign in .∓m applies if .β > 0 and the plus sign 

applies if.β < 0, we define the densely-defined, linear, symmetric and essentially self-adjoint 
operator .Amn : Dmn → Xmn in .Xmn by 

. Amn Umn f = Amn (V−1emn) ⊗ 1√
2π

eim.idJ ⊗ f

:= (V−1emn) ⊗ eim.idJ
√
2π

⊗ {− f '' + [2 (|m| ∓ m + 1) + 4n] |β| f } ,

for every . f ∈ C2
0 (R, C). Finally, we define the subspace .D > X by
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. D :=
⎧
⎨
⎩

n∑
j=0

f j : n ∈ N and f j ∈ Dμ( j), for every j ∈ {1, . . . , n}
⎫
⎬
⎭ ,

where .μ : N → Z × N is a bijection, and .A : D → X by 

. A
n∑
j=0

f j :=
n∑
j=0

Aμ( j) f j ,

where.n ∈ N and. f j ∈ D j , for every. j ∈ {0, . . . , n}. Then, it follows from Lemma 2.2.5 that 
. A is a densely-defined, linear, symmetric and essentially self-adjoint operator in .X and that 
every .Xmn , .(m, n) ∈ Z × N, is as closed invariant subspace of the closure . Ā of . A. Finally, 
we define the Hamilton operator .Ĥ of the system by 

. Ĥ := h
2κ2

2m
U−1 Ā U

and note that it follows from Theorem 2.2.4 that the spectrum.σ(Ĥ) of.Ĥ is given by closure 
of 

. 
h
2κ2

2m

U
(m,n)∈Z×N

[ [2 (|m| ∓ m + 1) + 4n] |β|, ∞) .

Since 
. [ [2 (|m| ∓ m + 1) + 4n] |β|, ∞) ⊂ [2 |β|, ∞) ,

for every .(m, n) ∈ Z × N, this implies that 

. σ(Ĥ) =
[
1

2
hω, ∞

)
. (5.16) 

5.3.3 Calculation of the Time Evolution Generated by . Ĥ

The time evolution generated by .Ĥ is given as follows. It follows from Lemma 2.2.1 for 
every .(m, n) ∈ Z × N, .t ∈ R and . f ∈ L2

C
(R) that
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. U exp

(
−i

t

h
Ĥ

)
U−1Umn f = exp

(
−i

hκ2

2m
t Ā

)
Umn f

= exp

(
−i

hκ2

2m
t Āmn

)
(V−1emn) ⊗ 1√

2π
eim.idJ ⊗ f

= 1√
2π

exp

(
−i [2 (|m| ∓ m + 1) + 4n] |β| hκ2

2m
t

)

[(V−1emn) ◦ (p21 + p22)
1/2] ·

⎛
⎝ p1 + i p2/

p21 + p22

⎞
⎠
m

⊗
[
exp

(
−i t

hκ2

2m
(−Δ1)

)
f

]

= 1√
2π

exp

(
− i

2
(|m| ∓ m + 1 + 2n) ωt

)

[(V−1emn) ◦ (p21 + p22)
1/2] ·

⎛
⎝ p1 + i p2/

p21 + p22

⎞
⎠
m

⊗
[
exp

(
− i

2
ωt (−Δ1)

)
f

]
,

where.p1 and.p2 denote the coordinate pojections of.R2 onto the first and second coordinate, 
respectively, and.(−Δ1) denotes the closure of the negative of the Laplace operator in.1-space 
dimension, see (1.29), and we choose the length scale 

. κ :=
/ |qB|

hc
.

The latter leads to 

. 
hκ2

2m
= ω

2
, |β| = 1

2
.

For an electron subject to a magnetic field of .100 G, we have 

. 
hκ2

2m
= ω

2
≈ 0.88 · 109 s−1 , κ−1 ≈ 2.57 · 10−5 cm .

As we already know, in a position representation, the coordinates .u1, u2, u3 of points 
.u = (u1, u2, u3) in the domains of functions belonging to the representation space can 
be interpreted as numbers whose multiplication by the unit of length .κ−1 lead to a point 
.κ−1u = (κ−1u1, κ−1u2, κ−1u3) in physical space.
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Fig. 5.7 Contour plots of the restrictions to the .u2, u3-plane and region plots of the 
regions corresponding to probabilities larger than .0.0001, of the probability distribution 
.|U exp(−i (t/h) Ĥ)U−1[(V−1emn) ⊗ (2π)−1/2 eim.idJ ⊗ (2σ/π)1/4 exp(−σ|idR − u30|2)]|2, for  
.m = n = 0,.σ = 1,.u30 = 0,.ωt = 0, 1 and. 2 as well as for.m = 0,.n = 1,.σ = 1,.u30 = 0,. ωt = 0, 1
and.2



186 5 Motion in an Axially-Symmetric Force Field

Hence, it follows for every .(m, n) ∈ Z × N, .t ∈ R and . f ∈ L2
C
(R) that 

. 

[
U exp

(
−i

t

h
Ĥ

)
U−1

]
(V−1emn) ⊗ 1√

2π
eim.idJ ⊗ f

= 1√
2π

exp

(
− i

2
(|m| ∓ m + 1 + 2n) ωt

)
·
(⎛
⎝ p1 + i p2/

p21 + p22

⎞
⎠
m

[(V−1emn) ◦ (p21 + p22)
1/2]

)
⊗

[
exp

(
− i

2
ωt (−Δ1)

)
f

]

= 1√
2π

exp

(
− i

2
(|m| ∓ m + 2n + 1) ωt

)
·
(⎛
⎝ p1 + i p2/

p21 + p22

⎞
⎠
m

[(V−1emn) ◦ (p21 + p22)
1/2]

)
⊗ [F−1

2 T
exp

)
− i

2 ωt | |2
)F2 f ] ,

where .(−Δ1) denotes the closure of the negative of the Laplace operator in .1-space 
dimension, see (1.29), and .F2 : L2

C
(R) → L2

C
(R) is the Fourier transformation in 

.1-space dimension. 

From (1.24), it follows that 

. 

|||||e
− i

2 ωt (−Δ1)

(
2σ

π

)1/4
exp(−σ|idR − u30|2)

|||||
2

=
[
1

π

2σ

1 + (2σωt)2

]1/2
exp

[
− 2σ

1 + (2σωt)2
|idR − u30|2

]
,

for every .t ∈ R, .σ > 0 and .u30 ∈ R. Hence, for every .(m, n) ∈ Z × N, .t ∈ R, .σ > 0 and 
.u30 ∈ R (Fig. 5.7) 

.

||||
[
U exp

(
−i

t

h
Ĥ

)
U−1

]
(V−1emn) ⊗ 1√

2π
eim.idJ

⊗
(
2σ

π

)1/4
exp(−σ|idR − u30|2)

||||
2

= 1

2π

[
1

π

2σ

1 + (2σωt)2

]1/2

|[(V−1emn) ◦ (p21 + p22)
1/2]|2 ⊗ exp

[
− 2σ

1 + (2σωt)2
|idR − u03|2

]
.



6The Path Integral Approach to Quantum 
Mechanics 

The following Trotter product formulas, for the proofs see Corollaries 12.9.18, 12.9.20 in the 
Appendix, can be considered as providing a mathematical basis for Feynman’s path integral 
approach to quantum mechanics, see [ 29, 30]. 

Theorem 6.0.1 (Trotter Product Formula for Self-Adjoint Operators) Let.(X , ( | ))be a non-
trivial complex Hilbert space, .A and .B densely-defined, linear and self-adjoint operators 
in .X such that .A + B is densely-defined, linear and self-adjoint. Then 

. lim
k→∞[ e−i (τ/k)Be−i (τ/k)A ]k f = e−iτ (A+B) f ,

for every . f ∈ X and .τ ∈ R. 

As part of a typical application in quantum mechanics, the operator .A would be the 
multiple .ε−1

0 Ĥ of the Hamilton operator of an “unperturbed” system and .ε0 > 0 has the 
dimension of an energy, . B a perturbation of that system by a multiplication operator, given 
by the multiple.ε−1

0 V (κ−1 · idRn) of the perturbing potential. V , and.τ = ε0t/h. If the system 
is in the state . f ∈ X at the “time” .τ = 0, then the system reaches the . kth approximation, 
.k ∈ N

∗, to the  state  .e−iτ (A+B) f at time . τ , by free propagation of the state . f for the time 
.τ/k, in this way the system arrives at the state .e−i (τ/k)A f , subsequent propagation of 
.e−i (τ/k)A f for the time .τ/k under the perturbation, in this way the system arrives at the 
state .e−i (τ/k)Be−i (τ/k)A f , subsequent free propagation of .e−i (τ/k)Bei (τ/k)A f for the time 
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.τ/k, in this way the system arrives at the state .e−i (τ/k)Ae−i (τ/k)Be−i (τ/k)A f , and so on, 
until reaching the state .[ e−i (τ/k)Be−i (τ/k)A ]k f . We also note that the .k-th approximation 
is given by an unitary linear operator. For.k → ∞, we arrive at the state,.e−iτ (A+B) f , of the  
system at time . τ . This leads to a quite modern view of the scattering process in quantum 
theory, applying in particular to quantum field theory. 

This process reminds Brownian motion of particles immersed in a fluid and in this way 
colliding randomly with the fluid particles. Between the collisions there is free motion. The 
“collision” process is described by the perturbing potential. Indeed, such a connection can be 
made, through analytic continuation in the time variable . t . Before making this connection, 
we give Trotter product formulas which we are going to use for the derivation of Feynman 
path integrals. 

Theorem 6.0.2 (Trotter Product Formulas for Semibounded Self-Adjoint Operators) Let 
.(X , ( | )) be a non-trivial complex Hilbert space, .A and .B semibounded densely-defined, 
linear and self-adjoint operators in . X, with lower bound .γ1 ∈ R and lower bound .γ2 ∈ R, 
respectively, and such that .A + B is densely-defined, linear and self-adjoint. Further, let 
.z ∈ R × (−∞, 0]. Then 

. lim
k→∞[ e−i (τ/k)zBe−i (τ/k)zA ]k f = e−iτ z (A+B) f ,

for every . f ∈ X and .τ ∈ R. 

We note that according to Corollary 12.7.2 for every .t > 0, . z ∈ R × (−∞, 0)

. e−i (t/h) z Ĥ f =
(

πi 4
ε0t

h
z

)−n/2

e
i | |2/

(
4 ε0 t

h
z
)

∗ f

= (πi 4 τ z)−n/2 ei | |2/(4 τ z) ∗ f , (6.1) 

for every . f ∈ L2
C
(Rn), where .Ĥ is the free Hamiltonian from Sect. 1.4 and 

. τ := ε0t

h
, ε0 := h

2κ2

2m
.

In addition, we assume that the perturbing potential. V is a.e. everywhere defined and bounded 
on.Rn . According to the Rellich-Kato theorem 1.6.1,.Ĥ + TV ,where.TV denotes the maximal 
multiplication operator on .L2

C
(Rn with .V := V (κ−1 · idRn), is a densely-defined linear and 

self-adjoint operator in.L2
C
(Rn) that is semibounded from below and whose domain coincides 

with the domain .D(Ĥ) of . Ĥ . 1 Further, according to the functional calculus for maximal 
multiplication operators, see Corollary 12.6.9, we have that

1 We note that.Ĥ is positive and.TV is bounded from below. Hence, the assumptions of Theorem 6.0.2 
are satisfied. 
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. e−i (t/h) z TV f = e−i τ z V/ε0 f ,

for every . f ∈ L2
C
(Rn). As a consequence, we obtain 

. e−i [(t/k)/h] zTV e−i [(t/k)/h] z Ĥ f = e−i (τ/k) z TV/ε0 e−i (τ/k) z ε−1
0 Ĥ f

= gB · (gA ∗ f ) ,

for .k ∈ N
∗ and . f ∈ L2

C
(Rn), where .x := Re(z), .y := Im(z) < 0 and 

. gA := (πi 4zτ/k)−n/2 eik | |2/(4zτ )

= (πi 4zτ/k)−n/2 eikx | |2/(4 |z|2τ)
e−k |y| | |2/(4|z|2τ)

∈ L1
C
(Rn) ,

gB := e−i (V/ε0) zτ/k = eix (V/ε0) τ/ke−|y| (τ/k) (V/ε0) ∈ L∞
C

(Rn) .

Using that the Banach space .L1
C
(Rn), equipped with the convolution as a multiplication, is 

a commutative Banach algebra and using Fubini’s theorem, it follows for . f ∈ L2
C
(Rn) ∩

L1
C
(Rn) and .k > 2 that 

.

([
e−i (τ/k) z TV/ε0 e−i (τ/k) z ε−1

0 Ĥ f
]k

f

[
(uk+1)

=
([

e−i [(t/k)/h] zTV e−i [(t/k)/h] z Ĥ]k
f

[
(uk+1)

= gB(uk+1)

∫
(Rn)k

gB(uk+1 − uk) · · · gB(uk+1 − uk − uk−1 − · · · − u2)

f (uk+1 − uk · · · − u1) gA(u1) . . . gA(uk) du1 . . . duk

= gB(uk+1)

∫
(Rn)k

gA(uk+1 − uk) · · · gA(u2 − u1)

f (u1) gB(u2) · · · gB(uk) du1 · · · duk
= (πi 4zτ/k)−kn/2 e−i [V(uk+1)/ε0] zτ/k

·
∫

(Rn)k
eik |uk+1−uk |2/(4zτ ) · · · eik |u2−u1|2/(4zτ )

f (u1) e
−i [V(u2)/ε0] zτ/k · · · e−i [V(uk )/ε0] zτ/k du1 · · · duk

=
(

πi
4zτ

k

)−kn/2

·
∫

(Rn)k
e
i
∑k

l=1
zτ
k

[
(ul+1−ul )

2

(2zτ/k)2
−V(ul+1)

ε0

]
f (u1) du1 · · · duk

=
[
z
2πih (t/k)

m

]−kn/2

·
∫

(Rn)k
e

i
h

{
1
z

∑k
l=1

m
2

[(ul+1/κ)−(ul /κ)]2
t/k −z t

k

∑k
l=1 V (ul+1/κ)

}

· f (u1)
(
κ−n)k du1 · · · duk ,
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for every .uk+1 ∈ R
n . 

Regularized Feynman path integrals 

Hence, it follows for every.z ∈ R × (−∞, 0), .t > 0 and. f ∈ L2
C
(Rn) ∩ L1

C
(Rn) that 

. 

([
e−i [(t/k)/h] zTV e−i [(t/k)/h] z Ĥ]k

f

[
(uk+1)

=
[
z
2πih (t/k)

m

]−kn/2

·
∫

(Rn)k
e

i
h

{
1
z

∑k
l=1

m
2

[(ul+1/κ)−(ul /κ)]2
t/k −z t

k

∑k
l=1 V (ul+1/κ)

}

· f (u1)
(
κ−n)k du1 · · · duk , (6.2) 

for every .uk+1 ∈ R
n and from Theorem 6.0.2 that 

. lim
k→∞

([
e−i [(t/k)/h] zTV e−i [(t/k)/h] z Ĥ]k

f

[
(uk+1)

= [e−i (t/h) z (Ĥ+TV ) f ](uk+1) , (6.3) 

for almost all .uk+1 ∈ R
n . 

We note that 

. 
m

2

[(ul+1/κ) − (ul/κ)]2
t/k

is the least (or extremal) action needed for a free classical particle of mass .m to move from 
the point .ul/κ to the point .u(l+1)/κ within time .t/k. The  term  

. − t

k
V (ul+1/κ)

is a correction term that takes into account the presence of the potential .V so that 

. 
m

2

[(ul+1/κ) − (ul/κ)]2
t/k

− t

k
V (ul+1/κ)

is an approximation to the least action needed for a classical particle of mass .m under the 
influence of the potential .V to move from the point .ul/κ to the point .u(l+1)/κ within time 
.t/k. The latter approximation becomes increasingly accurate for .k → ∞. 

Formulas 6.2, 6.3 provide a basis for Feynman’s path integral approach to quantum 
mechanics. Formally, the substitution .z = 1 into these formulas lead to Feynman’s repre-
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sentation from [ 29]. Starting from the principle of least action of classical mechanics, he 
arrived at the latter formulas. In this, the factor in front of the integral had to be adjusted to 
achieve compatibility with Schrödinger’s equation so that the approach is not completely 
independent of the standard approach to quantum mechanics. 

It is a consequence of the spectral theorem, Theorem 12.6.4, that 

. lim
z→1,z∈R×(−∞,0)

[
e−i [(t/k)/h] zTV e−i [(t/k)/h] z Ĥ]k

f

=
[
e−i [(t/k)/h] TV e−i [(t/k)/h]Ĥ]k

f ,

for every .t > 0, .k ∈ N
∗ and . f ∈ L2

C
(Rn), providing a unitary linear approximation to 

.e−i (t/h) (Ĥ+TV ). 

6.1 A Connection Between the Solutions of the Schrödinger 
and the Heat Equation 

Finally, we are going to make the connection between the Schrödinger equation and the heat 
or diffusion equation. The heat equation, 

. 
∂T

∂t
= α ΔT ,

describes the temperature distribution. T , in a homogeneous body occupying the volume. Ω, 
where .α > 0 is the thermal diffusivity 2 of the body. The equation is a special case of the 
differential equation 

.u'(t) = −Au(t) , (6.4) 

.t > 0, where a .A is a densely-defined, linear and positive self-adjoint operator in a non-
trivial complex Hilbert space. X . 3 The unique solution to (6.4), see Theorem 4.5.1 of [ 8] and  
Lemma 12.9.15 in the Appendix, for data .u(0) from the domain of . A, is given  by  

. u(t) = e−t Au(0) ,

for every .t > 0, where  
.e−t A

2 Thermal diffusivities have the dimension.l2/t . 
3 The differential equation (6.4) has unique solutions for a considerably larger class of operators . A
than the class of linear positive self-adjoint operators in Hilbert spaces, e.g., including non-linear 
operators, see [ 5, 8, 26, 34, 35, 52, 57]. 
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is the bounded linear operator on .X that is associated by the functional calculus of . A to the 
function 

. (σ(A) → C , t '→ e−tλ) ,

where .σ(A) is the spectrum of . A. According to (6.1), we have for every .t > 0, . z ∈ R ×
(−∞, 0), . f ∈ L2

C
(Rn) that 

. e−i (t/h) z Ĥ f =
(
4πi

ε0t

h
z

)−n/2

e
i | |2/

(
4 ε0 t

h
z
)

∗ f ,

and hence for the case .z = −i that 

. e−(t/h)Ĥ f =
(
4π

ε0t

h

)−n/2

e
− | |2/

(
4 ε0 t

h

)
∗ f .

As described above, the latter corresponds to the diffusion type equation 

.u'(t) = −1

h
Ĥu(t) , (6.5) 

.t > 0 associated with the thermal diffusivity 

. α = h

2m
.

For instance, for the case of an electron, we have that 

. 
h

2m
≈ 5.79 · 10−5 m

2

s
,

leading to a thermal diffusivity of an order of magnitude similar to the thermal diffusivities 
of metals. 

According to Corollary 12.9.16, for . f ∈ D(Ĥ), the map that associates with every . t from 
the closed lower half-plane of the complex plane, .R × (−∞, 0], the element 

. e−i (t/h) Ĥ f ∈ L2
C
(Rn)

is a continuous function whose restriction to the open lower half-plane of the complex plane, 
.R × (−∞, 0), is holomorphic (Fig. 6.1).
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Fig. 6.1 A connection between 
the solutions of the 
Schrödinger and a diffusion 
type equation. Black dots 

indicate.e−i (t/h) Ĥ f for the 
given value of . t . Red arrows 
indicate analytic continuation 

Re(t) 

Im(t) 

O

-1

-2

-3

-4 

1 2 3 4 

A connection between the solutions of the Schrödinger and a diffusion type equa-
tion 

Hence the solution of the Schrödinger equation for .t > 0, corresponding to data . f
at time .t = 0 from the domain of . Ĥ , is given by the boundary values on the positive 
real axis, of the analytic extension of the solution, on the purely imaginary axis in the 
lower half-plane, to the open lower half-plane of the complex plane, corresponding 
to same data, of the equation of diffusion type (6.5).



7Conclusion 

The purpose of the book is to introduce the reader to quantum mechanics through the 
analysis of basic quantum mechanical systems. As there is no Newtonian mechanics without 
Calculus, there is no quantum theory without operator theory. The use of the latter language 
is a necessity on the way to achieve physical understanding. Therefore, the book teaches in 
detail how to use the methods of operator theory for analyzing quantum mechanical systems, 
starting from the determination of the deficiency subspaces of (densely-defined, linear) 
symmetric operators in complex Hilbert spaces, for the purpose of arriving at their self-
adjoint extensions, only the latter can be observables of the theory, up to the calculation of the 
spectra, spectral measures and functional calculi of observables, including the construction 
of the exponential functions of the involved Hamilton operators that solve the problem of 
time evolution. 

The reader might have noticed that in this book, instead of writing down a formal 
Schrödinger equation, the first step in the analysis of a closed quantum mechanical system 
consists in the construction of a Hamilton operator . Ĥ , the generator of the time-evolution 
of the system. Only when this is done, it is possible to write down a well-defined abstract 
Schrödinger equation. On the other hand, the latter step is redundant, since there are methods 
for the construction of the exponential function of . Ĥ , for instance from the resolvent of . Ĥ , 
that solve the problem of the time evolution of the system. Therefore, Schrödinger equa-
tions only appear implicitly in this book. Also, it is not advisable to consider Schrödinger 
equations as partial differential equations, since the corresponding unknown is not observ-
able, differently from the unknowns of partial differential equations from classical physics. 
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This is relevant because at this point quantum mechanics differs from its early competitor 
“wave mechanics.” These . 2 theories are incompatible. The mixture of both theories leads 
to contradictions. 

What is gained from acquiring the methods from operator theory, beyond providing a 
clearer understanding of quantum theory? To the opinion of the author, it might prepare for 
future physical theories that have to be expected to be even more abstract than quantum the-
ory. Roughly speaking, classical physics, including the theory of general relativity, describe 
the macroscopic that is close to our perception. This is reflected by the used mathematical 
methods, from calculus, geometry and the field of partial differential equations. Quantum 
theories describe a world that can be accessed only by use of special instrumentation. Atomic 
radii are of the order .10−8 cm. Nuclear radii are of the order .10−13 cm. This inaccessibility 
to our natural senses is the quality that makes this world particularly interesting and unsur-
prisingly is accompanied by a greater abstractness of the needed mathematical methods. 
Originally, quantum theory provided the first theory of matter. With the advent of quantum 
field theory, it turned into a theory of matter and fields, testing also our ideas of space and 
time. Ultimately, it has the potential to turn into a theory of “everything.”
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12 Appendix
In the following, we introduce prerequisites for and basics of the language of Op-
erator Theory that can also be found in most textbooks on Functional Analysis
[34, 36, 37, 43, 46]. For the convenience of the reader, we also include correspond-
ing proofs, but encourage readers of acquiring a more complete picture, e.g., from
the above cited sources.

12.1 Normed Vector Spaces and Banach
Spaces

Definition 12.1.1. (Normed vector spaces, Banach spaces) Let K ∈ {R,C}. A
pair (X, ∥ ∥)

a) is called a normed vector space over K if X is a vector space over K and
∥ ∥ : X → [0,∞) is map such that

(i) ∥f∥ = 0 if and only if f = 0 ( i.e. , ∥ ∥ is positive definite ),

(ii) ∥λf∥ = |λ| ∥f∥ for every f ∈ X and λ ∈ K ( i.e. , ∥ ∥ is homoge-
neous ),

(iii) ∥f + g∥ ⩽ ∥f∥ + ∥g∥ for all f, g ∈ X ( i.e. , ∥ ∥ satisfies triangle
inequalities ).

b) is called a Banach space over K or a K-Banach space if (X, ∥ ∥) is a com-
plete normed vector space over K, i.e., if every Cauchy-sequence in X is
convergent to an element of X .

Remark 12.1.2. If K ∈ {R,C}, (X, ∥ ∥) andD is a subspace ofX , then (D, ∥ ∥|D)
is a normed vector space, too. Therefore, unless indicated otherwise, we consider
every subspace to be automatically equipped with the corresponding restriction of
∥ ∥.

Example 12.1.3. (L1-Spaces) Let n ∈ N∗, E ⊂ Rn be non-empty and measur-
able, where vn denotes the Lebesgue measure in n dimensions. We define

L1
C(E) := {f : E → C :Re(f), Im(f) are vn-measurable

and |Re(f)|, |Im(f)| are vn-integrable}

and for every f ∈ L1
C(E)

∥f∥1 :=

∫
E

|f | dvn .

1



12 Appendix

Then according to Functional Analysis

(
L1
C(E),+, . , ∥ ∥1

)
is a complex Banach space,

where
L1
C(E) := L1

C(E)/∼ ,

the equivalence relation ∼ on L1
C(E) is defined by1

f ∼ g :⇔ f = g a.e. on E ,

for all f, g ∈ L1
C(E), and L1

C(E) is equipped with the operations +, . and the
L1-norm ∥ ∥1, defined by

[f ] + [g] := [f + g] , λ.[f ] := [λ.f ] ,

∥[f ]∥1 := ∥f∥1

for all f, g ∈ L1
C(E) and λ ∈ C.

Example 12.1.4. (L∞-Spaces) Let n ∈ N∗, E ⊂ Rn be non-empty and measur-
able, where vn denotes the Lebesgue measure in n dimensions. We define

L∞
C (E) := {f : E → R : Re(f), Im(f) are measurable, and there is

C ∈ [0,∞) such that |f | ⩽ C, a.e. on E}

and for every f ∈ L∞
C (E)

∥f∥∞ := inf{C ∈ [0,∞) : |f | ⩽ C, a.e. on E} .

Then according to Functional Analysis

(L∞
C (E),+, . , ∥ ∥∞) is a complex Banach space,

where
L∞
C (E) := L∞

C (E)/∼ ,

the equivalence relation ∼ on L∞
C (E) is defined by2

f ∼ g :⇔ f = g a.e. on E ,

1 a.e. stands for almost everywhere, i.e., {x ∈ E : f(x) ̸= g(x)} is set of Lebesgue measure 0.
2 a.e. stands for almost everywhere, i.e., {x ∈ E : f(x) ̸= g(x)} is set of Lebesgue measure 0.

2



12.2 Linear Operators in Banach Spaces

for all f, g ∈ L∞
C (E), and L∞

C (E) is equipped with the operations +, . and the
L∞-norm ∥ ∥∞, defined by

[f ] + [g] := [f + g] , λ.[f ] := [λ.f ] ,

∥[f ]∥∞ := ∥ f ∥∞

for all f, g ∈ L∞
C (E) and λ ∈ C.

As is standard practice, we are not going to indicate that we are working with
equivalence classes, rather than functions. Normally, this does not lead to compli-
cations, since in applications, usually, the equivalence classes in question, have a
unique distinguished, e.g., continuous, representative, which is the basis for con-
siderations. On the other hand, occasionally, it is necessary to remember this fact.

12.2 Linear Operators in Banach Spaces

12.2.1 Bounded Linear Operators

Definition 12.2.1. Let K ∈ {R,C} and (X, ∥ ∥X) and (Y, ∥ ∥Y ) be normed vec-
tor spaces over K. We define the subset L(X,Y ) of Y X to consist of all linear
continuous maps from X to Y .

Theorem 12.2.2. Let K ∈ {R,C}, (X, ∥ ∥X) a non-trivial normed vector space
over K, (Y, ∥ ∥Y ) a normed vector space over K and A : X → Y be linear.

(i) Then A is continuous if and only if A(S1) is bounded.

(ii) (L(X,Y ), ∥ ∥Op),

where ∥ ∥Op : L(X,Y ) → [0,∞) is defined by

∥A∥Op := sup{∥Af∥Y : f ∈ S1}

for every A ∈ L(X,Y ), is a normed vector space over K, where L(X,Y ) is
equipped with the usual operations of pointwise addition and pointwise scalar mul-
tiplication by elements of K. In particular, if Y is complete, then this space is
complete, too.

Proof. “Part (i)": If A is continuous, there is δ > 0 such that

∥Af∥Y = ∥Af −A0∥Y < 1

for all f ∈ Bδ(0). Hence it follows for f ∈ S1 that

∥Af∥Y =
1

δ
∥Aδf∥Y <

1

δ

3
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and that A(S1) is bounded. If A(S1) is bounded, it follows for different elements
f, g ∈ X that

∥Ag −Af∥Y = ∥A(g − f)∥Y = ∥g − f∥X · ∥A ∥g − f∥−1
X .(g − f)∥Y

⩽
[
sup{∥Af∥Y : f ∈ S1}

]
∥g − f∥X

and hence the continuity of A.
“Part (ii)": Since for A,B ∈ L(X,X), λ ∈ K and f ∈ S1

∥0f∥Y = 0 ,

∥(A+B)f∥Y ⩽ ∥Af∥Y + ∥Bf∥Y
⩽ sup{∥Af∥Y : f ∈ S1}+ sup{∥Bf∥Y : f ∈ S1} ,
∥(λ.A)f∥Y = ∥λ.Af∥Y = |λ| · ∥Af∥Y ⩽ |λ| sup{∥Af∥Y : f ∈ S1} ,

it follows from (i) that L(X,Y ) is a subspace of Y X , where the latter is equipped
with the usual operations of pointwise addition and pointwise scalar multiplication
by elements of K. Further, if A ∈ L(X,Y ) is such that ∥A∥Op = 0, then

∥Af∥Y = ∥f∥X∥A∥f∥−1
X .f∥Y ⩽ ∥f∥X · 0 = 0

for every f ∈ X \ {0}. The latter implies that Af = 0Y for every f ∈ X . If
A = 0L(X,Y ), then ∥A∥Op = 0. If A ∈ L(X,Y ) and λ ∈ K, then

∥(λ.A)f∥Y = |λ|∥Af∥Y ⩽ |λ|∥A∥Op

for every f ∈ S1 and hence

∥λA∥Op ⩽ |λ|∥A∥Op .

Also, if λ ̸= 0, then

∥Af∥Y =
1

|λ|
∥(λA)f∥Y ⩽

1

|λ|
∥λA∥Op

for every f ∈ S1 and hence

∥A∥Op ⩽
1

|λ|
∥λA∥Op .

As a consequence,
∥λA∥Op = |λ|∥A∥Op .

If A,B ∈ L(X,Y ), then

∥(A+B)f∥Y = ∥Af +Bf∥Y ⩽ ∥Af∥Y + ∥Bf∥Y ⩽ ∥A∥Op + ∥B∥Op

for every f ∈ S1. The latter implies that

∥A+B∥Op ⩽ ∥A∥Op + ∥B∥Op .

4



12.2 Linear Operators in Banach Spaces

Hence it follows that (L(X,Y ), ∥ ∥Op) is a normed vector space over K. If Y is
complete, we conclude the completeness of (L(X,Y ), ∥ ∥Op) as follows. For this,
let A1, A2, . . . be Cauchy-sequence in (L(X,Y ), ∥ ∥Op). Since for f ∈ X and
k, l ∈ N∗

∥Akf −Alf∥Y = ∥(Ak −Al)f∥Y ⩽ ∥Ak −Al∥Op · ∥f∥X

it follows for every f ∈ X that A1f,A2f, . . . is a Cauchy-sequence and hence
convergent. Hence we can define a map A : X → Y by

Af = lim
k→∞

Akf .

Obviously, A is linear. Further, since

|∥Ak∥Op − ∥Al∥Op| ⩽ ∥Ak −Al∥Op

for all k, l ∈ N∗, ∥A1∥Op, ∥A2∥Op, . . . is a Cauchy-sequence in R. Hence the latter
sequence is also convergent. Therefore, we conclude that

∥Af∥Y = ∥ lim
k→∞

Akf∥Y = lim
k→∞

∥Akf∥Y ⩽ lim
k→∞

∥Ak∥Op

for every f ∈ S1 and hence that A ∈ L(X,Y ). In the following, let ε > 0 and
N ∈ N∗ such that

∥Ak −Al∥Op <
ε

2

for all k, l ∈ N∗ such that k, l ⩾ N . In addition, let g ∈ S1 and k0 ∈ N∗ such that
k0 ⩾ N and

∥(Ak −A)g∥Y <
ε

2

for k ∈ N∗ such that k ⩾ k0. Then it follows for k ∈ N∗ such that k ⩾ N that

∥(Ak −A)g∥Y = ∥(Ak −Ak0
+Ak0

−A)g∥Y

⩽ ∥(Ak −Ak0
)g∥Y + ∥(Ak0

−A)g∥Y <
ε

2
+
ε

2
= ε

and hence, since g ∈ S1 is otherwise arbitrary, that

∥Ak −A∥Op < ε .

As a consequence, A1, A2, . . . converges in (L(X,Y ), ∥ ∥Op) to A.

Corollary 12.2.3. Let K ∈ {R,C}, (X, ∥ ∥X), (Y, ∥ ∥Y ) be non-trivial normed
vector spaces over K, (Z, ∥ ∥Z) a normed vector space over K and A ∈ L(X,Y ),
B ∈ L(Y,Z).

(i) Then
∥Af∥Y ⩽ ∥A∥Op∥f∥X

for every f ∈ X , and

5
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(ii)
∥B ◦A∥Op ⩽ ∥B∥Op∥A∥Op .

Proof. “Part (i)’: First we note that, as a consequence of the linearity of A, A 0 =
0Y and hence that

0 = ∥0Y ∥Y = ∥A0∥Y ⩽ 0 = ∥A∥Op ∥0∥X .

Further, for f ∈ X \ {0}, it follows that ∥f∥−1
X f ∈ S1 and hence that

∥Af∥Y = ∥∥f∥XA∥f∥−1
X f∥Y = ∥f∥X∥A∥f∥−1

X f∥Y ⩽ ∥A∥Op∥f∥X .

“Part (ii)”: From (i), it follows for f ∈ X with ∥f∥X = 1 that

∥(B ◦A)(f)∥Z = ∥B(A(f))∥Z ⩽ ∥B∥Op∥A(f)∥Y ⩽ ∥B∥Op∥A∥Op

and hence that
∥B ◦A∥Op ⩽ ∥B∥Op∥A∥Op .

Remark 12.2.4. In the following, we will call a vector space together with an ad-
ditional bilinear mapping ·, usually called "multiplication," an algebra. Further,
if · is associative, the algebra is called associative, if the algebra contains a mul-
tiplicative unit element, the algebra is called with unit element, if the underlying
vector space is normed (with norm | |) and the multiplication satisfies

|a · b| ⩽ |a| · |b| ,

for all elements a, b of the algebra, the algebra is called a normed algebra. A com-
plete normed algebra is called a Banach algebra. We note that, as a consequence,
(L(X,X),+, . , ◦, ∥ ∥Op) is an associative Banach algebra with unit element.

Theorem 12.2.5. (Small Perturbations of the Unit in Associative Banach Alge-
bras with Unit) Let K ∈ {R,C}, (X,+, . , ·, ∥ ∥) a non-trivial (i.e., 1 ̸= 0,) asso-
ciative Banach algebra over K with unit element 1 and a ∈ X such that ∥a∥ < 1.
Then 1− a is invertible with inverse given by

(1− a)−1 =

∞∑
k=0

ak ,

where a0 := 1, ak+1 := a · ak for every k ∈ N. In addition,

∥∥(1− a)−1 − 1
∥∥ ⩽

∥a∥
1− ∥a∥

.

6
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Proof. First, we conclude by induction the auxiliary result that for k ∈ N

ak+1 = ak · a . (12.1)

Indeed, for k = 0

a1 = a · a0 = a · 1 = a = 1 · a = a0 · a .

Also, if (12.1) is valid for k ∈ N, it follows that

ak+2 = a · ak+1 = a · ak · a = ak+1 · a

and hence the validity of (12.1) with k replaced k + 1. Further, for k ∈ N, we
conclude that

∥ak+1∥ = ∥a · ak∥ ⩽ ∥a∥ · ∥ak∥

and hence by induction that
∥ak∥ ⩽ ∥a∥k

for every k ∈ N∗. Since ∥a∥ < 1, the latter implies that

lim
k→∞

ak = 0

and that (ak)k∈N ∈ XN is absolutely summable. Note that here we use the fact that
X is complete. Further,

(1− a) ·
n∑

k=0

ak =

n∑
k=0

ak −
n∑

k=0

ak+1 = 1− an+1 ,(
n∑

k=0

ak

)
· (1− a) =

n∑
k=0

ak · (1− a) =

n∑
k=0

(ak − ak+1)

=

n∑
k=0

ak −
n∑

k=0

ak+1 = 1− an+1

for n ∈ N. Hence, we conclude that

(1− a) ·
∞∑
k=0

ak =

( ∞∑
k=0

ak

)
· (1− a) = 1 .

Finally, it follows that

∥∥(1− a)−1 − 1
∥∥ =

∥∥∥∥∥
∞∑
k=1

ak

∥∥∥∥∥ ⩽
∞∑
k=1

∥ak∥ ⩽
∞∑
k=1

∥a∥k

= ∥a∥ ·
∞∑
k=0

∥a∥k =
∥a∥

1− ∥a∥
.

7
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Theorem 12.2.6. Let K ∈ {R,C}, (X,+, . , ·, ∥ ∥) a non-trivial (i.e., 1 ̸= 0,) asso-
ciative Banach algebra over K with unit element 1. The set of invertible elements
U is open in X , and the map

Inv : U → X ,

for every a ∈ U , defined by
Inv(a) := a−1 ,

is continuous.

Proof. We note that U ̸= ∅, since 1 ∈ U , and that ∥1∥ ̸= 0, since according to the
assumptions, 1 ̸= 0. Also, if a ∈ U , then

∥1∥ = ∥a · a−1∥ ⩽ ∥a∥ · ∥a−1∥ .

Hence ∥a∥ and ∥a−1∥ are both non-vanishing. Further, if b ∈ U1/∥a−1∥(a), then

b = a− (a− b) = a · [1− a−1 · (a− b)]

and
∥a−1 · (a− b)∥ ⩽ ∥a−1∥ · ∥b− a∥ < ∥a−1∥ · 1

∥a−1∥
= 1 .

Hence according to Theorem 12.2.5, 1 − a−1 · (a − b) and therefore also b are
invertible. Also, if b1, b2, . . . is a sequence in U that is convergent to a and ν0 ∈ N∗

is such that bν ∈ U1/∥a−1∥(a), for every ν ∈ N∗ satisfying ν ⩾ ν0, then it follows
with the help of Theorem 12.2.5 for such ν that

∥b−1
ν − a−1∥ = ∥[1− a−1 · (a− bν)]

−1 · a−1 − a−1∥
⩽ ∥a−1∥ · ∥[1− a−1 · (a− bν)]

−1 − 1∥

⩽ ∥a−1∥ · ∥a−1 · (a− bν)∥
1− ∥a−1 · (a− bν)∥

⩽
∥a−1∥2 · ∥bν − a∥

1− ∥a−1∥ · ∥bν − a∥

and hence that
lim
ν→∞

b−1
ν = a−1 .

12.2.2 Unbounded Operators
Lemma 12.2.7. (Direct sums of Banach and Hilbert spaces)

(i) Let (X, ∥ ∥X) and (Y, ∥ ∥Y) be Banach spaces over K ∈ {R,C} and ∥ ∥X×Y :
X × Y → R be defined by

∥(f, g)∥X×Y :=
√
∥f∥2X + ∥g∥2Y

for all (f, g) ∈ X × Y. Then (X × Y, ∥ ∥X×Y) is a Banach space.

8
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(ii) Let (X, ⟨ | ⟩X) and (Y, ⟨ | ⟩Y) be Hilbert spaces over K ∈ {R,C} and ⟨ | ⟩X×Y :
(X × Y )2 → K be defined by

⟨(f, g)|(h, k)⟩X×Y := ⟨f |h⟩X + ⟨g|k⟩Y

for all (f, g), (h, k) ∈ X × Y. Then (X × Y, ⟨ | ⟩X×Y) is a Hilbert space.

Proof. ‘(i)’: Obviously, ∥ ∥X×Y is positive definite and homogeneous. Further,
it follows for (f, g), (h, k) ∈ X × Y by the Cauchy-Schwarz inequality for the
Euclidean scalar product for R2 that

∥(f, g) + (h, k)∥2X×Y = ∥f + h∥2X + ∥g + k∥2Y
⩽ ( ∥f∥X + ∥h∥X)

2 + ( ∥g∥Y + ∥k∥Y)
2 = (a+ a ′)2 + (b+ b ′)2

= a2 + b2 + a ′ 2 + b ′ 2 + 2 (a a ′ + b b ′)

⩽ a2 + b2 + a ′ 2 + b ′ 2 + 2
√
a2 + b2 ·

√
a ′ 2 + b ′ 2

=
(√

a2 + b2 +
√
a ′ 2 + b ′ 2

)2
= ( ∥(f, g)∥X×Y + ∥(h, k)∥X×Y)

2
,

where a := ∥f∥X, a
′ := ∥h∥X, b := ∥g∥Y, b

′ := ∥k∥Y, and hence that

∥(f, g) + (h, k)∥X×Y ⩽ ∥(f, g)∥X×Y + ∥(h, k)∥X×Y .

The completeness of (X × Y, ∥ ∥X×Y) is an obvious consequence of the complete-
ness of X and Y .
‘(ii)’: Obviously, ⟨ | ⟩X×Y is a positive definite symmetric bilinear, positive definite
symmetric sesquilinear form, respectively. Further, the induced norm on X × Y
coincides with the norm defined in (i).

Definition 12.2.8. (Linear Operators) Let (X, ∥ ∥X) and (Y, ∥ ∥Y) be Banach
spaces over K ∈ {R,C}. Then we define

(i) A map A is called a Y-valued linear operator in X if its domain D(A) is a
subspace of X , RanA ⊂ Y and A is linear. If (Y, ∥ ∥Y) = (X, ∥ ∥X) such a
map is also called a linear operator in X .

(ii) If in addition A is a Y-valued linear operator in X:

a) The graph G(A) of A by

G(A) := {(f,Af) ∈ X × Y : f ∈ D(A)} .

Note that G(A) is a subspace of X × Y .

b) A is densely-defined if D(A) is in particular dense in X .

c) A is closed if G(A) is a closed subspace of (X × Y, ∥ ∥X×Y).

9
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d) A Y-valued linear operator B in X is said to be an extension of A,
symbolically denoted by

A ⊂ B or B ⊃ A ,

if G(A) ⊂ G(B).

e) A is closable if there is a closed extension. In this case,⋂
B⊃A,B closed

G(B)

is a closed subspace ofX×Y which, obviously, is the graph of a unique
Y-valued closed linear extension Ā of A, called the closure of A. By
definition, every closed extension B of A satisfies B ⊃ Ā.

f) If A is closed, a core of A is a subspace D of its domain such that the
closure of A|D coincides with A, i.e., if

A|D = A .

Theorem 12.2.9. (Elementary properties of linear operators) Let (X, ∥ ∥X), (Y,
∥ ∥Y) be Banach spaces over K ∈ {R,C}, A a Y-valued linear operator in X and
B ∈ L(X,Y ).

(i) (D(A), ∥ ∥A), where ∥ ∥A : D(A) → R is defined by

∥f∥A := ∥(f,Af)∥X×Y =
√

∥f∥2X + ∥Af∥2Y

for every f ∈ D(A), is a normed vector space. Further, the inclusion ιA :
(D(A), ∥ ∥A) ↪→ X is continuous and A ∈ L((D(A), ∥ ∥A), Y ).

(ii) A is closed if and only if (D(A), ∥ ∥A) is complete.

(iii) If A is closable, then G(Ā) = G(A) .

(iv) (Bounded inverse theorem) IfA is closed and bijective, thenA−1 ∈ L(Y,X).

(v) (Closed graph theorem) In addition, let D(A) = X . Then A is bounded if
and only if A is closed.

(vi) If A is closable, then A+B is also closable and

A+B = Ā+B .

Proof. ‘(i)’: Obviously, (D(A), ∥ ∥A) is a normed vector space. Further, because
of

∥ιA f∥X = ∥f∥X ⩽
√

∥f∥2X + ∥Af∥2Y = ∥f∥A

10
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and
∥Af∥Y ⩽

√
∥f∥2X + ∥Af∥2Y = ∥f∥A

for every f ∈ D(A), it follows that ιA ∈ L((D(A), ∥ ∥A), X) and A ∈ L((D(A),
∥ ∥A), Y ).
‘(ii)’: Let A be closed and f0, f1, . . . a Cauchy sequence in (D(A), ∥ ∥A). Then
(f0, Af0), (f1, Af1), . . . is a Cauchy sequence inG(A) and hence by Lemma 12.2.7
along with the closedness of G(A) convergent to some (f,Af) ∈ G(A). This im-
plies that

lim
ν→∞

∥fν − f∥A = 0 .

Let (D(A), ∥ ∥A) be complete and (f, g) ∈ G(A) . Then there is a sequence
(f0, Af0), (f1, Af1), . . . in G(A) which is convergent to (f, g). Hence
(f0, Af0), (f1, Af1), . . . is a Cauchy sequence in X × Y . As a consequence,
f0, f1, . . . is a Cauchy sequence in (D(A), ∥ ∥A) and therefore convergent to some
h ∈ D(A). In particular,

lim
ν→∞

∥(fν , Afν)− (h,Ah)∥X×Y = 0

and hence (f, g) = (h,Ah) ∈ G(A).
‘(iii)’: Let A be closable. Then the closed graph of every closed extension of A
contains G(A) and hence also G(A) . Therefore G(Ā) ⊃ G(A) . This implies in
particular that G(A) is the graph of a map Ã. Further, D(Ã) = pr1G(A) , where
pr1 := (X × Y → X, (f, g) 7→ f), is a subspace of X and Ã is in particular a
linear closed extension of A. Hence Ã ⊃ Ā and G(A) = G(Ã) ⊃ G(Ā).
‘(iv)’: Let A be closed and bijective. Then it follows by (ii) that (D(A), ∥ ∥A)
is a Banach space and that A ∈ L((D(A), ∥ ∥A), Y ). Hence it follows by the
‘bounded inverse theorem theorem’, for e.g. see Theorem III.11 in Vol. I of [34],
that A−1 ∈ L(Y, (D(A), ∥ ∥A)) and by the continuity of ιA that A−1 ∈ L(Y,X).
‘(v)’: Let D(A) = X . If A is bounded and f0, f1, . . . is some Cauchy sequence in
(X, ∥ ∥A), it follows by the continuity of ιA that f0, f1, . . . is a Cauchy sequence in
X and hence convergent to some f ∈ X . SinceA is continuous, it follows the con-
vergence of Af0, Af1, . . . to Af and therefore also the convergence of f0, f1, . . .
in (X, ∥ ∥A) to f . Hence (X, ∥ ∥A) is complete and A is closed by (ii). If A is
closed, it follows by (ii) that (X, ∥ ∥A) is a Banach space and that the bijective X-
valued linear operator ιA is continuous. Hence ιA is closed by the previous part
of the proof. Therefore, the inverse of ιA is continuous by (iv) and hence A is
bounded.
‘(vi)’: Let A be closable. In a first step, we prove that Ā + B is closed. For this,
let (f, g) ∈ G(Ā+B) . Then there is a sequence f0, f1, . . . in D(Ā) which is
convergent to f and such that (Ā+B)f0, (Ā+B)f1, . . . is convergent to g. Since
B is continuous, it follows that Āf0, Āf1, . . . is convergent to g − Bf . Since Ā
is closed, it follows that f ∈ D(Ā) as well as Āf = g − Bf and hence that
f ∈ D(Ā + B) as well as (Ā + B)f = g. Hence Ā + B is closed, and therefore
A + B is closable such that Ā + B ⊃ A+B . Further, it follows by the previous

11
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part of the proof thatA+B−B is a closed extension ofA. HenceA+B−B ⊃ Ā
and therefore also A+B ⊃ Ā+B. Finally, it follows that A+B = Ā+B.

Theorem 12.2.10. (An application of the closed graph theorem) Let (X, ∥ ∥X), (Y,
∥ ∥Y), (Z, ∥ ∥Z) be Banach spaces over K ∈ {R,C}, A a closed bijective Y-valued
linear operator in X and B a closable Z-valued linear operator in X such that
D(B) ⊃ D(A). Then there is C ∈ [0,∞) such that

∥Bξ∥Z ⩽ C ∥Aξ∥Y

for all ξ ∈ D(A) and hence in particular B|D(A) ∈ L((D(A), ∥ ∥A), Z).

Proof. First, it follows by Theorem 12.2.9 (iv) that A−1 ∈ L(Y,X). Further, B ◦
A−1 is a Z-valued linear operator on Y since A−1 maps into the domain of B. Let
(η, ζ) ∈ G(B ◦A−1 ). Then there is a sequence (η0, B(A−1η0)), (η1, B(A−1η1)), . . .
in G(B ◦A−1) converging to (η, ζ). In particular,

lim
ν→∞

ην = η

and therefore also
lim
ν→∞

A−1ην = A−1η .

Since B is closable, it follows that (A−1η, ζ) ∈ G(B̄) and hence because of
A−1η ∈ D(A) ⊂ D(B) that (A−1η, ζ) ∈ G(B). Therefore also BA−1η = ζ
and (η, ζ) ∈ G(B ◦ A−1). Hence B ◦ A−1 is in addition closed and therefore by
Theorem 12.2.9 (v) bounded. As a consequence, it follows

∥Bξ∥Z = ∥B ◦A−1Aξ∥Z ⩽ C ∥Aξ∥Y

for every ξ ∈ D(A) where C ∈ [0,∞) is some bound for B ◦A−1.

Example 12.2.11. Apart from the unitary Fourier transform F2, the text uses a
related linear Fourier transformation which is denoted by F1,

F1 : L1
C(Rn) → C∞(Rn,C) ,

which for every f ∈ L1
C(Rn), is defined by

(F1f)(k) :=

∫ ∞

−∞
e−ik·uf(u) du

for every k ∈ Rn. Here, C∞(Rn,C) denotes the vector space of continuous
complex-valued functions on the real numbers that vanish at ±∞, which, equipped
with the norm ∥ ∥∞, defined by

∥f∥∞ := sup
k∈Rn

|f(k)| ,

12
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for every f ∈ C∞(Rn,C), is a complex Banach space. In particular,

∥F1f∥∞ ⩽ ∥f∥∞ ,

for every f ∈ C∞(Rn,C), implying that F1 is continuous.

12.2.3 Spectra and Resolvents
Theorem 12.2.12. (Elementary properties of the resolvent) Let (X, ∥ ∥X) be a
non-trivial Banach space over K ∈ {R,C} and A a densely-defined closed linear
operator in X .

(i) We define the resolvent set ρ(A) ⊂ K of A by

ρ(A) := {λ ∈ K : A− λ is bijective} .

Then ρ(A) is an open subset of K. Therefore, its complement σ(A) :=
K \ ρ(A), which is called the spectrum of A, is a closed subset of K.

(ii) We define the resolvent RA : ρ(A) → L(X,X) of A by

RA(λ) := (A− λ)−1

for every λ ∈ ρ(A). Then RA is continuous, satisfies the first resolvent
formula

RA(µ)−RA(λ) = (µ− λ)RA(µ)RA(λ) (12.2)

for every λ, µ ∈ ρ(A) and the second resolvent formula

RA(λ)−RB(λ) = RA(λ)(B −A)RB(λ) (12.3)

for every λ ∈ ρ(A) ∩ ρ(B), where B is some closed linear operator in X
having the same domain as A, i.e., D(B) = D(A).

(iii) For every f ∈ X , ω ∈ L(X,K), the corresponding function

ω ◦RAf

is real-analytic/holomorphic. HereRAf : ρ(A) → X is defined by (RAf)(λ) :=
RA(λ)f .

Proof. Let λ0 ∈ ρ(A). Then A − λ0 is a closed densely-defined bijective linear
operator in X and hence RA(λ0) ∈ L(X,X) \ {0}. Then it follows for every
λ ∈ U1/∥RA(λ0)∥(λ0)

A− λ =
[
1− (λ− λ0).RA(λ0)

]
(A− λ0)

and therefore, since
1− (λ− λ0).RA(λ0)

13



12 Appendix

is bijective as a consequence of

∥(λ− λ0).RA(λ0)∥ < 1 ,

that A− λ is bijective, as a composition of bijective maps, hence λ ∈ ρ(A) and

RA(λ) =

∞∑
k=0

(λ− λ0)
k [RA(λ0)]

k+1 .

Further, it follows for every f ∈ X , ω ∈ L(X,K) that

(ω ◦RAf)(λ) =

∞∑
k=0

ω
(
[RA(λ0)]

k+1f
)
(λ− λ0)

k .

In addition, if λ ∈ U1/(2∥RA(λ0)∥)(λ0), then

∥RA(λ)∥ ⩽
∞∑
k=0

|λ− λ0|k ∥RA(λ0)∥k+1 ⩽
∞∑
k=0

(2∥RA(λ0)∥)−k ∥RA(λ0)∥k+1

= ∥RA(λ0)∥
∞∑
k=0

2−k = 2 ∥RA(λ0)∥ ,

i.e., ∥RA∥ is bounded in a neighborhood of λ0. Further, for λ, µ ∈ ρ(A) and every
f ∈ D(A), it follows that

(A− µ)f = (A− λ)f + (λ− µ)f

and hence for every g ∈ X

(A− µ)RA(λ)g = g + (λ− µ)RA(λ)g .

The latter implies that

RA(λ) = RA(µ) + (λ− µ)RA(µ)RA(λ)

and hence (12.2). We note that this implies the continuity of RA, since ∥RA∥ is
bounded in a neighborhood of every λ ∈ ρ(A). Finally, let B : D(A) → X be
some closed linear operator in X . Then it follows for every µ ∈ ρ(A), λ ∈ ρ(B)
and every f ∈ D(A) that

(A− µ)f = (A−B)f + (B − λ)f + (λ− µ)f

and hence for every g ∈ X that

(A− µ)RB(λ)g = (A−B)RB(λ)g + g + (λ− µ)RB(λ)g .

The latter implies that

RB(λ) = RA(µ)(A−B)RB(λ) +RA(µ) + (λ− µ)RA(µ)RB(λ)

and hence (12.3).
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12.3 Hilbert Spaces

12.3.1 Elementary Properties

Definition 12.3.1. (K-Sesquilinear forms) Let K ∈ {R,C} and X a vector space
over K.

(i) s is called a K-Sesquilinear form on X if s is a map from X ×X to K such
that s(f, ·) is linear for every f ∈ X and s(·, g) is linear and anti-linear1 for
every g ∈ X if K = R and K = C, respectively.

(ii) If s is a K-Sesquilinear form on X , we call the function (X → K, f 7→
s(f, f)) the quadratic form that is generated by s.

(iii) A K-Sesquilinear form s on X is called symmetric if s(f, g) = s(g, f) and
s(g, f) = (s(f, g))∗ for all f, g ∈ X if K = R and K = C, respectively,
where ∗ denotes complex conjugation on C.

(iv) s is called a semi-scalar product and scalar product on X if s is a symmetric
K-Sesquilinear form on X such that s(f, f) ⩾ 0 for every f ∈ X2 and
s(f, f) > 0 for every f ∈ X \ {0}3, respectively.

Remark 12.3.2. Note that Definition 12.3.1 (iv) uses that the quadratic forms that
are associated with K-sesquilinear forms are real-valued.

Theorem 12.3.3. (Basic properties of K-Sesquilinear forms) Let K ∈ {R,C},
X a vector space over K and s a K-Sesquilinear form on X . Then

(i) (Parallelogram law)

s(f + g, f + g) + s(f − g, f − g) = 2[s(f, f) + s(g, g)]

for all f, g ∈ X .

(ii) (Polarization identity for C-Sesquilinear forms) if K = C,

s(f, g) =
1

4
[s(f + g, f + g)− s(f − g, f − g)− is(f + ig, f + ig)

+is(f − ig, f − ig)]

for all f, g ∈ X .

Proof. "(i)":

s(f + g, f + g) + s(f − g, f − g) = s(f, f) + s(g, f) + s(f, g) + s(g, g)

1 I.e., s(f1 + f2, g) = s(f1, g) + s(f2, g) and s(λf, g) = λ∗s(f, g) for all f1, F, f ∈ X and
λ ∈ C, where ∗ denotes complex conjugation on C.

2 A symmetric K-Sesquilinear form on X with this property is also called positive semi-definite.
3 A symmetric K-Sesquilinear form on X with this property is also called positive definite.
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+ s(f, f)− s(g, f)− s(f, g) + s(g, g) = 2[s(f, f) + s(g, g)]

for all f, g ∈ X .
"(ii)": First it follows that

s(f + g, f + g) = s(f, f) + s(g, f) + s(f, g) + s(g, g) ,

s(f − g, f − g) = s(f, f)− s(g, f)− s(f, g) + s(g, g)

and hence that

s(f + g, f + g)− s(f − g, f − g) = 2[s(f, g) + s(g, f)]

for all f, g ∈ X . This implies that

−i[s(f + ig, f + ig)− s(f − ig, f − ig)] = 2[s(f, g)− s(g, f)]

for all f, g ∈ X . By addition of the last two equations and multiplication of the
resulting equation by 1/4, we arrive at the statement.

Remark 12.3.4. As a consequence of part (ii) of Theorem 12.3.3, a C-Sesquilinear
form is uniquely determined by its corresponding quadratic form. That the analo-
gous is not true for R-Sesquilinear forms can be seen from the existence of non-
trivial skew-symmetric bilinear forms. The quadratic forms corresponding to the
latter vanish.

Theorem 12.3.5. Let K ∈ {R,C}, X a vector space over K and ⟨ | ⟩ a semi-scalar
product on X and ∥ ∥ : X → [0,∞) defined by ∥f∥ := ⟨f |f⟩1/2 for every f ∈ X .
Then

(i) (Cauchy-Schwarz inequality) For all f, g ∈ X , the following Cauchy-
Schwarz inequality holds

| ⟨f |g⟩ | ⩽ ∥f∥∥g∥ . (12.4)

(ii) (Triangle inequality) For all f, g ∈ X

∥f + g∥ ⩽ ∥f∥+ ∥g∥ . (12.5)

(iii) N := {f ∈ X : ∥f∥ = 0} is subspace of X , the so called null space of ⟨ | ⟩.

(iv) (Cauchy-Schwarz equality)

| ⟨f |g⟩ | = ∥f∥∥g∥ (12.6)

for some f, g ∈ X if and only if

∥f∥2g − ⟨f |g⟩ f ∈ N .
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Proof. "(i)": For arbitrary f, g ∈ X , it follows that

0 ⩽ ⟨∥f∥2g − ⟨f |g⟩ f, ∥f∥2g − ⟨f |g⟩ f⟩
= ∥f∥2(∥f∥2∥g∥2 + | ⟨f |g⟩ |2 − | ⟨f |g⟩ |2 − | ⟨f |g⟩ |2) (12.7)

= ∥f∥2(∥f∥2∥g∥2 − | ⟨f |g⟩ |2)

and hence also that

0 ⩽ ∥g∥2(∥f∥2∥g∥2 − | ⟨f |g⟩ |2) .

As a consequence, we conclude the validity of (12.4) if ∥f∥ ̸= 0 and/or ∥g∥ ̸= 0.
Further, if ∥f∥ = ∥g∥ = 0, it follows that

0 ⩽ ⟨−af +
1

2
g| − af +

1

2
g⟩ = −1

2
(⟨af |g⟩+ ⟨g|af⟩) = −Re(a ⟨g|f⟩)

= −| ⟨f |g⟩ | ,

where a ∈ K is such that |a| = 1 and

a ⟨g|f⟩ = | ⟨f |g⟩ | ,

and hence that
⟨f |g⟩ = 0 .

As a consequence, we conclude also in this case the validity of (12.4).
"(ii)": With the help of (i), it follows for arbitrary f, g ∈ X that

∥f + g∥2 = | ⟨f + g|f + g⟩ | = | ∥f∥2 + ∥g∥2 + ⟨f |g⟩+ ⟨g|f⟩ |
⩽ ∥f∥2 + ∥g∥2 + 2∥f∥∥g∥ = (∥f∥+ ∥g∥)2 .

and hence (12.5).
"(iii)": First, as a consequence of the linearity of ⟨0|·⟩, ∥0∥ = ⟨0|0⟩1/2 = 0 and
hence 0 ∈ N . Further, if f, g ∈ N , it follows by (12.5) that ∥f +g∥ = 0 and hence
that f + g ∈ N . Finally, for f ∈ N and λ ∈ K, it follows that

∥λf∥2 = ⟨λf |λf⟩ = |λ|2∥f∥2 = 0

and hence that λf ∈ N .
"(iv)": If (12.6) is valid for some f, g ∈ X , it follows from (12.7) that ∥f∥2g −
⟨f |g⟩ f ∈ N . If ∥f∥2g − ⟨f |g⟩ f ∈ N , it follows from (12.7) that

∥f∥2(∥f∥2∥g∥2 − | ⟨f |g⟩ |2) = 0 .

If ∥f∥ = 0, it follows by (12.4) the validity of (12.6).
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Theorem 12.3.6. Let K ∈ {R,C}, X vector space over K, ⟨ | ⟩ a scalar product on
X and ∥ ∥ : X → [0,∞) defined by ∥f∥ := ⟨f |f⟩1/2 for every f ∈ X . Then

(i) (X, ∥ ∥) is a normed vector space over K. In the following, we call ∥ ∥ the
norm that is induced on X by ⟨ | ⟩.

(ii) The maps ⟨f |·⟩ and ⟨·|f⟩, interpreted as maps from (X, ∥ ∥) to (K, | |), are
continuous for every f ∈ X . In particular, if X is non-trivial, ∥ ⟨f |·⟩ ∥ =
∥f∥ for every f ∈ X .

Proof. "(i)": First, ∥0∥ = ⟨0|0⟩1/2 = 0, as a consequence of the linearity of ⟨0|·⟩.
Also, since ∥f∥ = ⟨f |f⟩1/2 > 0 for every f ∈ X \ {0}, from ∥f∥ = 0 for some
f ∈ X , it follows that f = 0. Second, ∥λf∥ = ⟨λf |λf⟩1/2 = (|λ|2 ⟨f |f⟩)1/2 =

|λ| ⟨f |f⟩1/2 = |λ| ∥f∥ for every f ∈ X and λ ∈ K. Finally, according to Theo-
rem 12.3.5 (ii), ∥f +g∥ ⩽ ∥f∥+∥g∥ for all f, g ∈ X . Hence (X, ∥ ∥) is a normed
vector space over K.
"(ii)": Let f ∈ X . Then, we conclude by help of the Cauchy-Schwarz inequality,
Theorem 12.3.5 (i), that

| ⟨f |g1⟩ − ⟨f |g2⟩ | = | ⟨f |g1 − g2⟩ | ⩽ ∥f∥∥g1 − g2∥
| ⟨g1|f⟩ − ⟨g2|f⟩ | = | ⟨g1 − g2|f⟩ | ⩽ ∥f∥∥g1 − g2∥

for all g1, g2 ∈ X . The latter implies the continuity of ⟨f |·⟩ and ⟨·|f⟩. Further, ifX
is non-trivial, the latter implies that ∥ ⟨f |·⟩ ∥Op ⩽ ∥f∥. In this case , it also follows
that | ⟨f |·⟩ (∥f∥−1f)| = | ⟨f |∥f∥−1f⟩ | = ∥f∥ and hence that ∥ ⟨f |·⟩ ∥Op ⩾ ∥f∥.

Definition 12.3.7. (Pre-Hilbert spaces and Hilbert spaces) Let K ∈ {R,C}. A
pair (X, ⟨ | ⟩) is called a pre-Hilbert space over K if X is a vector space over K and
⟨ | ⟩ : X2 → K is a scalar product on X . If moreover, (X, ∥ ∥) is complete, where
∥ ∥ is the norm that is induced on X by ⟨ | ⟩, we call (X, ⟨ | ⟩) a Hilbert space.

Example 12.3.8. Let n ∈ N∗, ⟨ | ⟩ : Cn×Cn → C be the canonical scalar product,
defined for all u = (u1, . . . , un), v = (v1, . . . , vn) ∈ Cn by

⟨u|v⟩c := u∗1 · v1 + · · ·+ u∗n · vn .

Then, according to Linear Algebra and Analysis,

(Cn, ⟨ | ⟩c) is a complex Hilbert space,

Example 12.3.9. (L2-Spaces) Let n ∈ N∗, E ⊂ Rn be non-empty and vn-
measurable, where vn denotes the Lebesgue measure in n dimensions. We define

L2
C(E) := {f : E → C :Re(f), Im(f) are vn-measurable
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12.3 Hilbert Spaces

and |Re(f)|2, |Im(f)|2 are vn-integrable}

and for all f, g ∈ L2
C(E)

⟨f |g⟩2 :=

∫
E

f∗ · g dvn .

Then according to Functional Analysis

(
L2
C(E),+, . , ⟨ | ⟩2

)
is a complex Hilbert space,

where
L2
C(E) := L2

C(E)/∼ ,

the equivalence relation ∼ on L2
C(E) is defined by1

f ∼ g :⇔ f = g a.e. on E ,

for all f, g ∈ L2
C(E), and L2

C(E) is equipped with the operations +, . and the
scalar product ⟨ | ⟩2, defined by

[f ] + [g] := [f + g] , λ.[f ] := [λ.f ] ,

⟨[f ]|[g]⟩2 := ⟨f |g⟩2

for all f, g ∈ L2
C(E) and λ ∈ C.

As is standard practice, we are not going to indicate that we are working with
equivalence classes, rather than functions. Normally, this does not lead to compli-
cations, since in applications, usually, the equivalence classes in question, have a
unique distinguished, e.g., continuous, representative, which is the basis for con-
siderations. On the other hand, occasionally, it is necessary to remember this fact.

12.3.2 Projections on Closed Subspaces

Definition 12.3.10. Let K ∈ {R,C}, (X, ⟨ | ⟩) a pre-Hilbert space, f, g ∈ X and
S, T ⊂ X .

(i) We say that f is perpendicular to g and indicate this symbolically by f ⊥ g
if ⟨f |g⟩ = 0.

(ii) We say that S is perpendicular to T and indicate this symbolically by S ⊥ T
if ⟨f |g⟩ = 0 for all f ∈ S and g ∈ T .

1 a.e. stands for almost everywhere, i.e., {x ∈ E : f(x) ̸= g(x)} is set of Lebesgue measure 0.
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(iii) We define the orthogonal complement S⊥ of S by

S⊥ := {g ∈ X : ⟨g|f⟩ = 0 for all f ∈ S} .

Theorem 12.3.11. Let K ∈ {R,C}, (X, ⟨ | ⟩) a pre-Hilbert space and S, T ⊂ X .
Then

(i) {0}⊥ = X and X⊥ = {0},

(ii) S⊥ is a closed subspace of X ,

(iii) S ⊂ T ⇒ T⊥ ⊂ S⊥,

(iv) S⊥ = (SpanS )⊥ = (SpanS )⊥.

Proof. “(i)": For every f ∈ X , as a consequence of the linearity of ⟨f |·⟩, it follows
that ⟨f |0⟩ = 0 and hence that X ⊂ {0}⊥ ⊂ X . Further, for every f ∈ X , it
follows as a consequence of the linearity of ⟨f |·⟩ and the Hermiticity of ⟨ | ⟩ that
⟨0|f⟩ = 0 and hence that 0 ∈ X⊥. Finally, for every f ∈ X \ {0}, since ⟨ | ⟩ is a
scalar product, it follows that ⟨f |f⟩ > 0 and hence that f /∈ X⊥.
“(ii)": First, it follows for every f ∈ S as well as a consequence of the linearity of
⟨f |·⟩ and the Hermiticity of ⟨ | ⟩ that ⟨0|f⟩ = 0 and hence that 0 ∈ S⊥. Further, if
f1, f2 ∈ S⊥ and λ ∈ K, then

⟨f1 + f2|f⟩ = ⟨f1|f⟩+ ⟨f2|f⟩ = 0 , ⟨λf1|f⟩ = 0

for every f ∈ S. Hence, S⊥ is a subspace of X . In addition, if g1, g2, . . . is a
sequence in S⊥ that is convergent to g ∈ X , we conclude that

⟨g|f⟩ = ⟨ lim
ν→∞

gν |f ⟩ = lim
ν→∞

⟨gν |f⟩ = 0

for every f ∈ S and hence that g ∈ S⊥. As a consequence, S⊥ is a closed subspace
of X .
“(iii)": If S ⊂ T and g ∈ T⊥, it follows that ⟨g|f⟩ = 0 for every f ∈ S and hence
that g ∈ S⊥.
“(iv)": Since S ⊂ SpanS ⊂ SpanS, we conclude by (iii) that S⊥ ⊃ (SpanS )⊥ ⊃
(SpanS )⊥. Further, for every f ∈ S⊥, it follows from the linearity of ⟨f |·⟩
that f ∈ (SpanS )⊥ and hence that S⊥ ⊂ (SpanS )⊥. Finally, for every f ∈
(SpanS )⊥, it follows from the continuity of ⟨f |·⟩ that f ∈ (SpanS )⊥ and hence
that (SpanS )⊥ ⊂ (SpanS )⊥.

Theorem 12.3.12. Let K ∈ {R,C}, (X, ⟨ | ⟩) a Hilbert space and S ⊂ X non-
empty, closed and convex1. Then for every f ∈ X , there is a unique fS ∈ S such
that

∥f − fS∥ = d(f, S) := inf{∥f − g∥ : g ∈ S} ,

where ∥ ∥ denotes the norm that is induced on X by ⟨ | ⟩.
1 I.e., such that αf + (1− α)g ∈ S for all f, g ∈ S and α ∈ [0, 1].
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12.3 Hilbert Spaces

Proof. Let f ∈ X . Then

D := {∥f − g∥ : g ∈ S}

is a non-empty subset of R that is bounded from below by 0. Hence the largest
lower bound, infD, of D exists and is ≥ 0. Further, since for ν ∈ N∗, infD+ν−1

is no lower bound of D, there is fν ∈ S such that

infD ≤ ∥f − fν∥ < infD + ν−1 .

As a consequence,
lim
ν→∞

∥f − fν∥ = infD . (12.8)

Further, it follows by application of the Parallelogram law, Theorem 12.3.3 (i) for
⟨ | ⟩, that

∥fµ − fν∥2 = ∥fµ − f − (fν − f)∥2

= ∥fµ − f − (fν − f)∥2 + ∥fµ − f + (fν − f)∥2 − ∥fµ − f + (fν − f)∥2

= 2[∥fµ − f∥2 + ∥fν − f∥2]− 4 ∥2−1fµ + 2−1fν − f∥2

≤ 2[∥fµ − f∥2 + ∥fν − f∥2]− 4(infD)2

for µ, ν ∈ N∗ and hence by (12.8) that f1, f2, . . . is a Cauchy-sequence in X .
Note that the last step uses the convexity of S. Since (X, ∥ ∥) is complete and S is
closed, it follows the convergence of f1, f2, . . . to a fS ∈ S. Furthermore, (12.8)
implies that

∥f − fS∥ = infD .

If f ′
S ∈ S is such that

∥f − f ′
S∥ = infD ,

we conclude by application of the Parallelogram law, Theorem 12.3.3 (i) for ⟨ | ⟩,
that

∥f ′
S − fS∥2 = 2[∥f ′

S − f∥2 + ∥fS − f∥2]− 4 ∥2−1f ′
S + 2−1fS − f∥2

≤ 2[∥f ′
S − f∥2 + ∥fS − f∥2]− 4(infD)2 = 0

and hence that f ′
S = fS .

Theorem 12.3.13. (Projection Theorem) Let K ∈ {R,C}, (X, ⟨ | ⟩) a Hilbert
space with induced norm ∥ ∥, Y a closed subspace of X and PY : X → X defined
by

PY f := fY ,

where is fY is the unique element of Y such that

∥f − fY ∥ = d(f, Y ) := inf{∥f − g∥ : g ∈ Y } .

Then
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(i) f−PY f ∈ Y ⊥ for every f ∈ X . For this reason, we call PY “the orthogonal
projection of X onto Y ".

(ii) X = Y ⊗Y ⊥, i.e., for every f ∈ X there is a unique pair (g1, g2) ∈ Y ×Y ⊥

such that f = g1 + g2. This pair is given by (g1, g2) = (PY f, f − PY f).

(iii) PY is linear, continuous, symmetric1 such that

∥PY f∥ ≤ ∥f∥

for every f ∈ X and P 2
Y = PY .

Proof. We note that, as a consequence of Theorem 12.3.12, since Y is a non-empty,
closed and convex subset of X , PY is well-defined.
“(i)": Let f ∈ X and g ∈ Y with ∥g∥ = 1. Then

f − PY f = f − PY f − ⟨g|f − PY f⟩ g + ⟨g|f − PY f⟩ g

and

⟨f − PY f − ⟨g|f − PY f⟩ g| ⟨g|f − PY f⟩ g⟩
= | ⟨g|f − PY f⟩ |2 − | ⟨g|f − PY f⟩ |2∥g∥2 = 0 .

As a consequence,

∥f − PY f∥2 = ∥f − PY f − ⟨g|f − PY f⟩ g∥2 + ∥⟨g|f − PY f⟩ g∥2

Hence it follows from the definition of PY f that (f − PY f) ⊥ g. Note that here it
has been used that PY f + ⟨g|f − PY f⟩ g ∈ Y .
“(ii)": Let f ∈ X . From (i) follows that (PY f, f − PY f) ∈ Y × Y ⊥. Also,
f = PY f + f − PY f . If (g1, g2) ∈ Y × Y ⊥ is such that f = g1 + g2, then

0 = g1 − PY f + g2 − (f − PY f) .

Since g1 − PY f ⊥ g2 − (f − PY f), we conclude that

0 = ∥g1 − PY f∥2 + ∥g2 − (f − PY f)∥2

and hence that (g1, g2) = (PY f, f − PY f).
“(iii)" For f, f1, f2 ∈ X and λ ∈ K, it follows that

f1 + f2 = PY f1 + PY f2 + f1 − PY f1 + f2 − PY f2

= PY (f1 + f2) + f1 + f2 − PY (f1 + f2)

λf = λPY f + λ(f − PY f) = PY λf + (λf − PY λf) .

and hence by (ii) that

PY (f1 + f2) = PY f1 + PY f2 , PY λf = λPY f .

1 I.e., ⟨f |PY g⟩ = ⟨PY f |g⟩ for all f, g ∈ X .
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12.3 Hilbert Spaces

Further, for f ∈ X , we conclude that

∥f∥2 = ∥PY f∥2 + ∥f − PY f∥2

and hence that ∥PY f∥ ≤ ∥f∥. In particular, the latter implies that PY is continu-
ous. Also, for f, g ∈ X , it follows that

⟨f |PY g⟩ = ⟨PY f + f − PY f |PY g⟩ = ⟨PY f |PY g⟩
= ⟨PY f |PY g + g − PY g⟩ = ⟨PY f |g⟩ .

Finally, for every f ∈ Y , ∥f − f∥ = 0 and hence PY f = f . The latter implies that
PY ◦ PY = PY .

Corollary 12.3.14. Let K ∈ {R,C}, (X, ⟨ | ⟩) a Hilbert space and S ⊂ X . Then

(i)
S⊥⊥ = SpanS , (12.9)

i.e., S⊥⊥ is the smallest closed subspace of X containing S.

(ii) S⊥ = {0} if and only if SpanS is dense in X , i.e., if and only if

SpanS = X .

Proof. “(i)": From Theorem 12.3.11, we conclude that

S⊥⊥ = (SpanS )⊥⊥ .

Further, from Theorems 12.3.11, 12.3.13, it follows that

X = SpanS ⊗ (SpanS )⊥ = (SpanS )⊥ ⊗ (SpanS )⊥⊥ .

Hence it follows (12.9).
“(ii)": If S⊥ = {0}, we conclude from (i) and Theorem 12.3.11 that

SpanS = S⊥⊥ = {0}⊥ = X .

If SpanS = X , it follows from Theorem 12.3.11 that

S⊥ = (SpanS )⊥ = X⊥ = {0} .

12.3.3 Riesz’ Lemma, Hilbert Bases

Theorem 12.3.15. (Riesz’ lemma) Let K ∈ {R,C} and (X, ⟨ | ⟩) a Hilbert space
with induced norm ∥ ∥. For every ω ∈ L(X,K), there is a unique f ∈ X such that
ω = ⟨f |·⟩. In particular, if X is non-trivial, ∥ω∥Op = ∥f∥.
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Proof. Let ω ∈ L(X,K). Then kerω is a closed subspace of X . In case that
kerω = X , ω = ⟨0|·⟩. Further, if f ∈ X is such that ω = ⟨f |·⟩, then 0 = ω(f) =
∥f∥2 and hence f = 0. Finally, if X is non-trivial 0 = ∥ω∥Op = ∥0∥. In case that
kerω ̸= X , (kerω)⊥ is non-trivial. Let f0 ∈ (kerω)⊥ such that ∥f0∥ = 1. Then

ω(g) = ω

(
g − ω(g)

ω(f0)
f0 +

ω(g)

ω(f0)
f0

)
= ⟨(ω(f0))∗f0|g −

ω(g)

ω(f0)
f0⟩+ ⟨(ω(f0))∗f0|

ω(g)

ω(f0)
f0⟩ = ⟨(ω(f0))∗f0|g⟩

for every g ∈ X and hence

ω = ⟨(ω(f0))∗f0|·⟩ .

Further, if f ∈ X is such that ω = ⟨f |·⟩, it follows that

⟨f − (ω(f0))
∗f0|·⟩ = 0 .

The latter implies that

0 = ⟨f − (ω(f0))
∗f0|f − (ω(f0))

∗f0⟩ = ∥f − (ω(f0))
∗f0∥2

and hence that f = (ω(f0))
∗f0. In particular, if X is non-trivial, ∥ω∥Op =

∥ ⟨(ω(f0))∗f0|·⟩ ∥Op = ∥(ω(f0))∗f0∥ (= |ω(f0)| ).

Definition 12.3.16. Let K ∈ {R,C} and (X, ⟨ | ⟩) a non-trivial Hilbert space.

(i) An object M is called an orthonormal system in X if M is a non-empty
subset of X such that ⟨e|e ′⟩ = 1 if e = e ′ and ⟨e|e ′⟩ = 0 if e ̸= e ′.

(ii) An object M is called a Hilbert basis of X if M is an orthonormal system in
X and SpanM is dense in X .

Theorem 12.3.17. Let K ∈ {R,C}, (X, ⟨ | ⟩) a non-trivial Hilbert space with
induced norm ∥ ∥, and M an orthonormal system in X . Then

(i) a) M is linearly independent.

b) M is a Hilbert basis of X if and only if M is a maximal orthonormal
system in X , i.e., for every orthonormal system M ′ in X satisfying
M ′ ⊃M , it follows that M ′ =M .

(ii) a) If n ∈ N∗ and e1, . . . en a sequence of pairwise different elements of
M , then

d(f,Span{e1, . . . en}) = ∥f −
n∑

i=1

⟨ei|f⟩ ei∥ . (12.10)

for every f ∈ X .
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b) (Bessel inequality) For every f ∈ X ,

M(f) := {e ∈M : ⟨e|f⟩ ≠ 0} ⊂M

is at most countable and the corresponding sequence

(| ⟨e|f⟩ |2)e∈M(f)

is summable such that ∑
e∈M(f)

| ⟨e|f⟩ |2 ≤ ∥f∥2 ,

where the sum is defined as 0 if M(f) = ϕ.

c) (Parseval equality)

1) M is a Hilbert basis of X if and only if for every f ∈ X∑
e∈M(f)

| ⟨e|f⟩ |2 = ∥f∥2 .

2) If M is a Hilbert basis of X , for every f ∈ X and every bijection
e : I →M(f), where I is finite or I = N∗,

(⟨ei|f⟩ ei)i∈I ∈ XI

is summable such that

f =
∑
i∈I

⟨ei|f⟩ ei ,

where the last sum is defined by 0 if I = ϕ.

(iii) In addition, letM be infinite. If (en)n∈N∗ ∈MN∗
is a sequence of pair-

wise different elements ofM and (an)n∈N∗ ∈ KN∗
, then (

∑m
n=1 anen)m∈N∗

is convergent if and only if (
∑m

n=1 |an|2)m∈N∗ is convergent.

Proof. “(i)a)": Let e1, . . . , en, where n ∈ N∗, be a sequence of pairwise different
elements of M and a1, . . . , an elements of K such that

n∑
i=1

aiei = 0 .

Then

0 =

∥∥∥∥∥
n∑

i=1

aiei

∥∥∥∥∥
2

= ⟨
n∑

i=1

aiei|
n∑

j=1

ajej⟩ =
n∑

i,j=1

a∗i aj ⟨ei|ej⟩ =
n∑

i,j=1

|ai|2 ,
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and hence ai = 0 for every i ∈ {1, . . . , n}.
“(i)b)": If M is in particular a Hilbert basis of X and M ′ ⫌ M an orthonormal
system in X . Then it follows for f ∈M ′ \M that

f ∈M⊥ = (SpanM )⊥ = X⊥ = {0}

in contradiction to ∥f∥ = 1. If M is maximal, it follows that M⊥ = {0} and
hence that

SpanM = SpanM
⊥⊥

= (M⊥)⊥ = {0}⊥ = X .

Therefore, M is a Hilbert basis.
“(ii)a)": If n ∈ N∗ and e1, . . . , en is a sequence of pairwise different elements of
M , it follows for f ∈ X , a1, . . . , an ∈ K that∥∥∥∥∥f −

n∑
i=1

aiei

∥∥∥∥∥
2

= ⟨f −
n∑

i=1

aiei|f −
n∑

j=1

ajej⟩ (12.11)

= ∥f∥2 −
n∑

i=1

a∗i ⟨ei|f⟩ −
n∑

i=1

ai ⟨f |ei⟩+
n∑

i=1

|ai|2

= ∥f∥2 −
n∑

i=1

| ⟨ei|f⟩ |2 +
n∑

i=1

(ai − ⟨ei|f⟩)∗(ai − ⟨ei|f⟩)

= ∥f∥2 −
n∑

i=1

⟨ei|f⟩∗ ⟨ei|f⟩ −
n∑

i=1

⟨ei|f⟩ ⟨f |ei⟩+
n∑

i=1

| ⟨ei|f⟩ |2

+

n∑
i=1

|ai − ⟨ei|f⟩ |2

=

∥∥∥∥∥f −
n∑

i=1

⟨ei|f⟩ ei

∥∥∥∥∥
2

+

n∑
i=1

|ai − ⟨ei|f⟩ |2 ≥

∥∥∥∥∥f −
n∑

i=1

⟨ei|f⟩ ei

∥∥∥∥∥
2

,

where ∗ := idR if K = R, and hence the validity of (12.10).
“(ii)b)": Let f ∈ X . If n ∈ N∗ and e1, . . . , en is a sequence of pairwise different
elements of M , it follows from (12.11) that

∥f∥2 =

n∑
i=1

| ⟨ei|f⟩ |2 +

∥∥∥∥∥f −
n∑

i=1

⟨ei|f⟩ ei

∥∥∥∥∥
2

≥
n∑

i=1

| ⟨ei|f⟩ |2 . (12.12)

As a consequence, for every ν ∈ N∗,

{e ∈M : | ⟨e|f⟩ | > 1

ν
}

is a finite, possibly empty, subset of M . Hence

M(f) := {e ∈M : ⟨e|f⟩ ≠ 0} =
⋃

ν∈N∗

{e ∈M : | ⟨e|f⟩ | > 1

ν
}
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is at most countable. If M(f) is finite, (12.12) implies that∑
e∈M(f)

| ⟨e|f⟩ |2 ≤ ∥f∥2 .

If M(f) is infinite and e : N∗ →M(f) a bijection, then(
n∑

i=1

| ⟨ei|f⟩ |2
)

n∈N∗

is an increasing sequence of real numbers that, as a consequence of (12.12), is
bounded from above by ∥f∥2. Hence this sequence is convergent such that

∞∑
i=1

| ⟨ei|f⟩ |2 ≤ ∥f∥2 .

“(ii)c)1)": If M is Hilbert Basis and f ∈ X , then f ∈ SpanM = X . We note that
from (12.11), it follows for n ∈ N∗, a sequence e1, . . . , en of pairwise different
elements of M and a1, . . . , an ∈ K that∥∥∥∥∥f −

n∑
i=1

aiei

∥∥∥∥∥
2

≥

∥∥∥∥∥f −
n∑

i=1

⟨ei|f⟩ ei

∥∥∥∥∥
2

= ∥f∥2 −
n∑

i=1

| ⟨ei|f⟩ |2

≥ ∥f∥2 −
∑

e∈M(f)

| ⟨e|f⟩ |2 .

From this, we conclude for every ε > 0 that

∥f∥2 −
∑

e∈M(f)

| ⟨e|f⟩ |2 ≤ ε

and hence that
∥f∥2 ≤

∑
e∈M(f)

| ⟨e|f⟩ |2 .

The latter and part ii)b) imply that∑
e∈M(f)

| ⟨e|f⟩ |2 = ∥f∥2 .

If f ∈ X and ∑
e∈M(f)

| ⟨e|f⟩ |2 = ∥f∥2 ,

we conclude as follows. First, we note that from (12.11) follows for n ∈ N∗ and a
sequence e1, . . . , en of pairwise different elements of M that∥∥∥∥∥f −

n∑
i=1

⟨ei|f⟩ ei

∥∥∥∥∥
2

= ∥f∥2 −
n∑

i=1

| ⟨ei|f⟩ |2 .
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Hence, if I is a finite, possibly empty, set or I = N∗ and e : I →M(f) a bijection,
we conclude from the latter that

f =

n∑
i∈I

⟨ei|f⟩ ei

and hence that f ∈ SpanM .
“(ii)c)2)": See the previous proof of (ii)c)1).
“(iii)": If M be infinite, (en)n∈N∗ ∈ MN∗

is a sequence of pairwise different
elements of M and (an)n∈N∗ ∈ KN∗

, then∥∥∥∥∥∥
m∑

n=1

anen −
m ′∑
n=1

anen

∥∥∥∥∥∥
2

=

∣∣∣∣∣∣
m∑

n=1

|an|2 −
m ′∑
n=1

|an|2
∣∣∣∣∣∣

for m,m ′ ∈ N∗. Hence (
m∑

n=1

anen

)
m∈N∗

is a Cauchy-sequence in X if and only if(
m∑

n=1

|an|2
)

m∈N∗

is a Cauchy-sequence in R. Since X and R are complete, the latter implies that
(
∑m

n=1 anen)m∈N∗ is convergent if and only if (
∑m

n=1 |an|2)m∈N∗ is convergent.

Theorem 12.3.18. (Existence of Hilbert bases) Let K ∈ {R,C}, (X, ⟨ | ⟩) a non-
trivial Hilbert space with induced norm ∥ ∥, and M0 an orthonormal system in X .
Then there is an extension of M0 to a Hilbert basis of X .

Proof. We define

P := {M orthonormal system in X and M ⊃M0} .

Then, the restriction of ⊂ to P ×P defines a partial order in P. If P ′ is a totally
ordered subset of P, then ⋃

M∈P ′

M

is an upper bound for P ′ in P. Hence according to Zorn’s lemma, P contains a
maximal element. According to Theorem 12.3.17 (i)b) such a maximal element is
a Hilbert basis.
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12.4 Linear Operators in Hilbert Spaces

12.4.1 Bounded Operators

Definition 12.4.1. (Adjoint Operators, Self-Adjointness) Let K ∈ {R,C}, (X, ⟨ | ⟩)
a non-trivial Hilbert space, and A ∈ L(X,X). We note for every f ∈ X , since for
every g ∈ X

| ⟨f |Ag⟩ | ⩽
[
∥f∥ · ∥A∥Op

]
∥g∥ ,

that
⟨f |A ·⟩ ∈ L(X,K)

and hence according to Riesz’ lemma, Theorem 12.3.15, that there is a unique f ′

such that
⟨f |A ·⟩ = ⟨f ′|·⟩ .

Therefore, we can and do define a so called adjoint A∗ : X → X to A, for every
f ∈ X by

⟨f |A ·⟩ = ⟨A∗f |·⟩ .

In particular, we call A self-adjoint if A∗ = A. Also, we define

Ls(X,X) := {A ∈ L(X,X) : A is self-adjoint} .

Theorem 12.4.2. (Elementary Properties of the Adjoint) Let K ∈ {R,C},
(X, ⟨ | ⟩) a non-trivial Hilbert space, and A,B ∈ L(X,X), α ∈ K.

(i) Then A∗ ∈ L(X,X),
∥A∗∥Op = ∥A∥Op ,

(ii)

(A∗)∗ = A , (A+B)∗ = A∗ +B∗ ,

(α.A)∗ = α∗.A∗ , (A ◦B)∗ = B∗ ◦A∗ ,

(iii)
∥A∗ ◦A∥Op = ∥A∥2Op .

Proof. Parts (i), (iii): First, we note that for f, g ∈ X , λ ∈ K that

⟨A∗(f + g)|·⟩ = ⟨f + g|A ·⟩ = ⟨f |A ·⟩+ ⟨g|A ·⟩ = ⟨A∗f |·⟩+ ⟨A∗g|·⟩
= ⟨A∗f +A∗g|·⟩ ,

⟨A∗λ.f |·⟩ = ⟨λ.f |A ·⟩ = λ∗ ⟨f |A ·⟩ = λ∗ ⟨A∗f |·⟩ = ⟨λ.A∗f |·⟩

and hence that A is linear. Also, for f ∈ X

∥A∗f∥2 = ⟨A∗f |A∗f⟩ = ⟨f |AA∗f⟩ ⩽ ∥f∥ · ∥A∥Op · ∥A∗f∥
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and hence
∥A∗f∥ ⩽ ∥A∥Op · ∥f∥ .

As a consequence, A∗ ∈ L(X,X) and

∥A∗∥Op ⩽ ∥A∥Op .

In addition, for f ∈ X

∥Af∥2 = ⟨Af |Af⟩ = ⟨A∗Af |f⟩ ⩽ ∥A∗∥Op · ∥Af∥ · ∥f∥

and hence
∥Af∥ ⩽ ∥A∗∥Op · ∥f∥ .

As a consequence,
∥A∥Op ⩽ ∥A∗∥Op .

Finally,
∥A∗A∥Op ⩽ ∥A∗∥Op · ∥A∥Op = ∥A∥2Op ,

and for f ∈ X

∥Af∥2 = ⟨Af |Af⟩ = ⟨A∗Af |f⟩ ⩽ ∥A∗A∥Op · ∥f∥2 ,

implying that

∥Af∥ ⩽
√
∥A∗A∥Op · ∥f∥

and that
∥A∥Op ⩽

√
∥A∗A∥Op .

Part (ii): For f ∈ X ,

⟨(A∗)∗f |·⟩ = ⟨f |A∗ ·⟩ = ⟨A∗ · |f⟩∗ = ⟨·|Af⟩∗ = ⟨Af |·⟩ ,
⟨(A+B)∗f |·⟩ = ⟨f |(A+B) ·⟩ = ⟨f |A ·⟩+ ⟨f |B ·⟩

= ⟨A∗f |·⟩+ ⟨B∗f |·⟩ = ⟨(A∗ +B∗)f |·⟩ ,
⟨(α.A)∗f |·⟩ = ⟨f |(α.A) ·⟩ = α ⟨f |A ·⟩ = α ⟨A∗f |·⟩ = ⟨α∗A∗f |·⟩ ,

⟨(A ◦B)∗f |·⟩ = ⟨f |(A ◦B) ·⟩ = ⟨A∗f |B ·⟩ = ⟨(B∗ ◦A∗)f |·⟩ .

Remark 12.4.3. A map ∗ on an algebra satisfying Theorem 12.4.2 (ii) is called
an involution and such algebra an involutive algebra. A Banach algebra with
involution, where the involution satisfies Theorem 12.4.2 (i) is called an involu-
tive Banach algebra. An involutive Banach algebra over C, where the involu-
tion satisfies Theorem 12.4.2 (iii), is called a K∗-algebra. Since, according to
Remark 12.2.4, (L(X,X),+, . , ◦, ∥ ∥Op) is an associative Banach algebra with
unit element, (L(X,X),+, . , ◦, ∗, ∥ ∥Op) is an associative K∗-algebra with unit
element.
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12.4.2 Unbounded Operators
Theorem 12.4.4. (Definition and elementary properties of the adjoint) Let (X,
⟨ | ⟩X) and (Y, ⟨ | ⟩Y) be Hilbert spaces over K ∈ {R,C}, A a densely-defined Y-
valued linear operator in X and U : X × Y → Y ×X the Hilbert space isomor-
phism defined by U(f, g) := (− g, f) for all (f, g) ∈ X × Y .

(i) Then the closed subspace

[U(G(A))]⊥ = {(f, h) ∈ Y ×X : ⟨f |Ag⟩Y = ⟨h|g⟩X

for all g ∈ D(A)}

of Y ×X is the graph of an uniquely determined X-valued linear operatorA∗

in Y which is in particular closed and called the adjoint of A. If in addition
(X, ⟨ | ⟩X) = (Y, ⟨ | ⟩Y), we call A symmetric if A∗ ⊃ A and self-adjoint if
A∗ = A .

(ii) If B is a Y-valued linear operator in X such that B ⊃ A, then

B∗ ⊂ A∗ .

(iii) If A∗ is densely-defined, then A ⊂ A∗∗ := (A∗)∗ and hence A is in particu-
lar closable.

(iv) If A is closed, then A∗ is densely-defined and A∗∗ = A.

(v) If A is closable, then Ā = A∗∗.

(vi) If B ∈ L(X,X), then (A+B)∗ = A∗ +B∗.

If in addition (X, ⟨ | ⟩X) = (Y, ⟨ | ⟩Y):

(vii) (Maximality of self-adjoint operators) If A is self-adjoint and B ⊃ A is
symmetric, then B = A.

(viii) If A is symmetric, then Ā is symmetric, too. Therefore, we call a symmetric
A essentially self-adjoint if Ā is self-adjoint.

(ix) (Hellinger-Toeplitz) If D(A) = X and A is self-adjoint, then A ∈ L(X,X).

Proof. ‘(i)’: First, it follows that

[U(G(A))]⊥ = {(g, f) ∈ Y ×X : ⟨(g, f)|U(h,Ah)⟩Y×X = 0 for all h ∈ D(A)}

and hence that

[U(G(A))]⊥ = {(g, f) ∈ Y ×X : ⟨g|Ah⟩Y = ⟨f |h⟩X for all h ∈ D(A)} .

In particular, it follows for (g, f1), (g, f2) ∈ [U(G(A))]⊥ that

⟨f1 − f2|h⟩X = 0
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for all h ∈ D(A) and hence that f1 = f2 since D(A) is dense in X . As a conse-
quence, by

A∗ : pr1[U(G(A))]⊥ → X ,

where pr1 := (Y ×X → Y, (g, f) 7→ g), defined by

A∗g := f ,

for all g ∈ pr1[U(G(A))]⊥, where f ∈ X is the unique element such that (g, f) ∈
[U(G(A))]⊥, there is defined a map such that

G(A∗) = [U(G(A))]⊥ .

Note that the domain of A∗ is a subspace of Y . In particular, it follows for all
g, k ∈ D(A∗) and λ ∈ K

⟨g + k|Ah⟩Y = ⟨g|Ah⟩Y + ⟨k|Ah⟩Y = ⟨A∗g|h⟩X + ⟨A∗k|h⟩X

= ⟨A∗g +A∗k|h⟩X

⟨λ.g|Ah⟩Y = λ(∗) · ⟨g|Ah⟩Y = λ(∗) · ⟨A∗g|h⟩X = ⟨λ.A∗g|h⟩X

for all h ∈ D(A) and hence also the linearity of A∗.
‘(ii)’: Since

U(G(B)) ⊃ U(G(A)) ,

it follows that

G(B∗) = [U(G(B))]⊥ ⊂ [U(G(A))]⊥ = G(A∗) .

‘(iii)’: For this, let A∗ be densely-defined. Then, it follows(
Y ×X → X × Y, (g, f) 7→ (− f, g)

)
= −U−1

and hence

G(A∗∗) =
[
− U−1(G(A∗))

]⊥
=
[
U−1(G(A∗))

]⊥
=
[
U−1[U(G(A))]⊥

]⊥
=
[
[U−1U(G(A))]⊥

]⊥
= G(A)⊥⊥ = G(A) ⊃ G(A) . (12.13)

‘(iv)’: For this, let A be closed. Then, it follows for g ∈ [D(A∗)]⊥

(0, g) ∈
[
U−1(G(A∗))

]⊥
=
[
U−1[U(G(A))]⊥

]⊥
=
[
[U−1U(G(A))]⊥

]⊥
= G(A)⊥⊥ = G(A) = G(A)

and hence g = 0. Hence D(A∗) is dense in X , and it follows by (12.13) that
G(A∗∗) = G(A) = G(Ā) = G(A).
‘(v)’: For this, let A be closable. Since Ā is densely defined and closed, it follows

32



12.4 Linear Operators in Hilbert Spaces

by (iv) that Ā∗ is densely-defined. Because of A ⊂ Ā, this implies that A∗ ⊃
Ā∗ and hence that A∗ is densely-defined, too. Therefore, it follows by (iii) that
A ⊂ A∗∗ and by (12.13) that G(A∗∗) = G(A) = G(Ā) and hence, finally, that
A∗∗ = Ā.
‘(vi)’: Note that, by Riesz’ representation theorem, D(B∗) = Y . ‘A∗ + B∗ ⊃
(A+B)∗’: If f ∈ D((A+B)∗), g ∈ D(A), then

⟨(A+B)∗f |g⟩X = ⟨f |(A+B)g⟩Y = ⟨f |Ag⟩Y + ⟨B∗f |g⟩X .

The latter implies that

⟨f |Ag⟩Y = ⟨(A+B)∗f −B∗f |g⟩X

and hence that f ∈ D(A∗) and

A∗f = (A+B)∗f −B∗f .

The latter implies that

(A+B)∗f = (A∗ +B∗)f .

‘(A+B)∗ ⊃ A∗ +B∗’: If f ∈ D(A∗), g ∈ D(A), then

⟨f |(A+B)g⟩Y = ⟨f |Ag⟩Y + ⟨f |Bg⟩Y = ⟨A∗f |g⟩X + ⟨B∗f |g⟩X

= ⟨(A∗ +B∗)f |g⟩X .

Hence f ∈ D((A+B)∗) and

(A+B)∗f = (A∗ +B∗)f .

In the following, it is assumed that (X, ⟨ | ⟩X) = (Y, ⟨ | ⟩Y).
‘(vii)’: For this, let A be self-adjoint and B a symmetric extension of A. Then, it
follows by using G(B) ⊃ G(A) that

G(B) ⊂ G(B∗) = [U(G(B))]⊥ ⊂ [U(G(A))]⊥ = G(A∗) = G(A)

and hence B ⊂ A ⊂ B and therefore, finally, that B = A.
‘(viii)’: For this, let A be symmetric. Then A∗ ⊃ A and hence also A∗ ⊃ Ā.

G(Ā∗) = [U(G(Ā))]⊥ = [U G(A) ]⊥ = [U(G(A)) ]⊥ =
[
[U(G(A))]⊥⊥]⊥

= [U(G(A))]⊥ = G(A∗) = G(A∗) ⊃ G(Ā) .

Hence it follows that Ā∗ ⊃ Ā.
‘(ix)’: For this, letA be self-adjoint andD(A) = X . Then, A = A∗ is in particular
closed and hence by Theorem 12.2.9 (v) bounded.

Example 12.4.5. The text uses the Fourier transform F2, which is a linear unitary
transformation and hence the special case of a Hilbert space isomorphism. The
transformation
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F2 : L2
C(Rn) → L2

C(Rn)

is defined for every rapidly decreasing test function f ∈ SC(Rn) by

(F2f)(k) :=
1

(2π)n/2

∫
Rn

e−ik·uf(u) du ,

for every k ∈ Rn.

12.4.3 Basic Criteria for Self-Adjointness
Theorem 12.4.6. (Basic criteria for essential self-adjointness) Let (X, ⟨ | ⟩) be a
non-trivial complex Hilbert space and A : D(A) → X be a densely-defined, linear
and symmetric Operator in X .

(i) If RanA is dense in X and there is a ∈ (0,∞) such

∥Af∥ ⩾ a∥f∥

for every f ∈ D(A), then A is essentially self-adjoint.

(ii) If A is semi-bounded from below with lower bound γ ∈ R, i.e.,

⟨f |Af⟩ ⩾ γ ⟨f |f⟩

for every f ∈ D(A), and there is γ ′ < γ such that Ran(A− γ ′) is dense in
X , then A is essentially self-adjoint.

Proof. ‘(i)’: For this, let RanA be dense in X and a ∈ (0,∞) be such

∥Af∥ ⩾ a∥f∥

for every f ∈ D(A). First, since Ā is symmetric, it follows that Ā∗ ⊃ Ā. In the
following, we show that

Ā∗ ⊂ Ā . (12.14)

For this, let f ∈ D(Ā∗). Since RanA is dense in X , there is a sequence f1, f2, . . .
in D(A) such that

lim
ν→∞

Afν = Ā∗f.

Since
∥Afµ −Afν∥ ⩾ a∥fµ − fν∥

for all ν, µ ∈ N∗, f1, f2, . . . is a Cauchy sequence in X and hence, by the com-
pleteness of X , also convergent. Hence it follows for every g ∈ D(A) that

⟨ lim
ν→∞

fν − f |Ag ⟩ = lim
ν→∞

⟨fν |Ag⟩ − ⟨f |Ag⟩
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= lim
ν→∞

⟨Afν |g⟩ − ⟨f |Āg⟩ = ⟨Ā∗f |g⟩ − ⟨f |Āg⟩ = 0

and hence, since RanA is dense in X , that

lim
ν→∞

fν = f .

Hence it follows that (f, Ā∗f) ∈ G(Ā) and also (12.14). Finally, we conclude that
Ā∗ = Ā.
‘(ii)’: For this, let γ ∈ R be such that

⟨f |Af⟩ ⩾ γ ⟨f |f⟩

for every f ∈ D(A) and such that there is γ ′ < γ such that Ran(A− γ ′) is dense
in X . Then

∥f∥ · ∥(A− γ ′)f∥ ⩾ | ⟨f |(A− γ ′)f⟩ | ⩾ (γ − γ ′)∥f∥2

for every f ∈ D(A) and hence

∥(A− γ ′)f∥ ⩾ (γ − γ ′)∥f∥

for every f ∈ D(A). Since A − γ ′ is a densely-defined, linear and symmetric
operator in X , it follows by (i) that A− γ ′ is essentially self-adjoint. This implies
that

Ā− γ ′ = A− γ ′ = (A− γ ′ )∗ = (Ā− γ ′)∗ = Ā∗ − γ ′

and hence that A is essentially self-adjoint.

Theorem 12.4.7. (Rank-nullity theorem for linear operators) Let (X, ⟨ | ⟩X) and
(Y, ⟨ | ⟩Y) be Hilbert spaces over K ∈ {R,C}, and A be a densely-defined and
linear Y-valued operator in X . Then

kerA∗ = (RanA)⊥ .

Proof. ‘⊂’: For this, let g ∈ kerA∗. Then, it follows that

0 = ⟨A∗g|f⟩X = ⟨g|Af⟩Y

for all f ∈ D(A) and hence that g ∈ (RanA)⊥.
‘⊃’: For this, let g ∈ (RanA)⊥. Then, it follows that

0 = ⟨g|Af⟩Y

for all f ∈ D(A) and hence that g ∈ D(A∗) as well as that A∗g = 0.

The following lemma is an application of the rank-nullity theorem for linear oper-
ators.
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Lemma 12.4.8. (Inverses of self-adjoint operators) Let (X, ⟨ | ⟩) be a non-trivial
complex Hilbert space and A : D(A) → X be a densely-defined, linear and sym-
metric and essentially self-adjoint operator in X , Ā : D(Ā) → X the closure of A
and I ∈ L(X,X).

(i) If IAf = f , for every f ∈ D(A), then Ā is injective and Ran(Ā) is dense
in X .

(ii) If there is a dense subspace D of X such that AIg = g, for every g ∈ D.
Then, Ā is bijective and Ā−1 = I .

Proof. For the proof of Part (i), let f ∈ D(Ā). Since Ā is the closure of A, there is
a sequence f1, f2, . . . in D(A) such that

lim
ν→∞

fν = f , lim
ν→∞

Afν = Āf .

Further, since I ∈ L(X,X),

f = lim
ν→∞

fν = lim
ν→∞

IAfν = IĀf .

Hence ker Ā = {0}, and it follows from Theorem 12.4.7 that

(Ran Ā )⊥⊥ = {0}⊥ = X .

Since (Ran Ā )⊥⊥ coincides with the closure of Ran Ā, Ran Ā is dense in X . For
the proof of Part (ii), let D be as stated and ḡ ∈ X . Since D is dense in X , there is
a sequence g1, g2, . . . in X such that

lim
ν→∞

gν = ḡ .

Hence,
lim
ν→∞

AIgν = ḡ .

Since I is continuous, we have that

lim
ν→∞

Igν = Iḡ .

As a consequence, Iḡ ∈ D(Ā) and

ĀIḡ = ḡ . (12.15)

Therefore, Ā is surjective and according to Theorem 12.4.7 also injective. Hence,
it follows that Ā is bijective and from (12.15) that I = Ā−1.

Theorem 12.4.9 (A characterization of essential self-adjointness). Let (X, ⟨ | ⟩)
be a complex Hilbert space and A : D(A) → X be a densely-defined, linear,
symmetric operator in X . Then A is essentially self-adjoint if and only if Ran(A−
i) and Ran(A+ i) are dense in X .
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Proof. For this, we note that for λ ∈ {−i, i} and f ∈ D(A) it follows that

∥(A− λ)f∥2 = ⟨Af − λf |Af − λf⟩
= ∥Af∥2 + |λ|2∥f∥2 − λ∗ ⟨f |Af⟩ − λ ⟨Af |f⟩
= ∥Af∥2 + |λ|2∥f∥2 − λ∗ ⟨f |Af⟩ − λ ⟨f |Af⟩ = ∥f∥2A ⩾ ∥f∥2

and hence that
∥(A− λ)f∥ = ∥f∥A ⩾ ∥f∥ . (12.16)

In particular, the latter implies that

ker(A− λ) = {0} .

‘⇒’: For this, let A be essentially self-adjoint and λ ∈ {−1, 1}. Then according to
the Theorem 12.4.7,

[Ran(Ā+ λ)]⊥ = ker(Ā− λ) = {0} .

Since Ran(A+ λ) is dense in Ran(Ā+ λ), the latter also implies that

[Ran(A+ λ)]⊥ = {0}

and hence that
Ran(A+ λ) = [Ran(A+ λ)]⊥⊥ = X .

‘⇐’: For this, let Ran(A − λ) be dense in X for λ ∈ {−i, i}. In a first step, we
show, for λ ∈ {−i, i}, that

Ran(Ā− λ) = X . (12.17)

Since Ran(A − λ) is dense in X , for g ∈ X , there is a sequence f1, f2, . . . of
elements of D(A) such that

lim
ν→∞

(A− λ)fν = g .

Hence it follows from (12.16) that f1, f2, . . . is a Cauchy sequence inX and hence,
by the completeness of X , convergent to some f ∈ X . In particular, this implies
that f ∈ D(Ā) as well as that

(Ā− λ)f = g .

Hence it follows (12.17). Since Ā is symmetric, i.e., Ā∗ ⊃ Ā, for the proof of
self-adjointness of Ā, it is sufficient to show that D(Ā∗) ⊂ D(Ā). For this, let
f ∈ D(Ā∗). Then according to (12.17), there is g ∈ D(Ā) such that

(Ā− λ)g = (Ā∗ − λ)f .

Hence it follows by Theorem 12.4.7 that

f − g ∈ ker(Ā∗ − λ) = [Ran(Ā+ λ)]⊥ = {0}

and hence that f = g ∈ D(Ā).
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Corollary 12.4.10 (A characterization of self-adjointness). Let (X, ⟨ | ⟩) be a
complex Hilbert space andA : D(A) → X be a densely-defined, linear, symmetric
operator in X . Then A is self-adjoint if and only if Ran(A− i) = X and Ran(A+
i) = X .

Proof. If A is self-adjoint, then A is essentially self-adjoint and closed. From
Theorem 12.4.9, we conclude that Ran(A − i) and Ran(A + i) are dense in X .
According the proof of Theorem 12.4.9, this implies that

Ran(A− λ) = Ran(Ā− λ) = X

for λ ∈ {−i, i}. If Ran(A − i) = X and Ran(A + i) = X , we conclude from
Theorem 12.4.9 and the corresponding proof that A is essentially self-adjoint as
well as thatA−i andA+i are bijective. As a consequence, (A−i)−1, (A+i)−1 ∈
L(X,X). Further, for f ∈ D(Ā), there is a sequence f0, f1, . . . in D(A) such that

lim
ν→∞

fν = f , lim
ν→∞

Afν = Āf .

Hence also
lim
ν→∞

(A− i)fν = (Ā− i)f

and
f = lim

ν→∞
fν = (A− i)−1(Ā− i)f ∈ D(A).

Therefore, it follows that Ā = A and that A is self-adjoint.

Theorem 12.4.11. (Relatively bounded perturbations of self-adjoint operators,
Rellich-Kato theorem) Let (X, ⟨ | ⟩) be a complex Hilbert space,A,B be densely-
defined, linear, symmetric operators in X and 0 ⩽ a < 1, b ⩾ 0 such that D(B) ⊃
D(A) and

∥Bf∥2 ⩽ a2∥Af∥2 + b2∥f∥2 (12.18)

for every f ∈ D(A). If A is in addition essentially self-adjoint, then A + B is
densely-defined, linear and essentially self-adjoint such that

A+B = Ā+ B̄ .

Proof. For this, let A be in addition essentially self-adjoint. In first step, we show
that D(B̄) ⊃ D(Ā) and that

∥B̄f∥2 ⩽ a2∥Āf∥2 + b2∥f∥2 (12.19)

for every f ∈ D(Ā). For this, let f ∈ D(Ā) and f1, f2, . . . be a sequence in D(A)
converging to f and such that Af1, Af2, . . . converges to Āf . As a consequence
of (12.18), Bf1, Bf2, . . . is a Cauchy sequence in X and hence convergent to an
element in X . Hence it follows that f ∈ D(B̄),

lim
ν→∞

Bfν = B̄f
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and (12.19). In particular, we note that this also implies that

lim
ν→∞

(fν , (A+B)fν) = (f, (Ā+ B̄)f)

and hence that f ∈ D(A+B ) and

A+B f = (Ā+ B̄)f .

As a consequence, A+B is a symmetric extension of Ā+ B̄. Further, let 0 < ε <
1− a and

Aε :=
a+ ε

b+ ε
Ā , Bε :=

a+ ε

b+ ε
B̄ .

Then Aε, Bε are densely-defined, linear and symmetric operators in X . Further,
Aε is self-adjoint and

∥Bε f∥2 ⩽ a2∥Aεf∥2 +
(a+ ε)2

(b+ ε)2
b2∥f∥2 ⩽ (a+ ε)2

[
∥Aεf∥2 + ∥f∥2

]
= (a+ ε)2∥(Aε − λ)f∥2

for every f ∈ D(Ā), where λ ∈ {−i, i}. Since, according to the Corollary to
Theorem 12.4.9, Aε − λ is bijective, from the latter it follows that

Bε ◦ (Aε − λ)−1 ∈ L(X,X)

and that
∥Bε ◦ (Aε − λ)−1∥ < 1 .

Therefore
1 +Bε ◦ (Aε − λ)−1

is bijective, and hence also

Aε +Bε − λ = [1 +Bε ◦ (Aε − λ)−1](Aε − λ)

is bijective. According to Theorem 12.4.9, from this follows thatAε+Bε and hence
also Ā+ B̄ are self-adjoint. Since, A+B is a symmetric extension of Ā+ B̄, this
implies that A+B is essentially self-adjoint.

12.5 Spectra of Linear Operators in Hilbert
Spaces

Theorem 12.5.1. (A characterization of the spectra of closed linear operators)
Let (X, ⟨ | ⟩) be a complex Hilbert space, A : D(A) → X a densely-defined, linear
and closed operator in X and λ ∈ C. Then λ ∈ σ(A) if and only if at least one of
the following cases applies.
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(i) There is a sequence f1, f2, . . . of unit vectors in D(A) such that

lim
ν→∞

(A− λ)fν = 0 ,

(ii) λ∗ is an eigenvalue of A∗.

Proof. "⇐": If there is a sequence f1, f2, . . . of unit vectors in D(A) such that

lim
ν→∞

(A− λ)fν = 0 ,

then A − λ is not bijective, and hence λ is a spectral value. Otherwise, it would
follow from the boundedness of (A− λ)−1 that

0 = (A− λ)−1 lim
ν→∞

(A− λ)fν = lim
ν→∞

fν

and hence also that
lim
ν→∞

∥fν∥ = 0 . 

If λ∗ is an eigenvalue of A∗ and f ∈ D(A∗) a corresponding eigenvector, then

⟨f |(A− λ)g⟩ = ⟨A∗f |g⟩ − λ ⟨f |g⟩ = ⟨λ∗f |g⟩ − λ ⟨f |g⟩ = 0

for every g ∈ D(A), and hence A− λ is not surjective. "⇒": Suppose that there is
no sequence f1, f2, . . . of unit vectors in D(A) such that

lim
ν→∞

(A− λ)fν = 0 .

Then, there is C > 0 such that

∥(A− λ)f∥ ≥ C∥f∥ (12.20)

for every f ∈ D(A). Otherwise, for every ν ∈ N∗, there is fν ∈ D(A) \ {0} such
that

∥(A− λ)fν∥ <
1

ν
∥fν∥

and hence
lim
ν→∞

(A− λ)∥fν∥−1fν = 0 . 

Hence A− λ is injective and Ran(A− λ) is a closed subspace. The closedness of
the latter space can be seen as follows. For g in the closure of Ran(A− λ), there is
a sequence f0, f1, . . . in D(A) such that

g = lim
ν→∞

(A− λ)fν .

As a consequence of (12.20), f0, f1, . . . is a Cauchy-sequence in X and hence
convergent to some f ∈ X . Hence

lim
ν→∞

(fν , Afν) = (f, g + λf) .
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Since A is closed, f ∈ D(A) and (A − λ)f = g, i.e., g ∈ Ran(A − λ). As a
consequence of λ ∈ σ(A) and the fact that Ran(A − λ) is a closed subspace of
X , it follows that Ran(A − λ) is a proper closed subspace of X . Hence there is
f ∈ [Ran(A− λ)]⊥ \ {0}. Therefore, ⟨f |·⟩ vanishes on Ran(A− λ) and

⟨λ∗f |g⟩ = ⟨f |λg⟩+ ⟨f |(A− λ)g⟩ = ⟨f |Ag⟩

for every g ∈ D(A). Hence f ∈ D(A∗) and λ∗ is an eigenvalue of A∗.

Theorem 12.5.2. Let (X, ⟨ | ⟩) be a complex Hilbert space and A : D(A) → X a
linear operator in X . Then the following is true.

(i) ( Toeplitz-Hausdorff ) The numerical range N(A) of A, defined by

N(A) := { ⟨f |Af⟩ : f ∈ D(A) ∧ ∥f∥ = 1} ,

is convex.

(ii) If in addition one of the following applies to A,

a) A is densely-defined, linear, closed and A∗ has no eigenvalues,

b) A is densely-defined, linear and self-adjoint,

c) A ∈ L(X,X),

then
σ(A) ⊂ N(A) .

Proof. "(i)": For this, in a first step, let f1, f2 ∈ D(A) be such that

∥f1∥ = ∥f2∥ = 1 , ⟨f1|Af1⟩ = 0 , ⟨f2|Af2⟩ = 1 .

In the following, we show that for every t ∈ (0, 1), there is g ∈ D(A) such that
∥g∥ = 1 and ⟨g|Ag⟩ = t. For this, we define the continuous map g : R2 → X by

g(φ, s) := f1 + seiφf2

for every φ, s ∈ R. Note that g(φ, s) ̸= 0 for all φ, s ∈ R, since the assumption
that there are φ, s ∈ R is such that g(φ, s) = 0 leads to

1 = ∥f1∥ = ∥ − seiφf2∥ = |s| ,
0 = ⟨f1|Af1⟩ = ⟨−seiφf2| − seiφAf2⟩ = s2 . 

Further,

⟨g(φ, s)|Ag(φ, s)⟩ = ⟨f1 + seiφf2|Af1 + seiφAf2⟩ = s2 + f(φ)s ,

∥g(φ, s)∥2 = ⟨f1 + seiφf2|f1 + seiφf2⟩ = 1 + s2

+ s
[
eiφ ⟨f1|f2⟩+ e−iφ ⟨f2|f1⟩

]
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for all φ, s ∈ R, where

f(φ) := eiφ ⟨f1|Af2⟩+ e−iφ ⟨f2|Af1⟩

for every φ ∈ R. Since f is continuous and f(π) = −f(0), it follows by the
intermediate value theorem the existence of φ0 ∈ [0, π] such that f(φ0) is real.
Hence

F :=

(
R → R, s 7→ ⟨g(φ0, s)|Ag(φ0, s)⟩

∥g(φ0, s)∥2

)
is well-defined. Further, it follows that

F (0) = 0 , lim
s→∞

F (1) = 1 .

Hence it follows, by the intermediate theorem and for every t ∈ (0, 1), the existence
of s ∈ (0,∞) such that F (s) = t and hence that

⟨∥g(φ0, s)∥−1g(φ0, s)|A∥g(φ0, s)∥−1g(φ0, s)⟩ = t .

For the final step, let f1, f2 ∈ D(A) such that ∥f1∥ = ∥f2∥ = 1. If ⟨f1|Af1⟩ =
⟨f2|Af2⟩, then

(1− s) ⟨f1|Af1⟩+ s ⟨f2|Af2⟩ = ⟨f1|Af1⟩

for every s ∈ [0, 1]. If ⟨f1|Af1⟩ ≠ ⟨f2|Af2⟩, we define an auxiliary linear operator
Ã : D(A) → X by

Ã := [⟨f2|Af2⟩ − ⟨f1|Af1⟩]−1(A− ⟨f1|Af1⟩) .

As a consequence,
⟨f1|Ãf1⟩ = 0 , ⟨f2|Ãf2⟩ = 1 .

Hence, according to the result from the first step, for every t ∈ (0, 1), there is
g ∈ D(A) such that ∥g∥ = 1 and

t = ⟨g|Ãg⟩ = [⟨f2|Af2⟩ − ⟨f1|Af1⟩]−1(⟨g|Ag⟩ − ⟨f1|Af1⟩) .

This also implies that

⟨g|Ag⟩ = ⟨f1|Af1⟩+ t [⟨f2|Af2⟩ − ⟨f1|Af1⟩] .

Hence it follows the convexity of N(A). ‘(ii)’: If A is also densely-defined, linear,
closed and λ is an element of the spectrum of A, according to Lemma 12.5.1, we
need to consider only two cases. In the first case, there is a sequence of unit vectors
f1, f2, . . . in D(A) such that

lim
ν→∞

(A− λ)fν = 0 .

Hence it follows also that

0 = lim
ν→∞

⟨fν |(A− λ)fν⟩ = −λ+ lim
ν→∞

⟨fν |Afν⟩
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and hence that λ ∈ N(A). In the second case, λ∗ is an eigenvalue of A∗. If
f ∈ D(A∗) is a corresponding normed eigenvector of A∗, we conclude that

⟨f |Ag⟩ = ⟨A∗f |g⟩ = λ ⟨f |g⟩

for every g ∈ D(A). Hence if in addition A is self-adjoint and/or A ∈ L(X,X), it
follows that f ∈ D(A) and hence that λ = ⟨f |Af⟩ ∈ N(A).

Theorem 12.5.3. (A characterization of the spectra of self-adjoint linear op-
erators) Let (X, ⟨ | ⟩) be a complex Hilbert space and A : D(A) → X a densely-
defined, linear and self-adjoint operator in X and λ ∈ R. Then

(i) σ(A) ⊂ R,

(ii) λ ∈ σ(A) if and only if there is a sequence f1, f2, . . . of unit vectors in
D(A) such that

lim
ν→∞

(A− λ)fν = 0 .

Proof. "(i)": Since A∗ = A,

(⟨f |Af⟩)∗ = ⟨Af |f⟩ = ⟨A∗f |f⟩ = ⟨f |Af⟩

for every f ∈ D(A) and hence the numerical range of A and its closure are part of
the real numbers. Hence it follows from Theorem 12.5.2 that σ(A) ⊂ R.
"(ii)": Since A∗ = A and λ is real, the case that λ∗ is an eigenvalue of A∗, implies
that λ is an eigenvalue of A. If f ∈ D(A) is a corresponding eigenvector of length
1, then

lim
ν→∞

(A− λ)fν = 0 ,

where fν := f for every ν ∈ N∗. Hence the statement of (ii) follows from Theo-
rem 12.5.1.

Theorem 12.5.4 (Spectral properties of densely-defined, linear and positive
self-adjoint operators). Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space and
A : D(A) → X a densely-defined, linear and symmetric operator in X . We call A
positive, if

⟨f |Af⟩ ⩾ 0 ,

for every f ∈ D(A). Then, the following holds:

(i) If A is positive, the Ā is positive.

(ii) If A is self-adjoint, then A is positive if and only if

σ(A) ⊂ [0,∞) ,

where σ(A) denotes the spectrum of A.
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Proof. "Part (i):" IfA is positive, then for f ∈ D(Ā ), there is a sequence f1, f2, . . .
such that

lim
ν→∞

fν = f , and lim
ν→∞

Afν = Āf .

Since ⟨ | ⟩ : X2 → C, as a consequence of the sesquilinearity of ⟨ | ⟩ and the
Cauchy-Schwartz inequality, is continuous, it follows that

⟨f |Āf⟩ = lim
ν→∞

⟨fν |Afν⟩ ⩾ 0 .

Since Ā is also symmetric, we conclude that Ā is positive.
"Part (ii):" In the following, let A be in addition self-adjoint and σ(A) denote the
spectrum of A.
"⇒:" If A is positive, it follows for λ < 0 and f ∈ D(A) that

∥(A− λ)f∥2 = ⟨(A− λ)f |(A− λ)f⟩
= ∥Af∥2 − λ ⟨f |Af⟩ − λ ⟨Af |f⟩+ λ2 · ∥f∥2

= ∥Af∥2 + (−2λ) ⟨f |Af⟩+ λ2 · ∥f∥2 ⩾ λ2 · ∥f∥2

and hence that
∥(A− λ) f∥ ⩾ |λ| · ∥f∥ . (12.21)

Therefore, A − λ is injective. In addition, it follows that Ran(A − λ) is dense in
X . This can be seen as follows. If g ∈ [Ran(A− λ)]⊥, then

⟨g|Af⟩ = ⟨g|(A− λ)f⟩+ ⟨λg|f⟩ = ⟨λg|f⟩ ,

for every f ∈ D(A). Hence g ∈ D(A∗) = D(A), and

Ag = A∗g = λg .

Since A− λ is injective, we conclude that g = 0. As a consequence,

Ran(A− λ) = [Ran(A− λ)]⊥⊥ = {0}⊥ = X ,

i.e., Ran(A− λ) is dense in X . In the following, we are going to show that A− λ
is also surjective. For the proof, we note that, since A − λ is an injective linear
operator with a dense range satisfying (12.21),

(A− λ)−1 : Ran(A− λ) → X

is a densely-defined, bounded linear map. Hence there is a unique B ∈ L(X,X)
such that B ⊃ (A− λ)−1. Since Ran(A− λ) is dense in X , for g ∈ X there is a
sequence f1, f2, . . . in D(A) such that

lim
ν→∞

(A− λ)fν = g .

Therefore,

Bg = B lim
ν→∞

(A− λ)fν = lim
ν→∞

B(A− λ)fν = lim
ν→∞

fν .
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Further, it follows that

g = lim
ν→∞

(A− λ)fν = lim
ν→∞

Afν − λBg

and hence that
lim
ν→∞

Afν = g + λBg .

Since A is closed, we conclude that Bg ∈ D(A), ABg = g + λBg and hence that

(A− λ)Bg = g .

As a consequence, A − λ is surjective, hence also bijective and λ /∈ σ(A). We
conclude that σ(A) ⊂ [0,∞).
"⇒:" If σ(A) ⊂ [0,∞), we conclude as follows. If f ∈ D(A) and ψf the corre-
sponding spectral measure, then (−∞, 0) is a ψf -zero set. Hence it follows from
Theorem 12.6.2 that

⟨f |Af⟩ =
∫
R
idR dψf =

∫
R
χ
[0,∞) idR dψf ⩾ 0 .

Therefore, A is positive.

Corollary 12.5.5 (Spectral properties of densely-defined, linear and semi-bounded
self-adjoint operators). Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space and
A : D(A) → X a densely-defined, linear and symmetric operator in X . We call A
semi-bounded (from below) with lower bound µ ∈ R if

⟨f |Af⟩ ⩾ µ ∥f∥2 ,

for every f ∈ D(A). Then, the following holds:

(i) If A is semi-bounded with lower bound µ ∈ R, then Ā is semi-bounded with
lower bound µ.

(ii) If A is self-adjoint, then A is semi-bounded with lower bound µ ∈ R if and
only if

σ(A) ⊂ [µ,∞) ,

where σ(A) denotes the spectrum of A.

Proof. "Part (i):" If A is semi-bounded with lower bound µ ∈ R, then for f ∈
D(Ā ), there is a sequence f1, f2, . . . such that

lim
ν→∞

fν = f , and lim
ν→∞

Afν = Āf .

Since ⟨ | ⟩ : X2 → C, as a consequence of the sesquilinearity of ⟨ | ⟩ and the
Cauchy-Schwartz inequality, is continuous, it follows that

⟨f |Āf⟩ = lim
ν→∞

⟨fν |Afν⟩ ⩾ lim
ν→∞

µ ∥fν∥2 = µ ∥f∥2 .
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Since Ā is also symmetric, we conclude that Ā is semi-bounded with lower bound
µ.
"Part (ii):" In the following, let A be in addition self-adjoint and σ(A) denote the
spectrum of A.
"⇒:" If A is semi-bounded with lower bound µ ∈ R, then A − µ is a densely-
defined, linear and positive self-adjoint operator inX , and hence according to The-
orem 12.5.4

σ(A)− µ = σ(A− µ) ⊂ [0,∞) ,

where σ(A − µ) denotes the spectrum of A − µ. The latter implies that σ(A) ⊂
[µ,∞).
"⇐:" If σ(A) ⊂ [µ,∞), then, A − µ is a densely-defined, linear and self-adjoint
operator in X such

σ(A− µ) = σ(A)− µ ⊂ [0,∞) ,

where σ(A − µ) denotes the spectrum of A − µ, and hence according to Theo-
rem 12.5.4,A−µ is in particular positive. The latter implies thatA is semi-bounded
with lower bound µ.

12.5.1 Compact Operators

Definition 12.5.6. (Compact operators) Let (X, ⟨ | ⟩) be a non-trivial Hilbert
space over K ∈ {R,C}. We call A ∈ L(X,X) compact if for every bounded
sequence f1, f2, . . . in X , the corresponding sequence Af1, Af2, . . . has a conver-
gent subsequence.

Corollary 12.5.7. Let (X, ⟨ | ⟩) be a non-trivial Hilbert space over K ∈ {R,C}
and A an element of L(X,X) with a finite dimensional range. Then A is compact.

Proof. The statement is a simple consequence of the Bolzano-Weierstrass theorem.

12.5.2 Essential Spectrum

Definition 12.5.8. Let (X, ⟨ | ⟩) be a non-trivial Hilbert space and A : D(A) → X
a densely-defined, linear and self-adjoint operator in X . We define the essential
spectrum σe(A) of A as

σe(A) =
⋂

K∈L(X,X),K self-adjoint and compact

σ(A+K)

(
⊂ σ(A)

)
.

Theorem 12.5.9. (Characterization of the essential spectrum, I) Let (X, ⟨ | ⟩)
be a non-trivial Hilbert space, A : D(A) → X a densely-defined, linear and self-
adjoint operator inX and λ ∈ R. Then λ ∈ σe(A) if and only if there is a sequence
f1, f2, . . . in D(A) such that
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a) ∥fν∥ = 1 for every ν ∈ N∗,

b) f1, f2, . . . has no convergent subsequence,

c) and limν→∞(A− λ)fν = 0 .

Proof. We note that, as a consequence of Theorem 12.4.7,

ker(A− λ) = [Ran(A− λ)]⊥ , [ker(A− λ)]⊥ = Ran(A− λ) .

In particular, ker(A− λ) is a closed subspace of X .
"⇐": Let f1, f2, . . . be a sequence in D(A) with properties a)-c). In the following,
we lead the assumption that λ /∈ σe(A) to a contradiction. If λ /∈ σe(A), there is
a compact operator K ∈ L(X,X) such that A+K − λ is bijective. In particular,
this implies the existence of C > 0 such that

∥f∥ ⩽ C∥(A+K − λ)f∥

for every f ∈ D(A). Since K is compact, there is a strictly monotonically increas-
ing sequence ν1, ν2, . . . in N∗ such that Kfν1 ,Kfν2 , . . . is convergent. Hence,

∥ fνµ1
− fνµ2

∥ ⩽ C ∥(A+K − λ)(fνµ1
− fνµ2

)∥
⩽ C ∥(A− λ)fνµ1

∥+ C ∥(A− λ)fνµ2
∥+ C ∥Kfνµ1

−Kfνµ2
)∥

for all µ1, µ2 ∈ N∗. As a consequence, fν1 , fν2 , . . . is a Cauchy-sequence in X
and hence convergent. The latter is in contradiction to b). Hence it follows that
λ ∈ σe(A).
"⇒": If λ ∈ σe(A)(⊂ σ(A)), A − λ is not bijective. We consider two cases. If
ker(A− λ) is infinite dimensional, there is an orthonormal sequence f1, f2, . . . in
ker(A− λ). Since

∥fµ − fν∥2 = 2

for different µ, ν ∈ N∗, every subsequence of such sequence is not Cauchy and
hence not convergent. As a consequence, any orthonormal sequence in ker(A−λ)
satisfies a)-c). If ker(A − λ) is finite dimensional, there is a sequence f1, f2, . . .
such that

fν ∈ [ker(A− λ)]⊥ ∩D(A) , ∥fν∥ = 1 , lim
ν→∞

(A− λ)fν = 0 (12.22)

for every ν ∈ N∗. For the proof, let P ∈ L(X,X) be the orthogonal projection
onto ker(A − λ). According to Corollary 12.5.7, P is in particular compact. If
there is no f1, f2, . . . satisfying (12.22) for every ν ∈ N∗, then there is C ≥ 0 such
that

∥f∥ ⩽ C∥(A− λ)f∥
for every f ∈ [ker(A − λ)]⊥ ∩ D(A). Otherwise, for every ν ∈ N∗, there is
fν ∈ ([ker(A− λ)]⊥ ∩D(A)) \ {0} such that

∥(A− λ)fν∥ <
1

ν
∥fν∥
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and hence
lim
ν→∞

(A− λ)∥fν∥−1fν = 0 . 

Hence it follows for f ∈ D(A) that

∥f∥2 = ∥(1− P + P )f∥2 = ∥(1− P )f∥2 + ∥Pf∥2

⩽ C2∥(A− λ)(1− P )f∥2 + ∥Pf∥2 = C2∥(1− P )(A− λ)f∥2 + ∥Pf∥2

⩽ (1 + C)2[∥(1− P )(A− λ)f∥2 + ∥Pf∥2]
= (1 + C)2∥(1− P )(A− λ)f + Pf∥2

= (1 + C)2∥(A− λ)(1− P )f + Pf∥2

= (1 + C)2∥(A− λ)(P + 1− P )f + Pf∥2

= (1 + C)2∥(A+ P − λ)f∥2 . (12.23)

1 Hence A + P − λ is injective and Ran(A + P − λ) is a closed subspace. The
closedness of the latter space can be seen as follows. For g in the closure of
Ran(A+ P − λ), there is a sequence f0, f1, . . . in D(A) such that

g = lim
ν→∞

(A+ P − λ)fν .

As a consequence of (12.23), f0, f1, . . . is a Cauchy-sequence in X and hence
convergent to some f ∈ X . Hence

lim
ν→∞

(fν , (A+ P )fν) = (f, g + λf) .

SinceA+P is closed, f ∈ D(A) and (A+P−λ)f = g, i.e., g ∈ Ran(A+P−λ).
Further, from Theorem 12.4.7, we conclude that

{0} = ker(A+ P − λ) = [Ran(A+ P − λ)]⊥

and hence that

X = Ran(A+ P − λ) = Ran(A+ P − λ) .

As a consequence, A + P − λ is bijective and therefore λ /∈ σe(A). Hence it
follows the existence of a sequence f1, f2, . . . satisfying (12.22) for every ν ∈ N∗.
Such sequence f1, f2, . . . has no convergent subsequence and thus satisfies a)-c).
Otherwise, there is a strictly monotonically increasing sequence ν1, ν2, . . . in N∗

such that fν1 , fν2 , . . . is convergent to some f ∈ X . In particular, as a consequence
of the closedness of [ker(A− λ)]⊥, f ∈ [ker(A− λ)]⊥. Since

lim
µ→∞

(A− λ)fνµ
= 0

1 Here it has been used that P ◦ (A− λ) ⊂ (A− λ) ◦ P . The latter is a consequence of the spectral
theorem for densely-defined, linear and self-adjoint operators in Hilbert spaces.

48



12.5 Spectra of Linear Operators in Hilbert Spaces

and A− λ is closed, this implies that f ∈ ker(A− λ) ∩ [ker(A− λ)]⊥ and hence
that f = 0. Finally, we arrive at the contradiction that

0 = ∥f∥ = ∥ lim
µ→∞

fνµ
∥ = lim

µ→∞
∥fνµ

∥ = 1 . 

Theorem 12.5.10 (Accumulation points of the spectrum are part of the essen-
tial spectrum). Let (X, ⟨ | ⟩) be a non-trivial Hilbert space and A : D(A) → X
a densely-defined, linear and self-adjoint operator in X . If λ ∈ σ(A) is not an
isolated point of σ(A), then λ ∈ σe(A).

Proof. If λ ∈ σ(A) is not an isolated point of σ(A), then there is a sequence
λ1, λ2, . . . in σ(A) \ {λ} such that limν→∞ λν = λ. Further, since λν ∈ σ(A),
for every ν ∈ N∗, there is fν such that ∥fν∥ = 1 and

∥(A− λν)fν∥ < |λν − λ|/ν .

This implies that
lim
ν→∞

(A− λν)fν = 0 .

We claim that there is no convergent subsequence of f1, f2, . . . . Otherwise, there is
a strictly monotonically increasing sequence ν1, ν2, . . . in N∗ such that fν1 , fν2 , . . .
is convergent to some f ∈ X . In particular, since

lim
µ→∞

(A− λ)fνµ
= 0

and A− λ is closed, we conclude that f ∈ ker(A− λ) and that

∥f∥ = ∥ lim
µ→∞

fνµ
∥ = lim

µ→∞
∥fνµ

∥ = 1 .

On the other hand,

⟨(A− λνµ
)fνµ

|f⟩ = ⟨fνµ
|(A− λνµ

)f⟩ = (λ− λνµ
) ⟨fνµ

|f⟩

and hence

|λ− λνµ
| | ⟨fνµ

|f⟩ | < |λνµ
− λ|/νµ

as well as
| ⟨fνµ

|f⟩ | < 1/νµ

for every µ ∈ N∗. As a consequence, we arrive at the contradiction

0 = lim
µ→∞

⟨fνµ
|f⟩ = ⟨f |f⟩ = ∥f∥2 = 1 . 
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12.5.3 Weak Convergence
Definition 12.5.11. (Weak convergence) Let (X, ⟨ | ⟩) be a Pre-Hilbert space over
K ∈ {R,C}. A sequence f1, f2, . . . in X is called weakly convergent to f ∈ X if

lim
ν→∞

⟨g|fν⟩ = ⟨g|f⟩

for every g ∈ X .

Theorem 12.5.12. (Uniqueness of the limit of weakly convergent sequences)
Let (X, ⟨ | ⟩) be a Pre-Hilbert space over K ∈ {R,C} and f1, f2, . . . a sequence in
X that is weakly convergent to f ∈ X and g ∈ X . Then, g = f .

Proof. Since f1, f2, . . . is weakly convergent to f ∈ X and g ∈ X , it follows that

lim
ν→∞

⟨f − g|fν⟩ = ⟨f − g|f⟩ = ⟨f − g|g⟩

and hence that ∥f − g∥2 = 0. The latter implies that g = f .

Theorem 12.5.13. (Convergence implies weak convergence) Let (X, ⟨ | ⟩) be a
Pre-Hilbert space over K ∈ {R,C} and f1, f2, . . . a sequence in X that is conver-
gent to f ∈ X . Then f1, f2, . . . is also weakly convergent to f .

Proof. If f1, f2, . . . inX is convergent to f ∈ X and g ∈ X , then ⟨g|·⟩ ∈ L(X,K)
and hence

⟨g|f⟩ = ⟨g| lim
ν→∞

fν⟩ = lim
ν→∞

⟨g|fν⟩ .

Theorem 12.5.14. (Weak convergence does not necessarily imply convergence)
Let (X, ⟨ | ⟩) be a Pre-Hilbert space and f1, f2, . . . an orthonormal sequence. Then
f1, f2, . . . is weakly convergent to 0, but not convergent.

Proof. First, we note that

∥fµ − fν∥2 = ⟨fµ − fν |fµ − fν⟩ = ∥fµ∥2 + ∥fν∥2 = 1 + 1 = 2

for µ, ν ∈ N∗ such that µ ̸= ν. Hence f1, f2, . . . is no Cauchy-sequence in X
and therefore also not convergent. On the other hand, for g ∈ X , according to
Theorem 12.3.17 (ii)b)1,

Mg := {ν ∈ N∗ : ⟨g|fν⟩ ≠ 0}

at most countable and the corresponding sequence (| ⟨g|fν⟩ |2)ν∈Mg
is summable

such that ∑
ν∈Mg

| ⟨g|fν⟩ |2 ⩽ ∥g∥2 .

1 Note that the completeness of (X, ⟨ | ⟩) does not enter the proof of that statement.
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In particular, this implies that

lim
ν→∞

⟨g|fν⟩ = 0

and hence that f1, f2, . . . is weakly convergent to 0.

Theorem 12.5.15. Let X be a finite dimensional vector space and ⟨ | ⟩ a scalar
product on X . Further, let f1, f2, . . . be a sequence in X that is weakly convergent
to f ∈ X . Then f1, f2, . . . is also convergent to f .

Proof. If X = {0}, the statement is trivially satisfied. In the following, we con-
sider the case that X is non-trivial. According to linear algebra, there is an or-
thonormal basis g1, . . . , gn, where n ∈ N∗, for X . As a consequence, the repre-
sentation

g =

n∑
k=1

⟨gk|g⟩ . gk

is valid for every g ∈ X . Hence, we conclude that

∥fν − f∥2 =

∥∥∥∥∥
n∑

k=1

⟨gk|fν − f⟩ . gk

∥∥∥∥∥
2

=

n∑
k=1

| ⟨gk|fν − f⟩ |2

=

n∑
k=1

| ⟨gk|fν⟩ − ⟨gk|f⟩ |2

and therefore the convergence of f1, f2, . . . to f .

Theorem 12.5.16. Let (X, ⟨ | ⟩) be a Hilbert space and f1, f2, . . . a bounded se-
quence in X . Then, there is weakly convergent subsequence of f1, f2, . . . .

Proof. Let f1, f2, . . . be a bounded sequence in X and C > 0 such that ∥fk∥ ⩽ C
for every k ∈ N∗. For every k ∈ N∗, the corresponding sequence ⟨fk|f1⟩ , ⟨fk|f2⟩ , . . .
is bounded. Hence according to the Bolzano-Weierstrass theorem for the real num-
bers, there is an infinite subset N1 of N∗, along with a strictly increasing bijection
ν1 : N∗ → N1 such that

⟨f1|fν1(1)⟩ , ⟨f1|fν1(2)⟩ , . . .

is convergent. We note that
ν1(k) ⩾ k

for every k ∈ N∗. Continuing this reasoning sucessively, we arrive at a sequence
N1,N2, . . . of infinite subsets of N∗ such that

N∗ ⊃ N1 ⊃ N2 ⊃ . . .

along with strictly increasing bijections νk : N∗ → Nk, where k ∈ N∗, such that

⟨fl|fνk(1)⟩ , ⟨fl|fνk(2)⟩ , . . .
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is convergent for every l ∈ N∗ satisfying l ⩽ k. In particular,

νl+1(k) ⩾ νl(k) (12.24)

for all l, k ∈ N∗. The latter implies that

νk+1(k + 1) > νk+1(k) ⩾ νk(k)

for every k ∈ N∗ and hence that the sequence ν1(1), ν2(2), . . . is strictly increas-
ing. Also, (12.24) implies that

νl+k(l + k) ⩾ νl(l + k) > νl(k) (12.25)

for all l, k ∈ N∗. We claim that

⟨fl|fν1(1)⟩ , ⟨fl|fν2(2)⟩ , . . .

is convergent for every l ∈ N∗. For the proof, let ε > 0 and l ∈ N∗. Since, in
particular,

⟨fl|fνl(1)⟩ , ⟨fl|fνl(2)⟩ , . . .

is a Cauchy-sequence in K, there is N ∈ N∗ such that

| ⟨fl|fνl(k)⟩ − ⟨fl|fνl(k ′)⟩ | < ε

for all k, k ′ ∈ N∗ satisfying k ⩾ N and k ′ ⩾ N . Hence it follows by (12.25) that

| ⟨fl|fνl+k(l+k)⟩ − ⟨fl|fνl+k ′ (l+k ′)⟩ | < ε

for all k, k ′ ∈ N∗ satisfying k ⩾ N and k ′ ⩾ N . As a consequence,

⟨fl|fν1(1)⟩ , ⟨fl|fν2(2)⟩ , . . .

is a Cauchy-sequence in K and hence convergent. In the following, we define
gk := fνk(k) for every k ∈ N∗,

Y := Span({f1, f2, . . . }) .

Then ⟨f |g1⟩ , ⟨f |g2⟩ , . . . is convergent for every f ∈ Y . The same is true also for
every f ∈ Ȳ . For the proof, let f ∈ Ȳ , ε > 0 and h ∈ Y such that ∥h − f∥ <
ε/(4C). Hence if N ∈ N∗ is such

| ⟨h|gk⟩ − ⟨h|gl⟩ | <
ε

2

for every k, l ∈ N∗ satisfying k ⩾ N and l ⩾ N , then it follows for such k and l
that

| ⟨f |gk⟩ − ⟨f |gl⟩ | = | ⟨f |gk − gl⟩ | ⩽ | ⟨f − h|gk − gl⟩ |+ | ⟨h|gk − gl⟩ |
⩽ 2C∥f − h∥+ | ⟨h|gk − gl⟩ | < ε .
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Hence
⟨f |g1⟩ , ⟨f |g2⟩ , . . .

is a Cauchy-sequence in K and hence convergent. Further, it follows for f ∈ Ȳ ⊥

that
⟨f |g1⟩ , ⟨f |g2⟩ , . . .

is convergent to zero. Finally, since for every f ∈ X there is a uniquely determined
pair (h1, h2) ∈ Ȳ × Ȳ ⊥ such that f = h1 + h2, we conclude that g1, g2, . . . is
weakly convergent.

Theorem 12.5.17. (A further characterization of the essential spectrum) Let
(X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X a densely-defined, linear
and self-adjoint operator in X and λ ∈ R. Then λ ∈ σe(A) if and only if there is a
sequence f1, f2, . . . in D(A) such that

a) ∥fν∥ = 1 for every ν ∈ N∗,

b) f1, f2, . . . is weakly convergent to 0 ,

c) and limν→∞(A− λ)fν = 0 .

Proof. "⇒": Let f1, f2, . . . be a sequence in D(A) with properties a)-c). Then,
there is no convergent subsequence of f1, f2, . . . . Otherwise, there is a strictly
monotonically increasing sequence ν1, ν2, . . . in N∗ such that the sequence fν1

, fν2
, . . .

is convergent to some f ∈ X . As a consequence of property b), fν1
, fν2

, . . . is
weakly convergent to 0. Hence,

0 = ⟨f |0⟩ = lim
µ→∞

⟨f |fνµ
⟩ = ∥f∥2 ,

whereas from property a), we conclude that

∥f∥ = ∥ lim
µ→∞

fνµ
∥ = lim

µ→∞
∥fνµ

∥ = 1 . 

Hence, we conclude from Theorem 12.5.9 that λ ∈ σe(A).
"⇐": Let λ ∈ σe(A). According, to Theorem 12.5.9, there is a sequence of unit
vectors f1, f2, . . . in D(A) which has no convergent subsequence and is such that

lim
ν→∞

(A− λ)fν = 0 .

As a consequence of Theorem 12.5.16, without restriction of generality, we can
assume that f1, f2, . . . is weakly convergent to some f ∈ X . Also, we note that,
since there is no convergent subsequence of f1, f2, . . . , the value f can be assumed
only finitely many times. Hence, without restriction of generality, we can assume
that the sequence f1, f2, . . . does not assume the value f . As consequence, using
the fact that there is no convergent subsequence of f1, f2, . . . , we conclude that
there is ε > 0 such that

∥fν − f∥ ⩾ ε (12.26)
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for every ν ∈ N∗. Further,

⟨f |(A− λ)g⟩ = lim
ν→∞

⟨fν |(A− λ)g⟩ = lim
ν→∞

⟨(A− λ)fν |g⟩ = 0

for every g ∈ D(A). Hence, f ∈ D(A) and

(A− λ)f = 0 .

For every ν ∈ N∗, we define,

gν := ∥fν − f∥−1.(fν − f) .

Then g1, g2, . . . is a sequence in D(A) that is weakly convergent to 0, ∥gν∥ = 1
for every ν ∈ N∗ and

lim
ν→∞

(A− λ)gν = lim
ν→∞

∥fν − f∥−1.(A− λ)fν = 0 .

Theorem 12.5.18. Let (X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X
a densely-defined, linear and self-adjoint operator in X . We define, the discrete
spectrum σd(A) of A by

σd(A) := {λ ∈ σ(A) : λ is an isolated point of σ(A)
as well as an eigenvalue of A of finite multiplicity} .

Then
σ(A) = σe(A) ·∪σd(A) .

Proof. In first step, we prove that

σ(A)\σe(A) ⊂ σd(A)

and hence that
σ(A) = σe(A) ∪ σd(A) .

If λ ∈ σ(A)\σe(A), then λ is an isolated point of σ(A), since otherwise, according
to Theorem 12.5.10, λ ∈ σe(A). Also, there is a sequence f1, f2, . . . inD(A) such
that ∥fν∥ = 1 for every ν ∈ N∗ and such that

lim
ν→∞

(A− λ)fν = 0 .

Since λ /∈ σe(A), this sequence has a convergent subsequence, fν1
, fν2

, . . . , where
ν1, ν2, . . . in N∗ is strictly monotonically increasing, that is convergent to some
f ∈ X . Since A is closed, f ∈ ker(A− λ). Moreover,

∥f∥ = ∥ lim
µ→∞

fνµ∥ = lim
µ→∞

∥fνµ∥ = 1 .
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Hence f ̸= 0 and λ is an eigenvalue of A. In addition, ker(A− λ) is finite dimen-
sional. This can be seen as follows. If ker(A − λ) is infinite dimensional, there
is a orthonormal sequence f1, f2, . . . of elements ker(A − λ). As consequence
of Theorem 12.5.16, we can assume that this sequence is weakly convergent to
some f ∈ X . Also, according to Theorem 12.3.18, there is an extension of the
orthonormal system M0 := {f1, f2, . . . } to a Hilbert basis M of X . Then

lim
ν→∞

⟨g|fν⟩ = ⟨g|f⟩ = 0 ,

for every g ∈M and hence f = 0. Since

lim
ν→∞

(A− λ)fν = 0 ,

it follows from Theorem 12.5.17 that λ ∈ σe(A). Hence ker(A − λ) is finite
dimensional. Finally, we prove that

σe(A) ∩ σd(A) = ϕ . (12.27)

For this purpose, let λ ∈ σe(A) ∩ σd(A), then

Ran
(
χ

Uε(λ)

∣∣
σ(A)

)
(A)

is infinite dimensional, for every ε > 0. Otherwise, there is ε > 0 such that

Ran
(
χ

Uε(λ)

∣∣
σ(A)

)
(A)

is finite dimensional. Hence, it follows from Corollary 12.5.7 that(
χ

Uε(λ)

∣∣
σ(A)

)
(A)

is compact. If f1, f2, . . . is a sequence of unit vectors in D(A) that is weakly
convergent to 0 and such that

lim
ν→∞

(A− λ)fν = 0 ,

then
lim
ν→∞

(
χ

Uε(λ)

∣∣
σ(A)

)
(A)fν = 0

leading to
lim
ν→∞

∥(A− λ)fν∥2 = 0 (12.28)

and
lim
ν→∞

∥∥∥(χUε(λ)

∣∣
σ(A)

)
(A)fν

∥∥∥2 = 0 .

As consequence,

∥(A− λ)fν∥2 =

∫
σ(A)

(
idσ(A) − λ

)2
dψfν
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⩾
∫
σ(A)∩(R\Uε(λ))

(
idσ(A) − λ

)2
dψfν

⩾ ε2
∫
σ(A)∩(R\Uε(λ))

dψfν = ε2

[
∥fν∥2 −

∫
σ(A)∩Uε(λ)

dψfν

]

= ε2
[
1−

∥∥∥(χUε(λ)

∣∣
σ(A)

)
(A)fν

∥∥∥2 ] ,

where ψfν denotes the spectral measure that is associated with A and fν . Hence,
we arrive at a contradiction to (12.28). Further, since λ ∈ σ(A) is also an isolated
point of σ(A), there is ε > 0 such that

Uε(λ) ∩ σ(A) = {λ} .

Hence,
Pλ :=

(
χ

{λ}

∣∣
σ(A)

)
(A)

is the orthogonal projection onto ker(A− λ), i.e.,

Ran
(
χ

Uε(λ)

∣∣
σ(A)

)
(A)

is finite dimensional. Therefore, it follows that (12.27) is true.

12.5.4 Relative Compactness

Definition 12.5.19 (Relatively compact operators). Let (X, ⟨ | ⟩) be a non-trivial
Hilbert space and A : D(A) → X a densely-defined, linear and closed operator
in X . A linear operator B : D(B) → X is called compact relative to A, or A-
compact if D(B) ⊃ D(A) and for every sequence f1, f2, . . . in D(A) such that
for some C > 0

∥fν∥+ ∥Afν∥ ⩽ C

for every ν ∈ N∗, it follows that Bf1, Bf2, . . . has a convergent subsequence.

Theorem 12.5.20 (A criterion for relative compactness of operators I). Let
(X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X a densely-defined, linear
and self-adjoint operator in X . Further, let B : D(B) → X be a linear operator
in X such that D(B) ⊃ D(A). Then B is compact relative to A if and only if
B ◦ (A+ i)−1 is a compact linear operator on X .

Proof. "⇒: In the following, we assume that B is compact relative to A. If
f1, f2, . . . is a bounded sequence in X , then the corresponding sequence (A +
i)−1f1, (A+ i)−1f2, . . . is bounded, too. Further,

∥(A+ i)−1fν∥+ ∥A(A+ i)−1fν∥
= ∥(A+ i)−1fν∥+ ∥(A+ i− i)(A+ i)−1fν∥
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= ∥(A+ i)−1fν∥+ ∥fν − i(A+ i)−1fν∥
⩽ ∥fν∥+ 2∥(A+ i)−1fν∥ ,

for every ν ∈ N∗. Hence there is C > 0 such that

∥(A+ i)−1fν∥+ ∥A(A+ i)−1fν∥ ⩽ C ,

for every ν ∈ N∗. Since B is compact relative to A, there is a convergent subse-
quence of the sequence B ◦ (A+ i)−1f1, B ◦ (A+ i)−1f2, . . . . Since the sequence
f1, f2, . . . is arbitrary otherwise, this implies that B ◦ (A+ i)−1 is compact.
"⇐:" In the following, we assume thatB◦(A+i)−1 is a compact linear operator on
X . For the proof, let f1, f2, . . . be a sequence in D(A) such that for some C > 0

∥fν∥+ ∥Afν∥ ⩽ C ,

for every ν ∈ N∗. Since A is in particular self-adjoint, it follows for every f ∈
D(A) that

∥(A+ i)f∥2 = ⟨(A+ i)f |(A+ i)f⟩ = ∥Af∥2 − i ⟨f |Af⟩+ i ⟨Af |f⟩+ ∥f∥2

= ∥Af∥2 + ∥f∥2

and hence that

∥(A+ i)f∥ =
√

∥Af∥2 + ∥f∥2 ⩽ ∥f∥+ ∥Af∥ .

We conclude that
∥(A+ i)fν∥ ⩽ C ,

for every ν ∈ N∗. Hence, (A+i)f1, (A+i)f2, . . . is a bounded sequence. Further,
since B ◦ (A + i)−1 is a compact linear operator on X , it follows that there is a
convergent subsequence of

B ◦ (A+ i)−1(A+ i)f1 = Bf1 , B ◦ (A+ i)−1(A+ i)f2 = Bf2 , . . .

Since the sequence f1, f2, . . . is arbitrary otherwise, this implies that B is relative
compact to A.

Corollary 12.5.21 (A criterion for relative compactness of operators II). Let
(X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X a densely-defined, linear
and self-adjoint operator in X . Further, let B : D(B) → X be a linear operator
in X such that D(B) ⊃ D(A). Then B is compact relative to A if and only if
B ◦ (A− λ)−1 is a compact linear operator on X , for some λ ∈ ρ(A).

Proof. From the first resolvent formula, it follows that

B(A− λ)−1 −B(A− µ)−1 = (λ− µ)B(A− λ)−1(A− µ)−1 ,

for every λ, µ ∈ ρ(A). Hence it follows that

B(A+ i)−1 = B(A− λ)−1 − (λ+ i)B(A− λ)−1(A+ i)−1
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and that

B(A− µ)−1 = B(A+ i)−1 + (µ+ i)B(A+ i)−1(A− µ)−1 ,

for every λ ∈ ρ(A). Since the compact linear operators on X form a closed two-
sided *-ideal inL(X,X), we conclude thatB(A+i)−1 is a compact linear operator
on X if and only if B(A − λ)−1 is a compact linear operator on X for some
λ ∈ ρ(A).

Theorem 12.5.22. Let (X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X
a densely-defined, linear and closed operator in X and B : D(B) → X a linear,
A-compact operator in X . Then

a)
∥Bf∥ ⩽ C(∥f∥+ ∥Af∥) ⩽ C ′(∥f∥+ ∥(A+B)f∥) ,

for every f ∈ D(A) and some C,C ′ > 0,

b) B is (A+B)-compact,

c) if, in addition, B is closable, then for each ε > 0, there is K ⩾ 0 such that

∥Bf∥ ⩽ ε∥Af∥+K∥f∥

for every f ∈ D(A).

Proof. "a)": If it is not true that

∥Bf∥ ⩽ C(∥f∥+ ∥Af∥)

for every f ∈ D(A) and some C > 0, then there is a sequence f1, f2, . . . in D(A)
such that

∥Bfν∥ > ν(∥fν∥+ ∥Afν∥)

for every ν ∈ N∗. In particular, this implies that fν ̸= 0 and hence that

∥Bgν∥ > ν , (12.29)

where
gν := (∥fν∥+ ∥Afν∥)−1fν

for every ν ∈ N∗. We note that

∥gν∥+ ∥Agν∥ = 1

for every ν ∈ N∗. Therefore, since B is A-compact, there is a convergent subse-
quence toBg1, Bg2, . . . which is in contradiction to (12.29). Hence there is C > 0
such that

∥Bf∥ ⩽ C(∥f∥+ ∥Af∥)
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for every f ∈ D(A). If it is not true that

C(∥f∥+ ∥Af∥) ⩽ C ′(∥f∥+ ∥(A+B)f∥)

for every f ∈ D(A) and someC ′ > 0, then there is a sequence f1, f2, . . . inD(A)
such that

∥fν∥+ ∥Afν∥ > ν(∥fν∥+ ∥(A+B)fν∥)

for every ν ∈ N∗. In particular, this implies that fν ̸= 0 and hence that

( ∥gν∥ , ∥(A+B)gν∥ ⩽ ) ∥gν∥+ ∥(A+B)gν∥ <
1

ν
, (12.30)

where again
gν := (∥fν∥+ ∥Afν∥)−1fν

for every ν ∈ N∗. We note again that

∥gν∥+ ∥Agν∥ = 1 (12.31)

for every ν ∈ N∗. Therefore, since B is A-compact, there is a convergent subse-
quence to Bg1, Bg2, . . . , i.e., there is a strictly monotonically increasing sequence
ν1, ν2, . . . in N∗ such that the sequence Bgν1

, Bgν2
, . . . is convergent to some

ζ ∈ X . As a consequence of (12.30), Agν1
, Agν2

, . . . is convergent to −ζ. Since,
as a consequence of (12.30), gν1

, gν2
, . . . is a null-sequence and A is closed, we

conclude that ζ = 0. From (12.31), we arrive at the contradiction 0 = 1. 
"b)": Let f1, f2, . . . be a sequence in D(A) satisfying

∥fν∥+ ∥(A+B)fν∥ ⩽ C

for every ν ∈ N∗ and some C > 0. According to a), there are C1, C2 > 0

∥Bfν∥ ⩽ C1(∥fν∥+ ∥Afν∥) ⩽ C2(∥fν∥+ ∥(A+B)fν∥) ⩽ C2C

for every ν ∈ N∗. Hence, it follows that

∥fν∥+ ∥Afν∥ ⩽
C2C

C1

every ν ∈ N∗. Since B is A-compact, Bf1, Bf2, . . . has a convergent subse-
quence. As a consequence, B is (A+B)-compact.
"c)": If it is not true that for each ε > 0, there is K ⩾ 0 such that

∥Bf∥ ⩽ ε∥Af∥+K∥f∥

for every f ∈ D(A), there is ε > 0 such that for every ν ∈ N∗ there is fν ∈ D(A)
satisfying

∥Bfν∥ > ε∥Afν∥+ ν∥fν∥ .
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In particular, this implies that fν ̸= 0 and hence that

∥Bgν∥ > ε∥Agν∥+ ν∥gν∥ (⩾ ε∥Agν∥ , ν∥gν∥ ) , (12.32)

where
gν := (∥Afν∥+ ∥fν∥)−1fν

for every ν ∈ N∗. We note that

∥gν∥+ ∥Agν∥ = 1

for every ν ∈ N∗. As a consequence of a), Bg1, Bg2, . . . is bounded. Hence it
follows from (12.32) that g1, g2, . . . is a null-sequence and therefore that

lim
ν→∞

∥Agν∥ = 1 .

Since B is A-compact, there is a a convergent subsequence to Bg1, Bg2, . . . , i.e.,
there is a strictly monotonically increasing sequence ν1, ν2, . . . in N∗ such that
the sequence Bgν1

, Bgν2
, . . . is convergent to some ζ ∈ X . Since B is closable,

ζ = 0, but
∥ζ∥ = lim

µ→∞
∥Bgνµ∥ ⩾ ε lim

µ→∞
∥Agνµ∥ = ε . 

Theorem 12.5.23. Let (X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X a
densely-defined, linear and self-adjoint operator inX andB : D(B) → X a linear,
symmetric and A-compact operator in X . Then

a) A+B is self-adjoint, and

b) σe(A+B) = σe(A).

Proof. "a)": Since B is A-compact and closable, for each ε > 0 and from Theo-
rem 12.5.22) c), it follows the existence of K ⩾ 0 such that

∥Bf∥ ⩽ ε∥Af∥+K∥f∥

for every f ∈ D(A). As a consequence,

∥Bf∥2 ⩽ ε2∥Af∥2 +K2∥f∥2 + 2∥f∥∥Af∥ ⩽ 2ε2∥Af∥2 + 2K2∥f∥2

for every f ∈ D(A). Hence it follows from the Rellich-Kato theorem, Theo-
rem 12.4.11, that A+B is essentially self-adjoint such that

A+B = A+ B̄ = A+B .

"b)": If λ ∈ σe(A), then there is a sequence f1, f2, . . . inD(A) such that ∥fν∥ = 1
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for every ν ∈ N∗, f1, f2, . . . is weakly convergent to 0, and limν→∞(A− λ)fν =
0 . Hence,

∥fν∥+ ∥Afν∥ = 1 + ∥(A− λ)fν + λfν∥ ⩽ 1 + |λ|+ ∥(A− λ)fν∥ ⩽ C

for every ν ∈ N∗ and some C > 0. Therefore, since B is A-compact, there is
a convergent subsequence to Bf1, Bf2, . . . , i.e., there is a strictly monotonically
increasing sequence ν1, ν2, . . . in N∗ such that the sequence Bfν1

, Bfν2
, . . . is

convergent to some ζ ∈ X . Thus,

⟨f |ζ⟩ = ⟨f | lim
µ→∞

Bfνµ⟩ = lim
µ→∞

⟨f |Bfνµ⟩ = lim
µ→∞

⟨Bf |fνµ⟩ = 0

for every f ∈ D(A). Since D(A) is dense in X , the latter implies that ζ = 0.
Hence, we conclude that

lim
µ→∞

(A+B − λ)fνµ = 0

and therefore that λ ∈ σe(A + B). If λ ∈ σe(A + B), then there is a sequence
f1, f2, . . . in D(A) such that ∥fν∥ = 1 for every ν ∈ N∗, f1, f2, . . . is weakly
convergent to 0, and limν→∞(A+B − λ)fν = 0 . Hence,

∥fν∥+∥(A+B)fν∥ = 1+∥(A+B−λ)fν+λfν∥ ⩽ 1+λ+∥(A+B−λ)fν∥ ⩽ C

for every ν ∈ N∗ and some C > 0. Therefore, since as a consequence of
Theorem 12.5.22, −B is A + B-compact, there is a convergent subsequence to
−Bf1,−Bf2, . . . , i.e., there is a strictly monotonically increasing sequence ν1, ν2, . . .
in N∗ such that the sequence −Bfν1 ,−Bfν2 , . . . is convergent to some ζ ∈ X .
Thus,

⟨f |ζ⟩ = −⟨f | lim
µ→∞

Bfνµ
⟩ = − lim

µ→∞
⟨f |Bfνµ

⟩ = − lim
µ→∞

⟨Bf |fνµ
⟩ = 0

for every f ∈ D(A). Since D(A) is dense in X , the latter implies that ζ = 0.
Hence, we conclude that

lim
µ→∞

(A− λ)fνµ = 0

and therefore that λ ∈ σe(A).

Theorem 12.5.24. Let (X, ⟨ | ⟩) be a non-trivial Hilbert space, A : D(A) → X
a densely-defined, linear and self-adjoint operator in X and B : D(B) → X ,
C : D(C) → X linear, symmetric operators in X such that D(B) ⊃ D(A) and

∥Bf∥2 ⩽ a2∥Af∥2 + b2∥f∥2

for some a, b ∈ [0,∞) satisfying a < 1 and such that C is A-compact. Then

a) A+B is self-adjoint,
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b) C is A+B-compact, and

c) A+B + C is self-adjoint and σe(A+B + C) = σe(A+B).

Proof. "a)": It follows from the Rellich-Kato theorem, Theorem 12.4.11, that A+
B is essentially self-adjoint such that

A+B = A+ B̄ = A+B .

"b)": We note that

∥Af∥ ⩽ ∥(A+B)f∥+ ∥Bf∥ ⩽ ∥(A+B)f∥+ [ a2∥Af∥2 + b2∥f∥2 ]1/2

⩽ ∥(A+B)f∥+ a∥Af∥+ b∥f∥

and hence that
∥Af∥ ⩽

1

1− a
∥(A+B)f∥+ b

1− a
∥f∥

for every f ∈ D(A). Therefore if f1, f2, . . . is a sequence in D(A) satisfying

∥fν∥+ ∥(A+B)fν∥ ⩽ K

for some K > 0, then

∥fν∥+ ∥Afν∥ ⩽
1

1− a
∥(A+B)fν∥+

1− a+ b

1− a
∥fν∥

⩽ Kmax

{
1

1− a
,
1− a+ b

1− a

}
for every ν ∈ N∗. Since C is A-compact, the latter implies the existence of a
convergent subsequence to Cf1, Cf2, . . . . Hence C is A+B-compact.
"c)": The statement is a consequence of a), b) and Theorem 12.5.22.

Theorem 12.5.25. (Classical Arzela-Ascoli theorem) Let K ∈ {R,C}, K a non-
empty compact subset of a normed vector space with norm | | and f1, f2, . . . a
bounded sequence in (C(K,K), ∥ ∥∞) that equicontinuous, i.e., such that for every
ε > 0 there is a δ > 0 such that for all x, y ∈ K satisfying |x− y| < δ, it follows
that

|fν(x)− fν(y)| < ε

for all ν ∈ N∗. Then there is a convergent subsequence to f1, f2, . . . .

Proof. In the first step, we show that there is countable dense subset S of K. For
the proof, let ν ∈ N∗. Then the family (U1/ν(x))x∈K is an open covering of
K. Since K is compact, there is a non-empty finite subset Sν of K such that
(U1/ν(x))x∈Sν is an open covering of K. In particular,

S :=
⋃

ν∈N∗

Sν
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is countable and dense in K. For the proof of the latter, let x ∈ K and ν ∈ N∗.
Since (U1/ν(x))x∈Sν is an open covering of K, there is xν ∈ Sν ⊂ S such that
x ∈ U1/ν(xν). If ε > 0 and ν0 ∈ N∗ is such (1/ν0) < ε, then it follows that

|xν − x| < 1

ν
⩽

1

ν0
< ε

for every ν ∈ N∗ such that ν ⩾ ν0 and hence that

lim
ν→∞

|xν − x| = 0 .

In the second step, we show the existence of a subsequence of f1, f2, . . . that con-
verges pointwise on S = {x1, x2, . . . }. For this, we use the standard diagonal
argument. For every k ∈ N∗, the corresponding sequence f1(xk), f2(xk), . . . is
bounded. Hence according to the Bolzano-Weierstrass theorem for the real num-
bers, there is an infinite subset N1 of N∗, along with a strictly increasing bijection
ν1 : N∗ → N1 such that

fν1(1)(x1), fν1(2)(x1), . . .

is convergent. We note that
ν1(k) ⩾ k

for every k ∈ N∗. Continuing this reasoning sucessively, we arrive at a sequence
N1,N2, . . . of infinite subsets of N∗ such that

N∗ ⊃ N1 ⊃ N2 ⊃ . . .

along with strictly increasing bijections νk : N∗ → Nk, where k ∈ N∗, such that

fνk(1)(xl), fνk(2)(xl), . . .

is convergent for every l ∈ N∗ satisfying l ⩽ k. In particular,

νl+1(k) ⩾ νl(k) (12.33)

for all l, k ∈ N∗. The latter implies that

νk+1(k + 1) > νk+1(k) ⩾ νk(k)

for every k ∈ N∗ and hence that the sequence ν1(1), ν2(2), . . . is strictly increas-
ing. Also, (12.24) implies that

νl+k(l + k) ⩾ νl(l + k) > νl(k) (12.34)

for all l, k ∈ N∗. We claim that

fν1(1)(xl), fν2(2)(xl), . . .
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is convergent for every l ∈ N∗. For the proof, let ε > 0 and l ∈ N∗. Since, in
particular,

fνl(1)(xl), fνl(2)(xl), . . .

is a Cauchy-sequence in K, there is N ∈ N∗ such that

|fνl(k)(xl)− fνl(k ′)(xl)| < ε

for all k, k ′ ∈ N∗ satisfying k ⩾ N and k ′ ⩾ N . Hence it follows by (12.34) that

|fνl+k(l+k)(xl)− fνl+k ′ (l + k ′)(xl)| < ε

for all k, k ′ ∈ N∗ satisfying k ⩾ N and k ′ ⩾ N . As a consequence,

fν1(1)(xl), fν2(2)(xl), . . .

is a Cauchy-sequence in K and hence convergent. In the last step, we show that the
sequence g1, g2, . . . , defined by gµ := fνµ(µ) for every µ ∈ N∗ is convergent. For
the proof, let ε > 0 and δ > 0 such that for all x, y ∈ K satisfying |x− y| < δ, it
follows that

| gν(x)− gν(y)| <
ε

3

for all ν ∈ N∗. Further, let ν0 ∈ N∗ be such (1/ν0) < δ. Then (U1/ν0
(x))x∈Sν0

is an open covering of K. Since g1(y), g2(y), . . . is convergent for every y ∈ Sν0
,

there is N ∈ N∗ such that for ν, µ ∈ N∗ satisfying ν ⩾ N and µ ⩾ N , it follows
that

| gµ(y)− gν(y)| <
ε

3

for every y ∈ Sν0 . If x ∈ K, there is y ∈ Sν0 such that x ∈ U1/ν0
(y) ⊂ Uδ(y).

Hence it follows for ν, µ ∈ N∗ satisfying ν ⩾ N and µ ⩾ N that

| gµ(x)− gν(x)| ⩽ | gµ(x)− gµ(y)|+ | gµ(y)− gν(y)|+ | gν(y)− gν(x)| < ε .

Hence g1, g2, . . . is a Cauchy-sequence in (C(K,K), ∥ ∥∞) and therefore conver-
gent to an element of C(K,K).

12.6 Spectral Theorems for Densely-Defined,
Linear and Self-adjoint Operators in
Complex Hilbert Spaces.

Definition 12.6.1. (Spectral Families) Let X, ⟨ | ⟩ be a complex Hilbert space. A
map

E : R → L(X,X)

is called a spectral family if:
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(i) For every λ ∈ R, Eλ is an orthogonal projection, i.e., Eλ is self-adjoint such
that

E2
λ = Eλ ,

(ii) for all λ, µ ∈ R, satisfying λ ⩽ µ, it follows that

Eλ ⩽ Eµ ,

i.e.,
⟨f |Eλf⟩ ⩽ ⟨f |Eµf⟩

for every f ∈ X ,

(iii) for every f ∈ X

lim
λ→−∞

Eλf = 0 , lim
λ→∞

Eλf = f ,

(iv) for every f ∈ X

Eλf = lim
µ→λ+

Eµf .

For every f ∈ X , we call the Lebesgue-Stieltjes measure that is generated by the
monotonically increasing function

(R → R, λ 7→ ⟨f |Eλf⟩) ,

the Lebesgue-Stieltjes measure corresponding to E and f .

Theorem 12.6.2. (Spectral Theorems for Densely-Defined, Linear and Self-
adjoint Operators in Complex Hilbert Spaces, Version I) Let X, ⟨ | ⟩ be a com-
plex Hilbert space, A : D(A) → X a densely-defined, linear and self-adjoint
operator in X . Then there is a unique spectral family

E : R → L(X,X)

with the following properties:

(i) For every f ∈ X , f ∈ D(A) if and only if (idR)2 is integrable with respect
ψf ,

(ii) for every f ∈ D(A)

⟨f |Af⟩ =
∫
R

idR dψf ,

where ψf is the Lebesgue-Stieltjes measure that is generated by monotoni-
cally increasing function

(R → R, λ 7→ ⟨f |Eλf⟩) .
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In addition, if f ∈ D(A), then

∥Af∥ =

(∫
R

id2
R dψf

)1/2
.

In the following, this spectral family is called the spectral family correspond-
ing to A and for every f ∈ X , the corresponding ψf is called the spectral
measure that is associated with A and f .

Theorem 12.6.3. (Universally Measurable Functions) Let S be a non-empty
subset of R. Then

(i) UC(S),

consisting of all elements of f ∈ B(S,C) such that f̂ : R → C, defined
for every x ∈ R by

f̂(x) :=

{
f(x) if x ∈ S

0 if x ∈ R \ S
,

is measurable with respect to every measure induced by an additive, mono-
tone and regular interval function,

and equipped with pointwise addition, scalar multiplication, multiplication
and the norm ∥ ∥∞,

is a C∗-subalgebra of (B(S,C),+, . , · , ∥ ∥∞)

(ii) VC(S),

consisting of all elements of f ∈ B(S,C) for which there is a sequence
f1, f2, . . . of elements of C(S,C) such that for every x ∈ S

lim
ν→∞

fν(x) = f(x) ,

and equipped with pointwise addition, scalar multiplication and multiplica-
tion,

is an involutive subalgebra of (UC(S),+, . , · ) that contains C(S,C) as well
as all restrictions of complex-valued step functions on R to S.

(iii) Us
C(S),

consisting of all elements ofB(S,C) for which there is a sequence s1, s2, . . .
of complex-valued step functions on R such that

lim
ν→∞

sν(x) = f(x) ,
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for all x ∈ S,

is an involutive subalgebra of (UC(S),+, . , · ) that contains VC(S).

Theorem 12.6.4. (Spectral Theorems for Densely-Defined, Linear and Self-
adjoint Operators in Complex Hilbert Spaces, Version II) Let X, ⟨ | ⟩ be a com-
plex Hilbert space, A : D(A) → X a densely-defined, linear and self-adjoint oper-
ator in X , with spectrum σ(A)(⊂ R). Further, let E : R → L(X,X) be the spec-
tral family corresponding to A and, for every f ∈ X , ψf be the spectral measure
corresponding to A and f . Then there is a unique continuous *-homomorphism

Ψ : (Us
C(σ(A)),+, . , · ,

∗, ∥ ∥∞) → (L(X,X),+, . , ◦ , ∗, ∥ ∥)

of C∗-algebras such that

(i)

Ψ(1σ(A)) = idX , Ψ

(
idσ(A) − i

idσ(A) + i

)
= (A− i) ◦ (A+ i)−1 .

(ii) If f ∈ Us
C(σ(A)), f1, f2, . . . a bounded sequence in Us

C(σ(A)) that is every-
where on σ(A) pointwise convergent to f , then for every f ∈ X

lim
ν→∞

Ψ(fν)f = Ψ(f)f .

This *-homomorphism has the following additional properties:

(iii) If λ ∈ σ(A) is an eigenvalue of A, then for every f ∈ Us
C(σ(A)) and every

f ∈ ker(A− λ)
Ψ(f)f = f(λ).f .

(iv) For every f ∈ Us
C(σ(A)) and f ∈ X

⟨f |Ψ(f)f⟩ =
∫
σ(A)

f dψf .

(v) If f ∈ Us
C(σ(A)) is real-valued and positive, then Ψ(f) is too positive, i.e.,

⟨f |Ψ(f)f⟩ ⩾ 0 ,

for every f ∈ X .

(vi) For every f ∈ Us
C(σ(A))

∥Ψ(f)∥ ⩽ ∥f∥∞ .

(vii) If C ∈ L(X,X) is such that A ◦ C ⊃ C ◦A, then

[Ψ(f), C] = 0 ,

for every f ∈ Us
C(σ(A)).
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(viii)
E = (R → L(X,X), λ 7→ Ψ(χ

(−∞,λ]
|σ(A))) .

Remark 12.6.5. The operator

(A− i) ◦ (A+ i)−1

is called the Cayley transform of A.

Remark 12.6.6. In future, we will use instead of

Ψ(f) ,

the notation
f(A) ,

for every f ∈ Us
C(σ(A)).

Theorem 12.6.7. (Maximal Multiplication Operators) Let n ∈ N∗, φ and addi-
tive, monotone and regular interval function on Rn, M a φ-measurable subset of
Rn such that L2

C(M) is non-trival, h a complex-valued function that is a.e. defined
on M and φ-measurable. We define the maximal multiplication operator with h,

Th : D(Th) → L2
C(M,φ) ,

by
D(Th) := {f ∈ L2

C(M,φ) : h · f ∈ L2
C(M,φ)}

and
Thf := h · f ,

for every f ∈ D(Th). Then,

(i) Th is a densely-defined, linear operator in L2
C(M,φ),

(ii) (Th)
∗ = Th∗ ,

(iii) the following statements are equivalent

a) Th is continuous,

b) h ∈ L∞
C (M,φ),

c) D(Th) = L2
C(M,φ).

If one these statements is true,

∥Th∥ = ∥h∥∞ ,

(iv) the following statements are equivalent

a) Th is injective,

b) h−1({0}) is a set of φ-measure 0,
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c) Ran(h) is dense in L2
C(M,φ).

If one these statement is true, the inverse operator (Th)−1 is defined, and

(Th)
−1 = T 1

h
,

where
1

h
:M → C

is defined by
1

h
(x) :=

{
1

h(x) if h(x) ̸= 0

0 if h(x) = 0
,

(v) the following statements are equivalent

a) Th is surjective,

b) there is c > 0 such that |h|−1((−c, c)) is a set of φ-measure 0,

c) Th is bijective.

If one these statement is true, the inverse operator (Th)−1 is defined on the
whole of L2

C(M,φ) and is continuous.

Theorem 12.6.8. (Spectrum, Spectral Family and Spectral Measures of a Max-
imal Multiplication Operator) Let n ∈ N∗, φ and additive, monotone and regular
interval function on Rn, M a φ-measurable subset of Rn such that L2

C(M) is non-
trival, h a real-valued function that is a.e. defined on M and φ-measurable. As a
consequence, the maximal multiplication operator with h

Th : D(Th) → L2
C(M,φ) ,

defined by
D(Th) := {f ∈ L2

C(M,φ) : h · f ∈ L2
C(M,φ)}

and
Thf := h · f ,

for every f ∈ D(Th), is densely-defined, linear and self-adjoint. Then

(i) the spectrum σ(Th) and the point spectrum σp(Th) of Th are given by

σ(Th) = {λ ∈ R : For every c > 0,

h−1(Uc(λ)) is no set of φ-measure 0} ,
σp(Th) = {λ ∈ R : h−1({λ}) is no set of φ-measure 0} ,

(ii) the spectral family E : R → L(L2
C(M,φ), L2

C(M,φ)) corresponding to Th
is given by

E(λ) = Tχ
h−1((−∞,λ])

|M ,
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and for every f ∈ L2
C(M,φ), the corresponding spectral measure is given

by the interval function ψf : γ1(R) → R, defined by

ψf (I) :=

∫
Rn

χ
h−1(I)

· |f̂ |2 · dφ

for every interval I ∈ γ1(R).

Corollary 12.6.9 (Functional Calculus associated with a Maximal Multiplica-
tion Operator). Let n, φ,M, h, Th as in the previous Theorem. Then

f(Th) = Tf◦h ,

for every f ∈ Us
C(σ(Th)).

12.7 Calculation of the Free Propagator for
Quantum Mechanics

Theorem 12.7.1. Let n ∈ N∗, t ∈ R∗ and H̄0 the free Hamiltonian of quantum
mechanics, then

e−i t
ℏ H̄0g =

(
πi

4ε0t

ℏ

)−n/2

.
(
ei

ℏ
4ε0t .| |

2

∗ g
)
,

for every f ∈ L1
C(Rn) ∩ L2

C(Rn), and

e−i t
ℏ H̄0g = lim

ν→∞

(
πi

4ε0t

ℏ

)−n/2

.
[
ei

ℏ
4ε0t .| |

2

∗ (χ
[−ν,ν]n

g)
]
,

for every f ∈ L2
C(Rn), almost everywhere pointwise on Rn, where

ε0 :=
ℏ2κ2

2m
.

Proof. First, we recall some information from Section ??. For this purpose, let
α > 0. Then

Ĥ0 : C∞
0 (Rn,C) → L2

C(Rn) ,

defined for every f ∈ C∞
0 (Rn,C) by

Ĥ0f := −ε0.
n∑

k=1

∂2f

∂u2k
,

is a densely-defined, linear, positive symmetric and essentially self-adjoint operator
in L2

C(Rn), whose closure H̄0 has the spectrum

σ(H̄0) = [0,∞) .
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Further, for every bounded and universally measurable function f : [0,∞) → C:

f(H̄0) = F−1
2 ◦ T[f◦ (ε0.| |2)] ◦ F2 ,

where Tf◦ (ε0.| |2) is the maximal multiplication operator with the function f ◦
(ε0.| |2), defined by

Tf◦ (ε0.| |2)g := [f ◦ (ε0.| |2)] · g ,

for every g ∈ L2
C(Rn). In particular,

e−
1
ε .H̄0e−i t

ℏ H̄0g = e−(
1
ε+i t

ℏ )H̄0g = e−σεH̄0g = F−1
2 exp(−ε0 σε | |2)F2g .

for every g ∈ L2
C(Rn), where

σε :=
1

ε
+ i

t

ℏ
,

where ε > 0 has the dimension of an energy. By application of the spectral theorem
for densely-defined, linear and self-adjoint operators, Theorem 12.6.4, the latter
implies that

e−i t
ℏ H̄0g = lim

ε→∞
F−1
2 exp(− ε0 σε | |2)F2g .

Further, we note that, for every σ ∈ (0,∞)×R and according to Corollary 12.9.24

(2σ)n/2.F2e
−σ.| |2 = e−| |2/(4σ) .

In particular for

σ =
1

4 ε0 σε
,

it follows that

(2 ε0 σε)
−n/2 F2 e

− 1
4 ε0 σε

.| |2 = e− ε0 σε| |2 .

Hence

e−(
1
ε+i t

ℏ )H̄0g = (2 ε0 σε)
−n/2 F−1

2 [(F2 e
− 1

4 ε0 σε
.| |2) · F2g]

= (2 ε0 σε)
−n/2 F2{[(F2 e

− 1
4 ε0 σε

.| |2) · F2g] ◦ (−idRn)}

= (4π ε0 σε)
−n/2 e−

1
4 ε0 σε

.| |2 ∗ g .

and
e−i t

ℏ H̄0g = lim
ε→∞

(4π ε0 σε)
−n/2 e−

1
4 ε0 σε

.| |2 ∗ g . (12.35)

In particular, if g ∈ L1
C(Rn) ∩ L2

C(Rn) and t ̸= 0, for every u ∈ Rn

[
e−

1
4 ε0 σε

.| |2 ∗ g
]
(u) =

∫
R
e−

1
4 ε0 σε

.|u−idRn |2g dvn
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=

∫
R
e
− 1

4( ε0
ε

+i
ε0t
ℏ )

.|u−idRn |2

g dvn

and (
e
− 1

4( ε0
ε

+i
ε0t
ℏ )

.|u−idRn |2

g

)
ε∈N∗

is a sequence of integrable function that is everywhere pointwise convergent to

ei
ℏ

4ε0t .|u−idRn |2g ,

and whose members are dominated by the integrable function |g|. Hence it follows
from Lebesgue’s dominated convergence theorem and for every u ∈ Rn that

lim
ε→∞

(
e−

1
4 ε0 σε

.| |2 ∗ g
)
(u) =

(
ei

ℏ
4ε0t .| |

2

∗ g
)
(u) .

As a consequence, (12.35) implies that

e−i t
ℏ H̄0g =

(
πi

4ε0t

ℏ

)−n/2

.
(
ei

ℏ
4ε0t .| |

2

∗ g
)
,

for every t ∈ R∗ and g ∈ L1
C(Rn) ∩ L2

C(Rn). Finally, the latter implies for
g ∈ L2

C(Rn) and t ∈ R∗ that

(e−i t
ℏ H̄0g)(u) = lim

ν→∞

(
πi

4ε0t

ℏ

)−n/2

.
[
ei

ℏ
4ε0t .| |

2

∗ (χ
[−ν,ν]n

g)
]
(u) ,

for almost all u ∈ Rn.

Corollary 12.7.2. Let n ∈ N∗, t > 0, z ∈ R× (−∞, 0) and H̄0 the free Hamilto-
nian of quantum mechanics, then

e−i (t/ℏ) zH̄0f =

(
πi 4

ε0t

ℏ
z

)−n/2

ei | |
2/(4 ε0t

ℏ z) ∗ f ,

for every f ∈ L2
C(Rn), where

ε0 :=
ℏ2κ2

2m
.

Proof. According to the proof of Theorem 12.7.1, for every bounded and univer-
sally measurable function f : [0,∞) → C:

f(H̄0) = F−1
2 ◦ T[f◦ (ε0.| |2)] ◦ F2 ,

where Tf◦ (ε0.| |2) is the maximal multiplication operator with the function f ◦
(ε0.| |2), defined by

Tf◦ (ε0.| |2)g := [f ◦ (ε0.| |2)] · g ,
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for every g ∈ L2
C(Rn). In particular, for t > 0, z ∈ R× (−∞, 0)

e−i (t/ℏ) zH̄0g = F−1
2 exp[−i (ε0t/ℏ) z.| |2]F2g = F−1

2 exp[− | |2/(4σ)]F2g ,

where
σ := − i

4 (ε0t/ℏ) z
= − iz∗

4 (ε0t/ℏ) |z|2
∈ (0,∞)× R .

Further, since according to Corollary 12.9.24

(2σ)n/2.F2e
−σ.| |2 = e−| |2/(4σ) ,

we have that

e−i (t/ℏ) zH̄0g = (2σ)n/2.F−1
2 [(F2e

−σ.| |2) · (F2g)]

= (2σ)n/2.F2{[(F2e
−σ.| |2) · (F2g)] ◦ (−idRn)}

= (2π)−n/2 (2σ)n/2.F1{[(F2e
−σ.| |2) · (F2g)] ◦ (−idRn)}

= (σ/π)n/2 e−σ.| |2 ∗ g = [πi 4 (ε0t/ℏ) z]−n/2 ei | |
2/[4 (ε0t/ℏ) z] ∗ g .

12.8 Solutions of Systems of Ordinary
Differential Equations with Asymptotically
Constant Coefficients

The following results, on the asymptotic of the solutions of systems of ordinary
differential equations with asymptotically constant coefficients, was first proved by
Dunkel in [14] (compare also [27, 6, 20]). To the experience of the author, these
result are not widely known in physics. Similar results to Corollary 12.8.2 are well-
known in the physics, but under the much stronger assumption that the coefficients
of the systems are analytic.

Theorem 12.8.1. Let n ∈ N \ {0}, a ∈ R, I := [a,∞) and I0 := (a,∞). In
addition let A0 be a diagonalizable complex n×n matrix and e′1, . . . , e

′
n be a basis

of Cn consisting of eigenvectors of A0. Further, for each j ∈ {1, · · · , n}, let λj be
the eigenvalue corresponding to e′j and Pj be the matrix representing the projec-
tion of Cn onto C.e′j with respect to the canonical basis of Cn. Finally, let A1 be
a continuous map from I into the complex n× n matrices M(n× n,C) such that
A1jk is Lebesgue integrable for each j, k ∈ 1, ..., n.

Then there is a C1 map R : I0 → M(n × n,C) with limt→∞Rjk(t) = 0 for
each j, k ∈ 1, . . . , n and such that u : I0 →M(n× n,C) defined by

u(t) :=

n∑
j=1

exp(λjt) · (E +R(t)) · Pj (12.36)
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for all t ∈ I0 (where E is the n × n unit matrix), maps into the invertible n × n
matrices and satisfies

u′(t) = (A0 +A1(t)) · u(t) (12.37)

for all t ∈ I0.

This theorem has the following

Corollary 12.8.2. Let n ∈ N \ {0}; a, t0 ∈ R with a < t0; µ ∈ N; αµ := 1 for
µ = 0 and αµ := µ for µ ̸= 0. In addition, let A0 be a diagonalizable complex
n × n matrix and e′1, . . . , e

′
n be a basis of Cn consisting of eigenvectors of A0.

Further, for each j ∈ {1, · · · , n}, let λj be the eigenvalue corresponding to e′j and
Pj be the matrix representing the projection of Cn onto C.e′j with respect to the
canonical basis of Cn. Finally, let A1 be a continuous map from (a, t0) into the
complex n×n matrices M(n×n,C), for which there is a number c ∈ (a, t0) such
that the restriction of A1jk to [c, t0) is Lebesgue integrable for each j, k ∈ 1, ..., n.

Then there is a C1 map R : (a, t0) → M(n × n,C) with limt→0Rjk(t) = 0
for each j, k ∈ 1, . . . , n and such that u : (a, t0) →M(n× n,C) defined by

u(t) :=

{ ∑n
j=1(t0 − t)−λj · (E +R(t)) · Pj for µ = 0∑n
j=1 exp(λj(t0 − t)−µ) · (E +R(t)) · Pj for µ ̸= 0

, (12.38)

for all t ∈ (a, t0) (where E is the n×n unit matrix), maps into the invertible n×n
matrices and satisfies

u′(t) =

(
αµ

(t0 − t)µ+1
A0 +A1(t)

)
· u(t) (12.39)

for each t ∈ (a, t0).

12.9 Miscellaneous

12.9.1 Operator Theory

Reduction of Operators

Theorem 12.9.1 (Commuting Self-Adjoint Operators). Let (X, ⟨ | ⟩) be a non-
trivial complex Hilbert space, A : D(A) → X and B : D(B) → X densely-
defined, linear and self-adjoint operators in X , with corresponding spectra σ(A)
and σ(B), respectively, and EA and EB the spectral families that are associated
with A and B, respectively. We say that B and A commute, if[

EB
s , E

A
t

]
= 0 ,

for all s, t ∈ R. Finally, let UA := (A− i)(A+ i)−1 and UB := (B− i)(B+ i)−1

be the Cayley transforms of A and B, respectively.
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(i) If in addition B ∈ L(X,X), then the following statements are equivalent.

a)
[g(B), f(A)] = 0 ,

for all g ∈ Us
C(σ(B)) and f ∈ Us

C(σ(A)) .

b) A und B commute.

c) [B,UA] = 0.

d) [B, eitA] = 0, for all t ∈ R.

e) A ◦B ⊃ B ◦A.

(ii) The following statements are equivalent.

a)
[g(B), f(A)] = 0 ,

for all g ∈ Us
C(σ(B)) and f ∈ Us

C(σ(A)) .

b) A and B commute.

c) [eisB , eitA] = 0, for all s, t ∈ R.

d) [UB , UA] = 0.

Proof. "Part (i)": In addition, let B ∈ L(X,X).
"Part a) ⇒ Part b)": Obvious.
"Part b) ⇒ Part c)": Since A and B commute, it follows for α, β, γ, δ ∈ R such
that α < β and γ < δ that

[EB
δ − EB

γ , E
A
β − EA

α ] =
[(
χ
(γ,δ]

∣∣
σ(B)

)
(B),

(
χ
(α,β]

∣∣
σ(A)

)
(A)
]
= 0 . (12.40)

Further, if f : R → R is a bounded continuous function and sν : R → R is defined
by

sν :=
∑

µ∈{−22ν ,−22ν+1,...,22ν−1}

inf{f(λ) : λ ∈ (2−ν · µ, 2−ν · (µ+ 1)]}

· χ(2−ν ·µ,2−ν ·(µ+1)] ,

for every ν ∈ N∗, then (sν)ν∈N∗ is a uniformly bounded sequence of step functions
that everywhere on R pointwise convergent to f and hence it follows from the
spectral theorem, Theorem 12.6.4, that(

f
∣∣
σ(A)

)
(A) = s− lim

ν→∞

(
sν
∣∣
σ(A)

)
(A)

= s− lim
ν→∞

∑
µ∈{−22ν ,−22ν+1,...,22ν−1}

inf{f(λ) : λ ∈ (2−ν · µ, 2−ν · (µ+ 1)]}

·
(
χ
(2−ν ·µ,2−ν ·(µ+1)]

∣∣
σ(A)

)
(A) ,
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f
∣∣
σ(B)

)
(B) = s− lim

ν→∞

(
sν
∣∣
σ(B)

)
(B)

= s− lim
ν→∞

∑
µ∈{−22ν ,−22ν+1,...,22ν−1}

inf{f(λ) : λ ∈ (2−ν · µ, 2−ν · (µ+ 1)]}

·
(
χ
(2−ν ·µ,2−ν ·(µ+1)]

∣∣
σ(B)

)
(B) .

From (12.40) and the latter, we conclude that[(
g
∣∣
σ(B)

)
(B),

(
f
∣∣
σ(A)

)
(A)
]
= 0 ,

for all real-valued bounded continuous functions f and g on R and hence also that[(
g
∣∣
σ(B)

)
(B),

(
f
∣∣
σ(A)

)
(A)
]
= 0 , (12.41)

for all complex-valued bounded continuous functions f and g on R. Further, since
B ∈ L(X,X), σ(B) ⊂ R is in particular compact. Hence there is ν0 ∈ N∗ such
that σ(B) ⊂ [−ν0, ν0]. From (12.41), it follows that

[B,UA] =

[
idσ(B)(B),

idσ(A) − i

idσ(A) + i
(A)

]
= 0 .

"Part c) ⇒ Part d)": Since [B,UA] = 0, it follows for f ∈ D(A) that

B ◦ (A− i)f = B ◦ (A− i) ◦ (A+ i)−1(A+ i)f

= (A− i) ◦ (A+ i)−1B (A+ i)f

= (A+ i− 2i) ◦ (A+ i)−1B (A+ i)f

= B(A+ i)f − 2i(A+ i)−1B (A+ i)f

Hence,
Bf = (A+ i)−1B (A+ i)f ∈ D(A)

and
(A+ i)Bf = B (A+ i)f

as well as
ABf = BAf .

Hence, it follows that
A ◦B ⊃ B ◦A

and from the spectral theorem, Theorem 12.6.4, that

[B, f(A)] = 0 ,

for every f ∈ Us
C(σ(A)) .

"Part d) ⇒ Part e)": If [B, eitA] = 0, for all t ∈ R, we conclude as follows. If f ∈
D(A), then (R → X, t 7→ eitAf) is differentiable at t = 0, with derivative iAf .

76



12.9 Miscellaneous

Therefore, since B ∈ L(X,X), also (R → X, t 7→ BeitAf) = (R → X, t 7→
eitABf) is differentiable at t = 0. Hence, Bf ∈ D(A) and BiAf = iABf ,
implying that BAf = ABf . As a consequence, A ◦B ⊃ B ◦A.
"Part e) ⇒ Part a)": If A ◦ B ⊃ B ◦ A, it follows from the spectral theorem,
Theorem 12.6.4 that

[B, f(A)] = 0 ,

for f ∈ Us
C(σ(A)) . From the latter and again from the spectral theorem, Theo-

rem 12.6.4, it follows that
[g(B), f(A)] = 0 ,

for all f ∈ Us
C(σ(A)), g ∈ Us

C(σ(B)).
"Part (ii)": "Part a) ⇒ Part b)": Obvious.
"Part b) ⇒ Part c)": If A and B commute, it follows as in the proof of (i) "Part b)
⇒ Part c)" that [(

g
∣∣
σ(B)

)
(B),

(
f
∣∣
σ(A)

)
(A)
]
= 0 ,

for all complex-valued bounded continuous functions f and g on R and hence in
particular that [eisB , eitA] = 0, for all s, t ∈ R.
"Part c) ⇒ Part d)": Since [eisB , eitA] = 0, for all s, t ∈ R, it follows for s ∈ R,
that

[sin(sB), eitA] = [cos(sB), eitA] = 0 ,

for all t ∈ R and hence from Part (i) that

[sin(sB), UA] = [cos(sB), UA] = 0 .

The latter implies also that

[exp(isB), UA] = 0 ,

for every s ∈ R. Finally, from the latter and Part (i), we conclude that

[UB , UA] = 0 .

"Part d) ⇒ Part a)": If [UB , UA] = 0, it follows as in the proof of (i) "Part c) ⇒
Part d)" that

UB ◦A ⊃ A ◦ UB ,

and hence from the spectral theorem, Theorem 12.6.4, that

[UB , f(A)] = 0 ,

for f ∈ Us
C(σ(A)) and hence, again as in the proof of (i) "Part c) ⇒ Part d)," that

B ◦ f(A) ⊃ f(A) ◦B ,

and again from the spectral theorem, Theorem 12.6.4, that

[g(B), f(A)] = 0 ,

for all f ∈ Us
C(σ(A)), g ∈ Us

C(σ(B)) .
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Lemma 12.9.2 (Reduction of Operators I). Let (X, ⟨ | ⟩) be a non-trivial complex
Hilbert space, A : D(A) → X a densely-defined, linear and self-adjoint operator
inX and (ϕ ̸=)σ(A) (⊂ R) the spectrum ofA, P ∈ L(X,X) a non-trivial orthog-
onal projection that commutes with A and Y := RanP the non-trivial and closed
projection space corresponding to P . Then the following is true.

(i) By AP := (D(A) ∩ Y → Y, f 7→ Af), there is defined a densely-defined,
linear and self-adjoint Operator in Y . The spectrum σ(AP ) of AP is con-
tained in σ(A).

(ii) For every f ∈ Us
C(σ(A)) ,

f
∣∣
σ(AP )

∈ Us
C (σ(AP )) and

(
f
∣∣
σ(AP )

)
(Ap) = (Y → Y, g 7→ f(A)g) .

Proof. In the following, let U : R → L(X,X) be the strongly continuous one-
parameter unitary group that is generated by A.
"Part (i)": Since A and P commute, it follows that U(t) leaves Y invariant, for ev-
ery t ∈ R and hence that UP := (R → L(Y, Y ), t 7→ (Y → Y, g 7→ U(t)g))
is well-defined. Further, the properties of U imply that UP is a strongly con-
tinuous one-parameter unitary group, whose infinitesimal generator is given by
AP := (D(A) ∩ Y → Y, f 7→ Af). In the following, let σ(AP ) be the non-
empty real spectrum of AP . For λ ∈ σ(AP ), it follows that AP − λ is not bijec-
tive and hence also that A − λ is not bijective, implying that λ ∈ σ(A). Hence
σ(AP ) ⊂ σ(A).
"Part (ii)": From the definition ofUs

C(σ(A)), U
s
C (σ(AP )) and the fact that σ(Ap) ⊂

σ(A), it follows for f ∈ Us
C(σ(A)) that f

∣∣
σ(AP )

∈ Us
C(σ(AP )). Further, for

f ∈ Us
C(σ(A)), there is a sequence f1, f2, . . . of elements of Us

C(σ(A)) that con-
verges uniformly on σ(A) to f . Hence the sequence f1

∣∣
σ(AP )

, f2
∣∣
σ(AP )

, . . . of

elements of Us
C(σ(AP )) converges uniformly on σ(AP ) to f

∣∣
σ(AP )

, implying that

f
∣∣
σ(AP )

∈ Us
C(σ(AP )). Further, let E : R → L(X,X) be the spectral family

corresponding to A, and for every g ∈ X , let ψg be the spectral measure corre-
sponding to A and g. Since A and P commute, it follows that E(λ) leaves Y
invariant, for every λ ∈ R. The properties of E imply that EP : R → L(Y, Y ) is
a spectral family, where for every λ ∈ R the map Ep(λ) is defined as the restric-
tion in domain and in image to Y . From the spectral theorem, Theorem 12.6.2,
it follows for every g ∈ Y that g ∈ D(AP ) if and only if id2R is integrable with
respect to ψg; for every g ∈ D(AP ) the function idR is integrable with respect
to ψg and ⟨g|AP g⟩ =

∫
R idR dψg . Hence it follows from Part (i) and from Theo-

rem 12.6.2 that spectral family that corresponds to AP coincides with EP as well
as that R \ σ(AP ) is a ψg zero set, for every g ∈ Y . From the spectral theorem,
Theorem 12.6.4, we conclude for f ∈ Us

C(σ(A)) and every g ∈ Y that

⟨g|
(
f
∣∣
σ(AP )

)
(AP )g⟩ =

∫
R

̂f
∣∣
σ(AP )

dψg =

∫
R
f̂ dψg = ⟨g|f(A)g⟩ ,
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where for every f : D → C, defined on a subset D ⊂ Rn, n ∈ N∗, we define f̂ :
Rn → C by f̂(λ) := f(λ), for every λ ∈ D and f̂(λ) := 0, for every λ ∈ Rn\D.
Using the polarization identity, valid for every linear mapB : D(B) → X , defined
on a subspace D(B) of X ,

⟨h|Bk⟩ = 1

4
(⟨h+ k|B(k + h)⟩ − ⟨h− k|B(k − h)⟩)

+
1

4i
(⟨h+ ik|B(k + ih)⟩ − ⟨h− ik|B(k − ih)⟩) ,

for h, k ∈ D(B), it follows that

⟨g|
(
f
∣∣
σ(AP )

)
(AP )h⟩ = ⟨g|f(A)h⟩ ,

for g, h ∈ Y . Further, since A and P commute, f(A) is leaving Y invariant.
Hence, we conclude that(

f
∣∣
σ(AP )

)
(AP ) = (Y → Y, g 7→ f(A)g) .

Lemma 12.9.3 (Reduction of Operators II). Let (X, ⟨ | ⟩) be a non-trivial com-
plex Hilbert space, A : D(A) → X a densely-defined, linear and symmetric oper-
ator in X , (Pj)j∈N a sequence of orthogonal projections with pairwise orthogonal
projection spaces and such that

s− lim
n→∞

n∑
j=0

Pj = idX .

Furthermore, for every j ∈ N let Dj be a dense subspace of RanPj with Dj ⊂
D(A), A (Dj) ⊂ RanPj and such that densely-defined, linear and symmetric op-
erator Aj := (Dj → RanPj , f 7→ Af) in RanPj is essentially self-adjoint. Then

(i) A is essentially self-adjoint,

(ii) Ā ◦ Pj ⊃ Pj ◦ Ā , for every j ∈ N.

Proof. Since for every j ∈ N, Dj (⊂ D(A)) is dense in RanPj and

s− lim
N→∞

N∑
j=0

Pj = idX ,

it follows that the subspace D (Ac) := L
(⋃

j∈NDj

)
of D(A) is dense in X

and hence that Ac := A
∣∣
D(Ac)

is a densely-defined, linear and symmetric oper-

ator in X . Further, for every f ∈ [Ran (Ac ± i.idX)]
⊥ and j ∈ N follows that

Pjf ∈
[
Ran

(
Aj ± i.idRanPj

)]⊥
and hence, since A∗

j = Ā∗
j , Aj is essentially
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self-adjoint and from properties of the Cayley transform and related results on self-
adjoint extensions of densely-defined, linear and symmetric operators, that Pjf =

0. Since j ∈ N is arbitrary otherwise and since s − limN→∞
∑N

j=0 Pj = idX ,

this implies that f = 0. Since f is arbitary otherwise, and since A∗
c = Ā∗

c , it
follows, from properties of the Cayley transform and related results on self-adjoint
extensions of densely-defined, linear and symmetric operators, the essential self-
adjointness of Ac and since Āc ⊂ Ā that Āc = Ā and hence also the essential
self-adjointness of A. Further, for every j ∈ N follows that Ac ◦ Pj ⊃ Pj ◦ Ac,
implying that Āc◦Pj ⊃ Pj◦Āc, and hence, since Āc = Ā, that Ā◦Pj ⊃ Pj◦Ā.

Corollary 12.9.4. Under the assumptions of Lemma 12.9.3, it follows that

Ā|D(Ā )∩Ran(Pj) = Āj , (12.42)

for every j ∈ N, where Āj denotes the closure of Aj in Ran(Pj).

Proof. According to Lemma 12.9.2, Ā|D(Ā )∩Ran(Pj) is a densely-defined, linear
and self-adjoint operator in Ran(Pj). Also, Ā|D(Ā )∩Ran(Pj) is an extension ofAj .
Since, according to the assumptions,Aj is a densely-defined, linear, symmetric and
essentially self-adjoint operator in Ran(Pj), this implies that (12.42) is true.

A decomposition of an operator as in Lemma 12.9.3 induces a decomposition of
the spectrum of that operator.

Theorem 12.9.5 (Reduction of Operators III). Let (X, ⟨ | ⟩) be a non-trivial com-
plex Hilbert space, A : D(A) → X a densely-defined, linear and self-adjoint op-
erator in X and (ϕ ̸=)σ(A) (⊂ R) the spectrum of A. In addition, let (Pn)n∈N be
a sequence of orthogonal projections with pairwise orthogonal projection spaces
that commute with A. According to Lemma 12.9.2, for every n ∈ N by An :=
(D(A) ∩ RanPn → RanPn, f 7→ Af), there is defined a densely-defined, linear
and self-adjoint operator in RanPn. Finally, let σ(An), σp(An) be the spectrum
of An and the point spectrum, i.e., the set of all eigenvalues, of An, respectively.
We note that σ(An) = ϕ, if RanPn = {0}. Then

σp(A) =
⋃
n∈N

σp(An) , σ(A) =
⋃
n∈N

σ(An) .

Proof. First, we note that obviously σp(An) ⊂ σp(A), for every n ∈ N and hence
that

⋃
n∈N σp(An) ⊂ σp(A). Since s − limN→∞

∑N
n=0 Pn = idX , it follows for

λ ∈ σp(A), f ∈ ker(A − λ)\{0} the existence of n0 ∈ N such that Pn0f ̸= 0
and hence, since An0

Pn0
f = APn0

f = Pn0
Af = λPn0

f , that λ ∈ σp(An0
) as

well as λ ∈
⋃

n∈N σp(An). Therefore, we conclude that σp(A) =
⋃

n∈N σp(An).
Further, if n ∈ N and λ ∈ σ(An), then there is according to Theorem 12.5.3 (ii) a
sequence f1, f2, . . . of unit vectors in D(An) such that

0 = lim
ν→∞

(An − λ)fν = lim
ν→∞

(A− λ)fν .
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Hence, it follows from Theorem 12.5.3 (ii) that λ ∈ σ(A). Therefore, we conclude
that σ(An) ⊂ σ(A) for every n ∈ N and hence that

⋃
n∈N σ(An) ⊂ σ(A) as well

as that ⋃
n∈N

σ(An) ⊂ σ(A) ,

since σ(A) is in particular a closed subset of R, Finally, it follows that

σ(A) \
⋃
n∈N

σ(An) = ϕ

and hence that ⋃
n∈N

σ(An) = σ(A) .

Otherwise, there is λ ∈ σ(A) \
⋃

n∈N σ(An) and follows the existence of

d := min

{
|µ− λ| : µ ∈

⋃
n∈N

σ(An)

}

as well as that d > 0, where we use that, since X is non-trivial and s − limN→∞∑N
n=0 Pn = idX , there is n ∈ N such hat RanPn is non-trivial and hence that⋃
n∈N σ(An) is non-empty. Therefore, from the spectral theorem Theorem 12.6.4,

it follows that
∥(An − λ)−1∥ ⩽

1

d
,

for n ∈ N such that RanPn is non-trivial. Further, for f ∈ X and N,N ′ ∈ N, we
conclude that

=

∥∥∥∥∥∥
N∑

n=0

(An − λ)−1Pnf −
N ′∑
n=0

(An − λ)−1Pnf

∥∥∥∥∥∥
2

=

∥∥∥∥∥
M∑

n=m+1

(An − λ)−1Pnf

∥∥∥∥∥
2

=

M∑
n=m+1

M∑
n′=m+1

⟨(An − λ)−1Pnf |(An′ − λ)−1Pn′f⟩

=

M∑
n=m+1

∥(An − λ)−1Pnf∥2 ⩽
1

d2
·

∥∥∥∥∥
M∑

n=m+1

Pnf

∥∥∥∥∥
=

1

d2

∥∥∥∥∥∥
N∑

n=0

Pnf −
N ′∑
n=0

Pnf

∥∥∥∥∥∥
2

,

where m := min {N,N ′} ,M := max {N,N ′}. Since

lim
N→∞

N∑
n=0

Pnf = f ,
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it follows that (
N∑

n=0

(An − λ)−1Pnf

)
N∈N

is a Cauchy sequence in X and hence convergent to some gf ∈ X ,

lim
N→∞

N∑
n=0

(An − λ)−1Pnf = gf ,

since X is complete. Since

lim
N→∞

(A− λ)

N∑
n=0

(An − λ)−1Pnf = lim
N→∞

N∑
n=0

Pnf = f ,

andA−λ is closed, we conclude hat (gf , f) ∈ G(A−λ) and hence that gf ∈ D(A)
and (A− λ)gf = f . Hence A− λ is surjective. Finally, since

λ ∈ σ(A) \
⋃
n∈N

σ(An) ⊂ σ(A)\σp(A) ,

A − λ is also injective and hence bijective. As a consequence, we arrive at the
contradiction that λ /∈ σ(A). 

Lemma 12.9.6 (Reduction of Operators IV). Let (X, ⟨ | ⟩) be a non-trivial com-
plex Hilbert space, P0, P1, . . . be a sequence of orthogonal projections on X with
pairwise orthogonal projection spaces and such that

lim
n→∞

n∑
j=0

Pjf = f , (12.43)

for every f ∈ X . Further, for each j ∈ N, let Aj : Dj → Ran(Pj) be a densely-
defined, linear, symmetric and essentially self-adjoint operator in Ran(Pj). We
define the subspace D ⩽ X by

D :=


n∑

j=0

fj : n ∈ N and fj ∈ Dj , for every j ∈ {1, . . . , n}

 ,

and A : D → X by

A

n∑
j=0

fj :=

n∑
j=0

Ajfj ,

where n ∈ N and fj ∈ Dj , for every j ∈ {0, . . . , n}. Then A is a densely-
defined, linear, symmetric and essentially self-adjoint operator inX , whose closure
Ā commutes strongly with every Pj , j ∈ N, i.e.,

Ā ◦ Pj ⊃ Pj ◦ Ā (12.44)

holds for each j ∈ N.
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Proof. First, we note that if

n∑
j=0

fj =

m∑
j=0

gj ,

where n,m ∈ N and fj ∈ Dj , for every j ∈ {0, . . . , n}, gj ∈ Dj , for every j ∈
{0, . . . ,m}, it follows from the pairwise orthogonality of Ran(P0),Ran(P1), . . . ,
that {

fj = gj for j = 0, . . . n and gj = 0 for j = n+ 1, . . .m if m ⩾ n

fj = gj for j = 0, . . .m and fj = 0 for j = m+ 1, . . . n if m < n

and hence also that{
Ajfj = Ajgj for j = 0, . . . n and Ajgj = 0 for j = n+ 1, . . .m if m ⩾ n

Ajfj = Ajgj for j = 0, . . .m and Ajfj = 0 for j = m+ 1, . . . n if m < n
.

As a consequence, A is well-defined. Further, for f ∈ X , since Dj is dense in
Ran(Pj), there is fj such that

∥Pjf − fj∥ ⩽ 2−(j+2)ε ,

for every j ∈ N, where ε > 0. Hence∥∥∥∥∥∥
n∑

j=0

fj − f

∥∥∥∥∥∥ =

∥∥∥∥∥∥
n∑

j=0

(fj − Pjf) +

n∑
j=0

Pjf − f

∥∥∥∥∥∥
⩽

∥∥∥∥∥∥
n∑

j=0

(fj − Pjf)

∥∥∥∥∥∥+
∥∥∥∥∥∥

n∑
j=0

Pjf − f

∥∥∥∥∥∥
⩽
ε

2
+

∥∥∥∥∥∥
n∑

j=0

Pjf − f

∥∥∥∥∥∥ .

Hence, as consequence of (12.43), there is n0 ∈ N, such that∥∥∥∥∥∥
n∑

j=0

fj − f

∥∥∥∥∥∥ ⩽ ε ,

for n ∈ N such that n ⩾ n0. This implies that D is dense in X . Also, A is
linear. Summarizing the previous, A is a densely-defined, linear operator in X . In
addition,A is symmetric, since if n,m ∈ N and fj ∈ Dj , for every j ∈ {0, . . . , n},
gj ∈ Dj , for every j ∈ {0, . . . ,m}, then

⟨
n∑

j=0

fj |A
m∑

k=0

gk ⟩ = ⟨
n∑

j=0

fj |
m∑

k=0

Akgk ⟩ =
n∑

j=0

m∑
k=0

⟨fj |Akgk⟩
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=

n∑
j=0

⟨fj |Ajgj⟩ =
n∑

j=0

⟨Ajfj |gj⟩

=

n∑
j=0

m∑
k=0

⟨Ajfj |gk⟩ = ⟨A
n∑

j=0

fj |
m∑

k=0

gk ⟩ .

From the characterization of essential self-adjointness in Theorem 12.4.9, it follows
for every j ∈ N that Ran(Aj − i) and Ran(Aj + i) are dense in Ran(Pj). Hence
for g ∈ X , ε > 0, j ∈ N, there is fj ∈ Dj such that

∥(Aj
+
(−) i)fj − Pjg∥2 ⩽ 2−(j+1) ε

2

4
.

Hence, ∥∥∥∥∥∥(A +
(−) i)

n∑
j=0

fj −
n∑

j=0

Pjg

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
n∑

j=0

[(Aj
+
(−) i)fj − Pjg]

∥∥∥∥∥∥
2

=

n∑
j=0

∥(Aj
+
(−) i)fj − Pjg∥2 ⩽

n∑
j=0

2−(j+1) ε
2

4
⩽
ε2

4
.

If ∥∥∥∥∥∥
n∑

j=0

Pjg − g

∥∥∥∥∥∥
2

⩽
ε2

4
,

this implies that ∥∥∥∥∥∥(A +
(−) i)

n∑
j=0

fj − g

∥∥∥∥∥∥
2

⩽ ε2 .

Hence, Ran(A +
(−)i) is dense inX and, according to the characterization of essential

self-adjointness in Theorem 12.4.9, A is essentially self-adjoint. We note that for
every k ∈ N, if k ∈ {0, . . . , n}, then

PkA

n∑
j=0

fj = Pk

n∑
j=0

Ajfj = Akfk =

n∑
j=0

AkPkfj = A

n∑
j=0

Pkfj = APk

n∑
j=0

fj ,

and if k /∈ {0, . . . , n}, then

PkA

n∑
j=0

fj = Pk

n∑
j=0

Ajfj = 0 =

n∑
j=0

AkPkfj = A

n∑
j=0

Pkfj = APk

n∑
j=0

fj ,

where n ∈ N and fj ∈ Dj , for every j ∈ {0, . . . , n}. Hence for every j ∈ N,
f ∈ D, we have that

PjAf = APjf .
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Further, for f ∈ D(Ā ), there is a sequence f1, f2, . . . in D such that

lim
ν→∞

fν = f and lim
ν→∞

Afν = Āf .

Then, for j ∈ N,

lim
ν→∞

Pjfν = Pjf and lim
ν→∞

PjAfν = lim
ν→∞

APjfν = PjĀf .

Hence, Pjf ∈ D(Ā ) and ĀPjf = PjĀf , and it follows that Ā◦Pj ⊃ Pj ◦Ā .

Calculation of the Functional Calculus

Lemma 12.9.7 (A Relation Between the Functional Calculus of an Operator
and the Generated Strongly Continuous One-Parameter Unitary Group). Let
(X, ⟨ | ⟩) be a non-trivial complex Hilbert space, U : R → L(X,X) a strongly
continuous one-parameter unitary group, with, (hence densely-defined, linear and
self-adjoint), infinitesimal generator A : D(A) → X . In addition, let σ(A) ⊂ R
be the non-empty spectrum of A. Hence,

U(t) = exp(it.idσ(A))(A) ,

for every t ∈ R. Then,(
F1(f)

∣∣
σ(A)

)
(A) =

∫
R
f(t).U(−t) dt ,

for every f ∈ L1
C(R), where we use weak integration.

Proof. In the following, let F0 : SC(R) → SC(R) be the linear isomorphism,
defined for every f ∈ SC(R) by

[F0(f)](v) :=
1√
2π

∫
R
e−ivuf(u) du ,

for every v ∈ R. Then, F−1
0 : SC(R) → SC(R) is given by

[F−1
0 (f)](u) =

1√
2π

∫
R
eiuvf(v) dv ,

for every u ∈ R. In first step, we show for f ∈ C∞
0 (R,C) that

⟨g1|
(
F−1
0 (f)

∣∣
σ(A)

)
(A)g2⟩ =

1√
2π

∫
R
f(t) · ⟨g1|U(t)g2⟩ dt , (12.45)

for all g1, g2 ∈ X . For the proof, let f ∈ C∞
0 (R,C). Since f has a compact

support, there is N ∈ N∗ such that supp(f) ⊂ [−N,N). Hence for λ ∈ R,(
2Nν−1∑
k=0

(
eiλ idRf

)(
−N +

k

v

)
·X[−N+ k

ν ,−N+ k+1
ν )

)
ν∈N∗
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is a sequence of integrable functions whose members are dominated by the inte-
grable function (

sup
t∈supp(f)

|f(t)|

)
· χ

[−N,N]

that is pointwise on R convergent to eiλ idRf , since the latter function is in particular
continuous. Hence it follows from Lebesgue’s dominated convergence theorem
that

[F−1
0 (f)](λ) = lim

ν→∞

(2π)−1/2

ν

2Nν−1∑
k=0

(
eiλ idRf

)(
−N +

k

v

)
.

We note that by the same reasoning, it follows that∫
R
g(t) dt = lim

ν→∞

1

ν

2Nν−1∑
k=0

g

(
−N +

k

v

)
,

for every g ∈ C0(R,C). Further,(
(2π)−1/2

ν

2Nν−1∑
k=0

f

(
−N +

k

v

)
ei(−N+ k

ν )idR

∣∣∣∣
σ(A)

)
ν∈N∗

is a sequence of bounded continuous functions on σ(A) that is pointwise conver-
gent to F−1

0 (f)
∣∣
σ(A)

and is uniformly bounded, e.g., by

2N√
2π

(
sup

t∈supp(f)

|f(t)|

)
.

Hence it follows from Theorem 12.6.4 that(
F−1
0 (f)

∣∣
σ(A)

)
(A) = s− lim

ν→∞

(2π)−1/2

ν
·
2Nν−1∑
k=0

(f.U)

(
−N +

k

ν

)
and hence also that

⟨g1|
(
F−1
0 (f)

∣∣
σ(A)

)
(A)g2⟩

= lim
ν→∞

(2π)−1/2

ν
·
2Nν−1∑
k=0

(f · ⟨g1|Ug2⟩)
(
−N +

k

ν

)
= (2π)−1/2

∫
R
f(t) · ⟨g1|U(t)g2⟩ dt ,

for all g1, g2 ∈ X . The latter implies that(
F−1
0 (f)

∣∣
σ(A)

)
(A) =

1√
2π

∫
R
f(t). U(t) dt .
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For the second step, let g1, g2 ∈ X und f ∈ SC(R). In addition, letφ ∈ C∞(R,R)
be an auxiliary function, defined by

φ(t) :=

{
0 if t ⩽ 0

e−
1
t if t > 0

.

Then Ranφ ⊂ [0, 1) and limt→∞ φ(t) = 1. We define for ν ∈ N∗ the auxiliary
function φν ∈ C∞

0 (R,R) by

φν(t) := φ(ν · (ν2 − t2)) ,

for every t ∈ R. We note that supp(φν) ⊂ [−ν, ν], Ranφν ⊂ [0, 1) and every-
where pointwise

lim
ν→∞

φν = χ
R .

Hence (⟨g1|Ug2⟩φνf)ν∈N∗ is a sequence of integrable functions whose members
are dominated by the Lebesgue integrable function ∥g1∥∥g2∥|f |. Thus it follows
from Lebesgue’s dominated convergence theorem that

lim
ν→∞

(2π)−1/2

∫
R
⟨g1|U(t)g2⟩φν(t)f(t) dt = (2π)−1/2

∫
R
⟨g1|U(t)g2⟩ f(t) dt .

(12.46)
Further,

(
F−1
0 (φνf)

)
ν∈N∗ ∈ (SC(R))N

∗
is a sequence that is uniformly bounded

by (2π)−1/2∥f∥1 and that is everywhere pointwise convergent to F−1
0 f ∈ SC(R),

since for every λ ∈ R,
(
eiλ idRφνf

)
ν∈N∗ is a sequence of integrable functions

whose members are dominated by the integrable function |f | and that is everywhere
convergent to eiλ idRf , according to Lebesgue’s dominated convergence theorem
implying that

lim
ν→∞

∫
R
eiλ tφν(t)f(t) dt =

∫
R
eiλ tf(t) dt .

Hence it follows from Theorem 12.6.4 that

s− lim
ν→∞

(
F−1
0 (φνf)

∣∣
σ(A)

)
(A) =

(
F−1
0 (f)

∣∣
σ(A)

)
(A)

and hence also that

lim
ν→∞

⟨g1|
(
F−1
0 (φνf)

∣∣
σ(A)

)
(A)g2⟩ = ⟨g1|

(
F−1
0 (f)

∣∣
σ(A)

)
(A)g2⟩ . (12.47)

From (12.45), (12.46) and (12.47), it follows that

⟨g1|
(
F−1
0 (f)

∣∣
σ(A)

)
(A)g2⟩ = (2π)−1/2

∫
R
⟨g1|U(t)g2⟩ f(t) dt .

Finally, since F0 bijective, we conclude that

⟨g1|
(
f |σ(A)

)
(A)g2⟩ = (2π)−1/2

∫
R
(F0(f))(t) ⟨g1|U(t)g2⟩ dt
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as well as that

⟨g1|
(
F1(f)|σ(A)

)
(A)g2⟩ = (2π)1/2 ⟨g1|

(
F0(f)|σ(A)

)
(A)g2⟩

=

∫
R
(F0(F0f))(t) ⟨g1|U(t)g2⟩ dt =

∫
R
(F0(F0f))(−t) ⟨g1|U(−t)g2⟩ dt

=

∫
R
f(t) ⟨g1|U(−t)g2⟩ dt . (12.48)

Further, since SC(R) is dense in L1
C(R), for f ∈ L1

C(R), there is a sequence
(fν)ν∈N in SC(R) that converges in L1

C(R) to f . Then f · ⟨g1|[U ◦ (−idR)]g2⟩ is
integrable, since ⟨g1|[U ◦ (−idR)]g2⟩ is bounded continuous. Further,∣∣∣∣∫

R
fν(t) ⟨g1|[U(−t)]g2⟩ dt−

∫
R
f(t) ⟨g1|U(−t)]g2⟩ dt

∣∣∣∣
⩽
∫
R
|fν(t)− f(t)| · | ⟨g1|[U(−t)]g2⟩ | dt ⩽ ∥g1∥ ∥g2∥ ∥fν − f∥1

and hence

lim
ν→∞

∫
R
fν(t) ⟨g1|[U(−t)]g2⟩ dt =

∫
R
f(t) ⟨g1|U(−t)]g2⟩ dt .

Also, since F1 : L1
C(R) → (C∞(R,C), ∥ ∥∞) is continuous, the sequence

(F1(fν))ν∈N converges uniformly on R to F1(f). Thus, the sequence
(F1(fν)|σ(A))ν∈N is a uniformly bounded sequence of universally measurable func-
tions that is everywhere pointwise convergent on σ(A) to F1(f)|σ(A). Thus, from
Theorem 12.6.4, it follows that

s− lim
ν→∞

(F1(fν)|σ(A))(A) = (F1(f)|σ(A))(A) .

Hence, it follows from (12.48) that

⟨g1|
(
F1(f)|σ(A)

)
(A)g2⟩ =

∫
R
f(t) ⟨g1|U(−t)g2⟩ dt .

Theorem 12.9.8 (A Relation between the Resolvent of an Operator and its
Spectral Projections). Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space, A :
D(A) → X a densely-defined, linear and self-adjoint operator in X and σ(A) the
(non-empty and real) spectrum of A, R : C \ σ(A) → L(X,X), λ 7→ (A − λ)−1

the resolvent of A and U : R → L(X,X) the strongly continuous one-parameter
unitary group that is generated by A, given by U(t) = eitA, for every t ∈ R.
Further, for every f : R → C, a : R → L(X,X), we define fa := (R →
L(X,X), t 7→ f(t)a(t)). Finally, let α, β ∈ R, such that α < β. Then, the
following is true.
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(i) For λ ∈ R× R∗ and f ∈ X:

R(λ)f =

{
i
∫ 0

−∞ exp(−iλt)U(t)f dt if Im(λ) > 0

−i
∫∞
0

exp(−iλt)U(t)f dt if Im(λ) < 0 .

(ii) For ε ∈ (0,∞), f ∈ X:

1

2πi

∫ β

α

[R(λ+ iε)−R(λ− iε)]f dλ

=
1

π

[
arctan

(
1

ε

(
idσ(A) −α

))
− arctan

(
1

ε

(
idσ(A) −β

))]
(A)f .

Proof. "Part (i)": We note that

R(λ) =
1

idσ(A) −λ
(A) , (12.49)

for λ ∈ C\σ(A). For the proof, we note that for λ ∈ C\σ(A) such that Im(λ) ̸= 0,
the function 1/ (idR −λ) is bounded continuous, and if Im(λ) = 0, then

1

idσ(A) −λ
=

̂
1

idR −λ

∣∣∣∣
R\[λ−(ε/2),λ+(ε/2)]

∣∣∣∣
σ(A)

,

where the hat denotes the extension of a function to a function that is constant of
value 0 outside the domain of the former function, and ε > 0 is such that (λ −
ε, λ+ ε) ⊂ R \ σ(A). Hence it follows from integration theory that

1

idσ(A) −λ
∈ Us

C(σ(A)) .

Further,

1

idσ(A) −λ
(A)(A− λ)

=
1

idσ(A) −λ
(A)

[(
1

i
− λ

)
UA +

1

i
+ λ

]
[(UA − 1)↾D(A)]

−1

=
1

idσ(A) −λ
(A)

2

i

idσ(A) − λ

idσ(A) + i
(A)[(UA − 1)↾D(A)]

−1

= (UA − 1)[(UA − 1)↾D(A)]
−1 = ιD(A)↪→X ,

where UA denotes the Cayley transform of A. Since A − λ is bijective, the latter
implies (12.49). Further, for λ ∈ R× (0,∞), it follows that

F1[exp (iλ idR) · χ[0,∞)] = (−i) · 1

idR −λ
. (12.50)

89



12 Appendix

For the proof, we note that for every k ∈ R(
exp(i (λ− k) idR) · χ[0,ν]

)
ν∈N∗

is a sequence of integrable functions whose members are dominated by the inte-
grable function exp(−Im(λ) idR) · χ[0,∞) that is everywhere pointwise on R con-
vergent to

exp(i (λ− k) idR) · χ[0,∞)

and whose corresponding sequence of integrals is given by(
1

i (λ− k)
[exp(i (λ− k) ν)− 1]

)
ν∈N∗

.

Hence, it follows from Lebesgue’s dominated convergence theorem that

exp(i (λ− k) idR) · χ[0,∞)

is integrable as well as that∫
R
exp(i (λ− k) idR) · χ[0,∞) dv

1 = lim
ν→∞

∫
R
exp(i (λ− k) idR) · χ[0,ν] dv

1

= − 1

i (λ− k)
= −i 1

k − λ

and therefore also (12.50). The relation (12.50) and Lebesgue’s change of variable
formula also imply that

F1[exp (iλ idR) · χ(−∞,0]] = i · 1

idR − λ
, (12.51)

for every λ ∈ R× (−∞, 0). According to Lemma 12.9.7,(
F1(f)

∣∣
σ(A)

)
(A) =

∫
R
f(t).U(−t) dt ,

for every f ∈ L1
C(R). Hence it follows for every λ ∈ R× (0,∞) that

−i(A− λ)−1 =

∫ ∞

0

exp(iλ t) · U(−t) dt

and for every λ ∈ R× (−∞, 0) that

i(A− λ)−1 =

∫ 0

−∞
exp(iλ t) · U(−t) dt .

"Part (ii)": For the proof, let ε > 0 and f, g ∈ X . It follows from Part (i) and for
every λ ∈ R that

1

2πi
⟨f |[R(λ+ iε)−R(λ− iε)]g⟩ = 1

2π

∫
R
exp(iλ t− ε|t|) ⟨f |U(−t)g⟩ dt .

(12.52)
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Further, according to integration theory, the function

̂((α, β)× R, (λ, t) 7→ exp(iλt− ε · |t|) ⟨f |U(−t)g⟩)

is v2-measurable and dominated by the, according to Tonelli’s theorem, v2-integrable
function

∥f∥ · ∥g∥ ·
(
R2 → R, (λ, t) 7→ χ

(α,β)(λ) · exp(−ε |t|)
)
.

Hence it follows from Lebesgue’s dominated convergence theorem the v2-summability
of the former function and from Fubini’s theorem and (12.52) the v1-summability
of (

R → C, λ 7→ χ
(α,β)(λ) · ⟨f |[R(λ+ iε)−R(λ− iε)]g⟩

)
as well as that

1

2πi

∫ β

α

⟨f |[R(λ+ iε)−R(λ− iε)]g⟩ dλ

=
1

2π

∫
(α,β)×R

exp(iλt− ε|t|) ⟨f |U(−t)g⟩ dλ dt .

Further, it follows from Lebesgue’s change of variable formula and from Fubini’s
theorem that

1

2πi

∫ β

α

⟨f |[R(λ+ iε)−R(λ− iε)]g⟩ dλ (12.53)

=
1

2π

∫
R

[∫ β

α

exp(iλt) dλ

]
exp(−ε|t|) ⟨f |U(−t)g⟩ dt .

We note that (12.50) and (12.51) imply that

F1 exp(−ε | | ) =
2ε

id2R + ε2
.

Since exp(−ε| |) ∈ L2
C(R), 1/(id

2
R + ε2) ∈ L1

C(R), it follows that∫
R
exp(it idR) ·

ε/π

id2R + ε2
dv1 = exp(−ε | |) . (12.54)

Further, from 1/(id2R + ε2), χ(α,β) ∈ L1
C(R) ∩L2

C(R) and as a consequence of

f ∗ g = F1[(F
−1
2 f) · (F−1

2 g)] ,

for all f, g ∈ L2
C(Rn), where ∗ denotes the convolution product, we conclude that

χ
(α,β) ∗

ε/π

id2R + ε2
=

1

2π
F1[(F1χ(α,β)) · (F1 exp(−ε | |))] (12.55)
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=
1

π

[
arctan

(
1

ε
(idR − α)

)
− arctan

(
1

ε
(idR − β)

)]
.

Hence, it follows from Lemma 12.9.7, (12.54) and (12.55) that

1

2πi

∫ β

α

⟨f | [R(λ+ iε)−R(λ− iε)] g⟩ dλ

= ⟨f | 1
π

[
arctan

(
1

ε

(
idσ(A) −α

))
− arctan

(
1

ε

(
idσ(A) −β

))]
(A)g⟩ ,

for all f, g ∈ X .

Remark 12.9.9. We note that it follows from the spectral theorem, Theorem 12.6.4,
that

s− lim
ε→0

1

π

[
arctan

(
1

ε

(
idσ(A) −α

))
− arctan

(
1

ε

(
idσ(A) −β

))]
(A)

=
1

2

[(
χ
(α,β)

∣∣
σ(A)

)
(A) +

(
χ
[α,β]

∣∣
σ(A)

)
(A)
]
.

Remark 12.9.10. We note that since for all f, g ∈ X , the corresponding function
(C\σ(A), λ 7→ ⟨g|R(λ)f⟩) is holomorphic, Theorem 12.9.8 (ii) opens the path to
the calculation of the spectral projections ofA by contour integration. In particular,
if A is positive, i.e., the spectrum σ(A) of A is part of the interval [0,∞), using
that the covering pr := (C → C, µ 7→ −µ2) of C maps the open right half-plane,
(0,∞)×R, biholomorphically onto the simply connected slized plane C \ [0,∞),
it follows for α, β ∈ R, such that α < β and ε > 0 that

1

πi

[∫
Cν(ε)

µ ⟨g|R(−µ2)f⟩ dµ−
∫
Dν(ε)

µ ⟨g|R(−µ2)f⟩ dµ

]

=
1

π
⟨g|
[
arctan

(
1

ε

(
idσ(A) −α

))
− arctan

(
1

ε

(
idσ(A) −β

))]
(A)f⟩ ,

where Cν(ε) is a contour from the point
√
−β − iε to the point

√
−α− iε in

the open 4th quadrant (0,∞) × (−∞, 0) and Dν(ε) is a contour from the point√
−β + iε to the point

√
−α+ iε in the open 1st quadrant (0,∞)2.
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Fig. 12.1: Ranges of the paths ( [−2, 0] → C, τ 7→
√
τ − ε i ) (blue) and ( [−2, 0] → C, τ 7→√

τ + ε i ) (red), respectively, corresponding to α = 0 and β = 2, for ε = 0.25, 0.5, 1, 2, inside the
covering space. The arrows indicate the orientation of the paths. For decreasing ε, the ranges approach
−i [0,

√
β ] and i [0,

√
β ], respectively. The inverse image pr−1([0,∞)) of the interval [0,∞) that is

containing the spectrum of A is given by the (dashed) imaginary axis.

Corollary 12.9.11 (A Relation Between the Resolvent of an Operator and the
Generated Strongly Continuous One-Parameter Unitary Group). Under the
assumptions of Theorem 12.9.8, the following is true. For every f, g ∈ X , λ2 ∈
R∗,

⟨g|R(·+ iλ2)f⟩ ∈ L2
C(R) ∩ C∞(R,C) .

Further, if λ2 < 0, then for almost all t > 0

lim
ν→∞

− 1

2πi

∫
Cν(λ2)

exp(itλ) ⟨g|R(λ)f⟩ dλ = ⟨g|U(t)f⟩ ,

and, if λ2 > 0, then for almost all t < 0

lim
ν→∞

1

2πi

∫
Cν(λ2)

exp(itλ) ⟨g|R(λ)f⟩ dλ = ⟨g|U(t)f⟩ ,

where, for every ν ∈ N and λ2 < 0, Cν(λ2) is a contour from the point −ν+iλ2 to
the point ν + iλ2 in the open lower half-plane, R× (−∞, 0), and, for every ν ∈ N
and λ2 > 0, Cν(λ2) is a contour from the point −ν + iλ2 to the point ν + iλ2 in
the open upper half-plane, R× (0,∞), respectively.

Proof. According to Theorem 12.9.8 (i), for λ = λ1 + iλ2 ∈ R × R∗, where
λ1 ∈ R, λ2 ∈ R∗ and f, g ∈ X:

⟨g|R(λ1 + iλ2)f⟩

= i

{ ∫
R exp(−iλ1t)χ(−∞,0)(t) exp(λ2t) ⟨g|U(t)f⟩ dt if λ2 > 0

−
∫
R exp(−iλ1t)χ(0,∞)(t) exp(λ2t) ⟨g|U(t)f⟩ dt if λ2 < 0 .

Since {
χ
(−∞,0) exp(λ2.idR) ⟨g|Uf⟩ ∈ L1

C(R) ∩ L2
C(R) if λ2 > 0

χ
(0,∞) exp(λ2.idR) ⟨g|Uf⟩ ∈ L1

C(R) ∩ L2
C(R) if λ2 < 0

,
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this implies that

⟨g|R(·+ iλ2)f⟩ = i
√
2π

{
F2 [χ(−∞,0) exp(λ2.idR) ⟨g|Uf⟩] if λ2 > 0

F2 [−χ(0,∞) exp(λ2.idR) ⟨g|Uf⟩] if λ2 < 0

and hence that
⟨g|R(·+ iλ2)f⟩ ∈ L2

C(R) ∩ C∞(R,C)

as well as that

1

i
√
2π

F−1
2 ⟨g|R(·+ iλ2)f⟩ =

{
χ
(−∞,0) exp(λ2.idR) ⟨g|Uf⟩ if λ2 > 0

−χ(0,∞) exp(λ2.idR) ⟨g|Uf⟩ if λ2 < 0
.

As a consequence, if λ2 > 0, then

lim
ν→∞

∥∥∥∥( R → C
t 7→ 1

2πi

∫ ν

−ν
exp(itλ1) ⟨g|R(λ1 + iλ2)f⟩ dλ1

)
− χ

(−∞,0) exp(λ2.idR) ⟨g|Uf⟩
∥∥∥∥
2

= 0 ,

and if λ2 < 0, then

lim
ν→∞

∥∥∥∥( R → C
t 7→ − 1

2πi

∫ ν

−ν
exp(itλ1) ⟨g|R(λ1 + iλ2)f⟩ dλ1

)
− χ

(0,∞) exp(λ2.idR) ⟨g|Uf⟩
∥∥∥∥
2

= 0 .

As a consequence, if λ2 > 0, it follows for almost all t < 0 that

lim
ν→∞

1

2πi

∫ ν

−ν

exp(it(λ1 + iλ2)) ⟨g|R(λ1 + iλ2)f⟩ dλ1 = ⟨g|U(t)f⟩ ,

and if λ2 < 0, it follows for almost all t > 0 that

lim
ν→∞

− 1

2πi

∫ ν

−ν

exp(it(λ1 + iλ2)) ⟨g|R(λ1 + iλ2)f⟩ dλ1 = ⟨g|U(t)f⟩ .

Remark 12.9.12. We note that since for all f, g ∈ X , the corresponding function
(C\σ(A), λ 7→ ⟨g|R(λ)f⟩) is holomorphic, Corollary 12.9.11 opens the path to the
calculation of the one-parameter unitary group U that is generated byA by contour
integration. In particular, if A is positive, i.e., the spectrum σ(A) of A is part of the
interval [0,∞), using that the covering pr := (C → C, µ 7→ −µ2) of C maps the
open right half-plane, (0,∞) × R, biholomorphically onto the simply connected
slized plane C \ [0,∞), it follows that
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(i) if λ2 < 0, then for almost all t > 0

lim
ν→∞

− 1

πi

∫
Cν(λ2)

exp(−itµ2)µ ⟨g|R(−µ2)f⟩ dµ = ⟨g|U(t)f⟩ ,

(ii) and, if λ2 > 0, then for almost all t < 0

lim
ν→∞

1

πi

∫
Cν(λ2)

exp(−itµ2)µ ⟨g|R(−µ2)f⟩ dµ = ⟨g|U(t)f⟩ ,

where Cν(λ2) is a contour from the point
√
−ν − λ2 i to the point

√
ν − λ2 i in

the open right half-plane, (0,∞)× R.

Fig. 12.2: Ranges of the paths ( [−5, 5] → C, ν 7→
√
ν − λ2 i ) for λ2 = 0.25, 0.5, 1, 2 (blue), and

for λ2 = −2,−1,−0.5,−0.25 (red), respectively, inside the covering space. The arrows indicate the
orientation of the paths. For decreasing |λ2|, the ranges approach [0,∞) ∪ i (−∞, 0] and [0,∞) ∪
i [0,∞), respectively. The inverse image pr−1([0,∞)) of the interval [0,∞) that is containing the
spectrum of A is given by the (dashed) imaginary axis.

Friedrichs Mollifiers

Lemma 12.9.13 (Friedrichs mollifiers). Let n ∈ N∗, Ω be a non-empty open
subset of Rn and h ∈ C∞

0 (Rn) be positive with a support contained in B1(0) as
well as such that h(x) = h(−x) for all x ∈ Rn and ∥h∥1 = 1. For instance,

h(x) :=

{
C exp

(
− 1

1−|x|2

)
if |x| < 1

0 if |x| ⩾ 1
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for every x ∈ Rn, where

C :=

[∫
U1(0)

exp

(
− 1

1− | |2

)
dvn

]−1

.

In addition, define for every ν ∈ N ∗ the corresponding hν ∈ C∞
0 (Rn) by

hν(x) := νnh(νx)

for all x ∈ Rn. Finally, define for every ν ∈ N ∗ and every f ∈ L2
C(Ω)

Hνf := (hν ∗ f̂ )
∣∣
Ω
,

where

f̂(x) :=

{
f(x) if x ∈ Ω

0 if x ∈ Rn\Ω

and ‘∗’ denotes the convolution product. Then

(i) for every ν ∈ N ∗ the correspondingHν defines a bounded self-adjoint linear
operator on L2

C(Ω) with operator norm ∥Hν∥ ⩽ 1,

(ii)
s− lim

ν→∞
Hν = idL2

C(Ω) .

Proof. ‘(i)’: For this, let ν ∈ N ∗. Moreover, define Kν ∈ C∞(Ω̄ 2) by

Kν(x, y) := hν(x− y)

for all x, y ∈ Ω. ThenKν is in particular measurable and such thatKν(x, ·),Kν(·, y) ∈
L1(Ω) and

∥Kν(x, ·)∥1 ⩽ 1 , ∥Kν(·, y)∥1 ⩽ 1

for all x, y ∈ Ω. Hence to Kν there is associated a bounded linear integral operator
Int(Kν) = Hν on L2

C(Ω) with operator norm equal or smaller than 1. Finally, this
operator is self-adjoint since it follows from the assumptions on K that K∗(y −
x) = K(x− y) for all x, y ∈ Ω.
‘(ii)’: For ν ∈ N ∗ and f ∈ C0(Ω,C), it follows that

supp(hν ∗ f̂ − f̂ ) ⊂ supp(f) +B1(0)

and
|hν ∗ f̂ − f̂ |(x) ⩽

∫
Rn

|f̂(x− idRn)− f̂(x)|hν dv n

for all x ∈ Rn. Since f̂ is in particular uniformly continuous, it follows for every
ε > 0 the existence of δ > 0 such that for all x ∈ Rn, y ∈ Uδ(0)

|f̂(x− y)− f̂(x)| ⩽ [v n(supp(f) +B1(0))]
−1/2 ε 1/2 .
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As a consequence, for all ν ∈ N ∗ such that ν > 1/δ

∥hν ∗ f̂ − f̂∥2 ⩽ ε

holds. Hence it follows for every f ∈ C0(Ω,C) that

lim
ν→∞

∥Hνf − f∥2 = 0 .

SinceC0(Ω,C) is dense inL2
C(Ω) andH1, H2, . . . is in particular uniformly bounded,

this implies also that
s− lim

ν→∞
Hν = idL2

C(Ω) .

Trotter Product Formulas

This Section uses methods from the theory of strongly continuous semigroups
which are not discussed in this book. For this theory, we refer to specialized lit-
erature listed below. The class of generators of such semigroups is considerably
larger than the class of linear self-adjoint operators in Hilbert spaces. As a conse-
quence, applications extend to the field of partial differential equations, including
non-linear equations, in particular see [7], [15], [18], [33], [5], [28], [19].

Theorem 12.9.14. (Definition and properties of the exponential function) Let
K ∈ {R,C} and (X, ∥ ∥) a K-Banach space. Then we define the exponential
function exp : L(X,X)→ L(X,X) by

exp(A) :=

∞∑
k=0

1

k!
. Ak

where A0 := idX and Ak+1 := A ◦ Ak for all k ∈ N. Note that this series is
absolutely convergent since ∥Ak∥ ⩽ ∥A∥k for all k ∈ N.

(i) The map uA : K → L(X,X), defined by

uA(t) := exp(t.A)

for every t ∈ K, is differentiable with derivative

u ′
A(t) = A ◦ uA(t)

for all t ∈ K.

(ii) For all A,B ∈ L(X,X) satisfying A ◦B = B ◦A

exp(A+B) = exp(A) ◦ exp(B) . (12.56)
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(iii) For all A ∈ L(X,X) satisfying ∥A∥ ⩽ 1, n ∈ N and f ∈ X ,∥∥ exp (n.(A− idX)
)
f −Anf

∥∥ ⩽
√
n · ∥(A− idX)f∥ . (12.57)

Proof. ‘(i)’: For this, let A ∈ L(X,X). Then it follows for t ∈ K, h ∈ K∗, by
using the bilinearity and continuity of the composition map on ((L(X,X))2 , that∥∥∥∥ 1h. [ exp((t+ h).A)− exp(t.A)]−A ◦ exp(t.A)

∥∥∥∥
=

∥∥∥∥∥
∞∑
k=2

1

k!

[
(t+ h)k − tk

h
− ktk−1

]
. Ak

∥∥∥∥∥
= lim

n→∞

∥∥∥∥∥
n∑

k=2

1

k!

[
(t+ h)k − tk

h
− ktk−1

]
. Ak

∥∥∥∥∥ . (12.58)

Further, for any n ∈ N, n ⩾ 2:∥∥∥∥∥
n∑

k=2

1

k!

[
(t+ h)k − tk

h
− ktk−1

]
. Ak

∥∥∥∥∥ ⩽
n∑

k=2

1

k!

∣∣∣∣ (t+ h)k − tk

h
− ktk−1

∣∣∣∣ ∥A∥k ,
(12.59)

and for any k ∈ N, k ⩾ 2:∣∣∣∣ (t+ h)k − tk

h
− ktk−1

∣∣∣∣ =
∣∣∣∣∣ t+ h− t

h
·

[
k−1∑
l=0

(t+ h)l · tk−(l+1)

]
− ktk−1

∣∣∣∣∣
=

∣∣∣∣∣
k−1∑
l=1

[
(t+ h)l · tk−(l+1) − tk−1

]∣∣∣∣∣ =
∣∣∣∣∣
k−1∑
l=1

tk−(l+1)
[
(t+ h)l − t l

]∣∣∣∣∣
=

∣∣∣∣∣
k−1∑
l=1

l−1∑
m=0

(t+ h)m · tk−(m+2)

∣∣∣∣∣ · |h| ⩽ |h| ·
k−1∑
l=1

l−1∑
m=0

( |t|+ |h| )k−2

=
|h|
2

· k(k − 1) · ( |t|+ |h| )k−2 .

Inserting the last into (12.59) gives∥∥∥∥∥
n∑

k=2

1

k!

[
(t+ h)k − tk

h
− ktk−1

]
. Ak

∥∥∥∥∥ ⩽
|h|
2

n∑
k=2

1

(k − 2)!
· ( |t|+ |h| )k−2 ∥A∥k

⩽
|h| · ∥A∥2

2
exp

(
(|t|+ |h|) · ∥A∥

)
.

Finally, inserting the last into (12.58) gives∥∥∥∥ 1h. [exp((t+ h).A)− exp(t.A)]−A ◦ exp(t.A)
∥∥∥∥
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⩽
|h| · ∥A∥2

2
exp

(
(|t|+ |h|) · ∥A∥

)
and hence

lim
h→0,h ̸=0

∥∥∥∥ 1h. [ exp((t+ h).A)− exp(t.A)]−A ◦ exp(t.A)
∥∥∥∥ = 0 .

‘(ii)’: For this, letA,B ∈ L(X,X) be such thatA◦B = B◦A and t ∈ K, h ∈ K∗.
Then ∥∥∥∥ 1h .(uA(t+ h) ◦ uB(t+ h)

−uA(t) ◦ uB(t)
)
−
(
u ′
A(t) ◦ uB(t) + uA(t) ◦ u ′

B(t)
)∥∥

=

∥∥∥∥ [ 1h .(uA(t+ h)− uA(t)
)
− u ′

A(t)

]
◦ uB(t)

+ uA(t) ◦
[
1

h
.
(
uB(t+ h)− uB(t)

)
− u ′

B(t)

]
+

1

h
.
(
uA(t+ h)− uA(t)

)
◦
(
uB(t+ h)− uB(t)

)∥∥∥∥
⩽

∥∥∥∥ [ 1h .(uA(t+ h)− uA(t)
)
− u ′

A(t)

] ∥∥∥∥ · ∥uB(t)∥
+ ∥uA(t)∥ ·

∥∥∥∥ [ 1h .(uB(t+ h)− uB(t)
)
− u ′

B(t)

] ∥∥∥∥
+

∥∥∥∥ 1h .(uA(t+ h)− uA(t)
)∥∥∥∥ · ∥∥∥∥(uB(t+ h)− uB(t)

)∥∥∥∥ .
Hence it follows by (i) the differentiability of gA,B : K → L(X,X) defined by
hA,B(t) := uA+B(t)− uA(t) ◦ uB(t) for every t ∈ K and

h ′
A,B(t) = (A+B) ◦ uA+B(t)−A ◦ uA(t) ◦ uB(t)− uA(t) ◦B ◦ uB(t)
= (A+B) ◦ uA+B(t)−A ◦ uA(t) ◦ uB(t)−B ◦ uA(t) ◦ uB(t)
= (A+B) ◦ hA,B(t)

for all t ∈ K where the bilinearity and continuity of the composition map on
(L(X,X))2 has been used as well as that A ◦B = B ◦A by assumption. Hence it
follows by hA,B(0) = uA+B(0) − uA(0) ◦ uB(0) = 0 along with Theorem 3.2.9
and Theorem 3.2.5 of [7] that

∥hA,B(t)∥ ⩽ ∥A+B∥ ·
∫ t

0

∥hA,B(s)∥ ds

for all t ∈ [0,∞). As a consequence, it follows for ε > 0 that

∥hA,B(t)∥ < ε e t∥A+B∥ (12.60)
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for all t ∈ [0,∞). Because otherwise there is t0 ∈ (0,∞) such that

∥hA,B(t0)∥ ⩾ ε e t0∥A+B∥

and such that (12.60) is valid for all t ∈ [0, t0). Then

∥hA,B(t0)∥ ⩽ ∥A+B∥ ·
∫ t0

0

∥hA,B(s)∥ ds ⩽ ∥A+B∥ ·
∫ t0

0

ε e t∥A+B∥ ds

= ε ·
(
e t0∥A+B∥ − 1

)
< ε · e t0∥A+B∥  

From (12.60) it follows that hA,B(t) = 0 for all t ⩾ 0 and hence (12.56).
‘(iii)’: For this, let A ∈ L(X,X) be such that ∥A∥ ⩽ 1, n ∈ N and f ∈ X . Then∥∥ exp (n.(A− idX)

)
f −Anf

∥∥ = e−n · ∥ exp(n.A)f − en. Anf∥

= e−n · lim
m→∞

∥∥∥∥∥
m∑

k=0

nk

k!
(Ak −An)f

∥∥∥∥∥ . (12.61)

Further, it follows for m ∈ N by using the Cauchy-Schwarz inequality for the
Euclidean scalar product on Rm+1:∥∥∥∥∥

m∑
k=0

nk

k!
(Ak −An)f

∥∥∥∥∥ ⩽
m∑

k=0

nk

k!

∥∥(Ak −An)f
∥∥ ⩽

m∑
k=0

nk

k!

∥∥∥(A|k−n| − idX)f
∥∥∥

=

m∑
k=0

nk

k!

∥∥∥∥∥∥
|k−n|−1∑

l=0

Al ◦ (A− idX)f

∥∥∥∥∥∥ ⩽ ∥(A− idX)f∥ ·
m∑

k=0

|k − n| n
k

k!

⩽ ∥(A− idX)f∥ ·

(
m∑

k=0

(k − n)2
nk

k!

)1/2

·

(
m∑

k=0

nk

k!

)1/2

(12.62)

⩽ ∥(A− idX)f∥ · en/2 ·

( ∞∑
k=0

(k − n)2
nk

k!

)1/2

= ∥(A− idX)f∥ · en/2 ·

( ∞∑
k=0

[
k(k − 1)− (2n− 1)k + n2

] nk
k!

)1/2

= ∥(A− idX)f∥ · en/2 ·
( [
n2 − (2n− 1)n+ n2

]
en
)1/2

(12.63)

=
√
n en ∥(A− idX)f∥ .

Finally, (12.57) follows from (12.61) and (12.62).

Lemma 12.9.15. Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space, A a semi-
bounded densely-defined, linear and self-adjoint operator in X , with lower bound
γ, implying that spectrum σ(A) of A is contained in [γ,∞). Further, let z ∈
R× (−∞, 0]. Then, T : [0,∞) → L(X,X), defined by

T (t) := e−itzA ,
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for every t ⩾ 0 is a strongly continuous semigroup, i.e, such that T (0) = idX ,
T (t + s) = T (t)T (s), for all t, s ∈ [0,∞) and such that ([0,∞) → X, t 7→
T (t)f) is continuous for every f ∈ X , with corresponding generator izA. Further,
∥T (t)∥ ⩽ eyγt, for every t ⩾ 0, where y := Im(z), i.e., T is a quasi-contraction as
well as a contraction if A is positive.

Proof. For the case that z = 0, the statement of the lemma is obviously true. In
the following, we consider the remaining case that z ̸= 0. Then it follows from the
functional calculus for A that T is a strongly continuous semigroup as well as that

∥T (t)∥ ⩽ ∥ e−itz idσ(A)∥∞ = ∥ ety idσ(A)∥∞ ⩽ eyγt ,

for every t ⩾ 0, where y := Im(z). In the following, let

UA =
idσ(A) − i1σ(A)

idσ(A) + i1σ(A)
(A) = idX +

2

i
(A+ i)−1

be the Cayley transform of A. Then,

UA − idX =
2

i

1

idσ(A) + i1σ(A)
(A) , UA + idX =

2 idσ(A)

idσ(A) + i1σ(A)
(A) .

We claim that

lim
t→0+

1

t
(e−itzA − idX)(UA − idX)g = −z (UA + idX)g , (12.64)

for every g ∈ X . For the proof, let g ∈ X and t1, t2, . . . a sequence in (0,∞) that
is convergent to 0. We note that

1

tν
(e−itνzA − idX)(UA − idX) =

2

i

1
tν
[e−itνz idσ(A) − 1σ(A)]

idσ(A) + i1σ(A)
(A) ,

for every ν ∈ N∗. Since for every λ ∈ R, the function (R → C, t 7→ exp(−izλt))
is differentiable with derivative (R → C, t 7→ −iλz exp(−izλt)), we have that

lim
ν→∞

2

i

1
tν
[e−itνz idσ(A) − 1σ(A)]

idσ(A) + i1σ(A)
= −z

2 idσ(A)

idσ(A) + i1σ(A)

everywhere pointwise on σ(A). Further, for λ ⩾ γ,

1

tν
| e−itνzλ − 1 | = 1

tν
| iλz

∫ tν

0

e−izλt dt | ⩽ |λ| · |z|
tν

∫ tν

0

|e−izλt| dt

=
|λ| · |z|
tν

∫ tν

0

eIm(z)λt dt ⩽ |λ| · |z| e−C Im(z)|µ| ,

where C ⩾ 0 is such that |tν | ⩽ C, for every ν ∈ N∗. Hence,

∥2
i

1
tν
[e−itνz idσ(A) − 1σ(A)]

idσ(A) + i1σ(A)
∥∞ ⩽ 2 |z| e−C Im(z)|µ| · ∥

idσ(A)

idσ(A) + i1σ(A)
∥∞ ,
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and it follows from the spectral theorem, Theorem 12.6.4, the validity of (12.64),
for every g ∈ X . Since UA − idX is injective with Ran(UA − idX) = D(A) and
since

A =
1

i
(UA + idX)[(UA − idX)↾D(A)]

−1 ,

it follows that
lim

t→0+

1

t
(e−itzAf − f) = −izAf ,

for every f ∈ D(A) and hence that the generator of T is an extension of izA.
Further, we note that

Re ⟨f |izAf⟩ = Re ⟨f |(ix− y)Af⟩ = Re(ix ⟨f |Af⟩ − y ⟨f |Af⟩)
= −y ⟨f |Af⟩ ⩾ −yγ∥f∥2 ,

for every f ∈ D(A), where x = Re(z), y = Im(z) ⩽ 0, and hence that izA is
quasi-accretive with bound −yγ. Further, we note that

izA− λ = iz ·
(
A+

y

|z|2
λ+ i

x

|z|2
λ

)
.

We consider cases. If x = 0, then y < 0 and izA − λ is bijective for every
λ < min{− |z|2

y γ,−yγ}. If x ̸= 0, then izA − λ is bijective for every λ < −yγ.
Hence, it follows from the Lumer-Phillips theorem, e.g., see Theorem 4.2.6 in
[7], that izA is the generator of a strongly continuous semigroup. Finally, since
generators of strongly continuous semigroups have no proper extensions, e.g., see
Theorem 4.1.1 (vii) in [7], it follows that izA is the generator of T .

Employing the same methods as in the proof Lemma 12.9.15, we can show the
strong complex analyticity of the exponential function for semi-bounded densely-
defined, linear and self-adjoint operators in complex Hilbert spaces.

Corollary 12.9.16. Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space, A a semi-
bounded densely-defined, linear and self-adjoint operator in X , with lower bound
γ, implying that spectrum σ(A) of A is contained in [γ,∞). Further, let H̄− :=
R× (−∞, 0]. Then

lim
z→a,z∈H̄−\{a}

1

z − a

(
e−izA − e−iaA

)
f = −ie−iaAAf ,

for every f ∈ D(A).

Proof. In the following, let

UA =
idσ(A) − i1σ(A)

idσ(A) + i1σ(A)
(A) = idX +

2

i
(A+ i)−1

be the Cayley transform of A. Then,

UA − idX =
2

i

1

idσ(A) + i1σ(A)
(A) , UA + idX =

2 idσ(A)

idσ(A) + i1σ(A)
(A) .
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We claim that

lim
z→0,z∈H̄−\{0}

1

z
(e−izA − idX)(UA − idX)g = −(UA + idX)g , (12.65)

for every g ∈ X . For the proof, let g ∈ X and z1, z2, . . . a sequence in H̄−\{0}
that is convergent to 0. We note that

1

zν
(e−izνA − idX)(UA − idX) =

2

i

1
zν
[e−izν idσ(A) − 1σ(A)]

idσ(A) + i1σ(A)
(A) ,

for every ν ∈ N∗. Further,(
2

izν

e−izν idσ(A) − 1σ(A)

idσ(A) + i1σ(A)

)
ν∈N∗

is a sequence in Us
C(σ(A)) that is everywhere pointwise convergent to

−
2 idσ(A)

idσ(A) + i1σ(A)
= −

[
1σ(A) +

idσ(A) − i1σ(A)

idσ(A) + i1σ(A)

]
∈ Us

C(σ(A)) .

That this sequence is in addition uniformly bounded, can be seen as follows. For
ν ∈ N∗, λ ∈ σ(A), we have that∣∣∣∣ 2

izν

e−izνλ − 1

λ+ i

∣∣∣∣ = 2

|zν |
√
1 + λ2

∣∣∣e−iλxν (e−λ|yν | − 1) + e−iλxν − 1
∣∣∣

⩽
2

|zν |
√
1 + λ2

[
| e−λ|yν | − 1|+ 2 | sin(λxν/2)|

]
⩽

2

|zν |
√
1 + λ2

[∣∣ ∫ λ|yν |

0

(−e−s) ds
∣∣+ |λ| · |xν |

]

⩽
2

|zν |
√
1 + λ2

[∣∣ ∫ λ|yν |

0

eK|γ| ds
∣∣+ |λ| · |xν |

]

⩽
2 |λ|

|zν |
√
1 + λ2

[
eK|γ| · |yν |+ |xν |

]
⩽ 2

(
eK|γ| + 1

)
,

where K := sup{|zµ| : µ ∈ N∗} and xν := Re(zν), yν := Im(zν) ⩽ 0. Hence,
it follows from the spectral theorem, Theorem 12.6.4, the validity of (12.65), for
every g ∈ X . Since UA− idX is injective with Ran(UA− idX) = D(A) and since

A =
1

i
(UA + idX)[(UA − idX)↾D(A)]

−1 ,

it follows that

lim
z→0,z∈H̄−\{0}

1

z

(
e−izA − idX

)
f = −iAf ,
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for every f ∈ D(A). From the latter, we conclude with the help of the functional
calculus for A for a ∈ H̄− that

lim
z→a,z∈H̄−\{a}

1

z − a

(
e−izA − e−iaA

)
f

= lim
z−a→0,z−a∈H̄−\{0}

e−iaA 1

z − a

[
e−i(z−a)A − idX

]
f = −ie−iaAAf ,

for every f ∈ D(A).

Theorem 12.9.17 (Trotter Product Formula for Strongly Continuous Contrac-
tion Semigroups). Let (X, ∥ ∥) be a non-trivial complex Banach space, A and B
generators of strongly continuous contraction semigroups, V and W , respectively,
and such thatA+B : D(A)∩D(B) → X is the generator of a strongly continuous
contraction semigroup S. Then

s− lim
n→∞

[V (t/n)W (t/n) ]n = S(t) ,

for every t ∈ R.

Proof. We define T : [0,∞) → L(X,X) by

T (t) := V (t)W (t) ,

for every t ⩾ 0, Then T is a strongly continuous contraction. In addition, we define
the strongly continuous map K : (0,∞) → L(X,X) by

K(s) :=
1

s
[S(s)− T (s)] ,

for every s > 0. If f ∈ Y := D(A) ∩D(B), then

lim
s→0+

1

s
[S(s)− 1] f = −(A+B)f ,

for s > 0

1

s
[T (s)− 1] f =

1

s
(V (s)W (s)f − f)

=
1

s
[V (s)(W (s)f − f) + V (s)f − f ]

=
1

s
[(V (s)− idX) (W (s)f − f) +W (s)f − f + V (s)f − f ]

= (V (s)− idX)
1

s
(W (s)f − f) +

1

s
(W (s)f − f) +

1

s
(V (s)f − f) ,

and hence
lim

s→0+

1

s
[T (s)f − f ] = −(A+B)f .
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As a result,
lim

s→0+
K(s)f = 0 . (12.66)

Therefore, the map ((0,∞) → X, s 7→ K(s)f) admits an extension to a continu-
ous map on [0,∞) that vanishes in 0. Hence for every ε > 0, there is δ > 0 such
that for every s ∈ (0, δ)

∥K(s)f∥ < ε .

We note that ∥ ∥A+B : Y → R, defined by

∥f∥A+B :=
√
∥f∥2 + ∥(A+B)f∥2 ,

for every f ∈ Y defines a norm on Y such that A + B ∈ L(Y,X) and, since
A + B is closed, such that (Y, ∥ ∥A+B) is a Banach space. Further, since the
inclusion ι : Y ↪→ X is continuous, B ◦ ι ∈ L(Y,X), for every B ∈ L(X,X).
From (12.66), it follows that the family (K(s))s∈(0,∞) ∈ (L(Y,X))N is pointwise
bounded and hence, according to the uniform boundedness principle, uniformly
bounded, i.e., there is C > 0 such that

∥K(s)∥Y,X ⩽ C ,

for every s > 0, where ∥ ∥Y,X denotes the operator norm on L(Y,X). Further, if
B ⊂ Y is non-empty and compact, ε > 0 and ε1, ε2 > 0 such that Cε1 + ε2 < ε,
then there are m ∈ N∗ and f1, f2, . . . , fm ∈ Y such that

B ⊂
m⋃

k=1

UY
ε1(fk)

and δ > 0 such that for every k ∈ {1, . . . ,m}

∥K(s)fk∥ < ε2 ,

for every s ∈ (0, δ). Hence, it follows for s ∈ (0, δ), k ∈ {1, . . . ,m} and f ∈
UY
ε1(fk) that

∥K(s)f∥ = ∥K(s)(f − fk + fk)∥ ⩽ ∥K(s)(f − fk)∥+ ∥K(s)fk∥
⩽ C ∥f − fk∥A+B + ε2 < Cε1 + ε2 < ε .

As a consequence, for every ε > 0, there is δ > 0 such that

∥K(s)f∥ < ε ,

for every s ∈ (0, δ) and every f ∈ B. Further, we note that, e.g., see Theorem 6.1.1
in [7], S leaves Y invariant and that SY : [0,∞) → L(Y, Y ), where for every t ⩾ 0
the corresponding SY (t) denotes the restriction of S(t) in domain and image to Y ,
is a strongly continuous semigroup. Hence, if f ∈ Y and t ⩾ 0, the latter are both
held fixed in the following, then

{S(τ)f : τ ∈ [0, t]} ,
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is a compact subset of Y , as an image of a compact subset of R under a continuous
map. As a consequence, for ε > 0, there is δ > 0 such that

∥K(s)g∥ < ε ,

for every s ∈ (0, δ) and every g ∈ {S(τ)f : τ ∈ [0, t]}. In particular, for n ∈ N∗,
there is δn > 0 such that

∥K(t/n)g∥ < 1

n
,

for every g ∈ {S(τ)f : τ ∈ [0, t]}, if n > t/δn. We note that without loss of
generality, we can assume that the sequence δ1, δ2, . . . is decreasing. Continuing,
we observe that

n−1∑
j=0

[T (t/n)]j [S(t/n)− T (t/n)] [S(t/n)]n−1−jf

=

n−1∑
j=0

[T (t/n)]j [S(t/n)]n−jf −
n−1∑
j=0

[T (t/n)]j+1[S(t/n)]n−1−jf

=

n−1∑
j=0

[T (t/n)]j [S(t/n)]n−jf −
n−1∑
j=0

[T (t/n)]j+1[S(t/n)]n−(j+1)f

=

n−1∑
j=0

[T (t/n)]j [S(t/n)]n−jf −
n∑

j=1

[T (t/n)]j [S(t/n)]n−jf

= [S(t/n)]nf − [T (t/n)]nf = (S(t)− [T (t/n)]n)f

and hence if n > t/δn that

∥(S(t)− [T (t/n)]n) f∥

=

∥∥∥∥∥∥
n−1∑
j=0

[T (t/n)]j [S(t/n)− T (t/n)] [S(t/n)]n−1−jf

∥∥∥∥∥∥
⩽

n−1∑
j=0

∥ [S(t/n)− T (t/n)] [S((n− 1− j) t/n)]f∥

⩽ n sup
τ∈[0,t]

∥[S(t/n)− T (t/n)]S(τ)f∥ = t sup
τ∈[0,t]

∥K(t/n)S(τ)f∥ ⩽
t

n
,

where we used the additivity of S. Hence, it follows that

lim
n→∞

[T (t/n)]nf = S(t)f ,

for every f ∈ Y and since Y is dense in X that

s− lim
n→∞

[T (t/n)]n = S(t) .
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As a consequence, with the help of Stone’s theorem and Lemma 12.9.15, we arrive
at the following corollaries of the previous theorem.

Corollary 12.9.18 (Trotter Product Formula for Self-Adjoint Operators). Let
(X, ⟨ | ⟩) be a non-trivial complex Hilbert space, A and B densely-defined, linear
and self-adjoint operators in X such that A + B is densely-defined, linear and
self-adjoint. Then

s− lim
n→∞

[ e−i (t/n)Ae−i (t/n)B ]n = e−it (A+B) ,

for every t ∈ R.

Corollary 12.9.19 (Trotter Product Formulas for Positive Self-Adjoint Oper-
ators). Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space, A and B positive
densely-defined, linear and self-adjoint operators in X such that A+B is densely-
defined, linear and self-adjoint. Further, let z ∈ R× (−∞, 0]. Then

s− lim
n→∞

[ e−i (t/n)zAe−i (t/n)zB ]n = e−itz (A+B) ,

for every t ∈ [0,∞).

Corollary 12.9.20 (Trotter Product Formulas for Semibounded Self-Adjoint
Operators). Let (X, ⟨ | ⟩) be a non-trivial complex Hilbert space, A and B semi-
bounded densely-defined, linear and self-adjoint operators in X , with lower bound
γ1 ∈ R and lower bound γ2 ∈ R, respectively, and such that A + B is densely-
defined, linear and self-adjoint. Further, let z ∈ R× (−∞, 0]. Then

s− lim
n→∞

[ e−i (t/n)zAe−i (t/n)zB ]n = e−itz (A+B) ,

for every t ∈ [0,∞).

Proof. From Corollary 12.9.19, we obtain for t ∈ [0,∞) that

s− lim
n→∞

[ e−i (t/n)z (A−γ1)e−i (t/n)z (B−γ2)) ]n = e−itz (A+B−(γ1+γ2)) .

Since,

[ e−i (t/n)z (A−γ1)e−i (t/n)z (B−γ2)) ]n = [ ei (γ1+γ2) (t/n)e−i (t/n)zAe−i (t/n)zB ]n

= ei (γ1+γ2) t [ e−i (t/n)zAe−i (t/n)zB ]n

e−itz [A+B−(γ1+γ2)] = ei (γ1+γ2) t e−itz (A+B) ,

it follows that

s− lim
n→∞

[ e−i (t/n)zAe−i (t/n)zB ]n = e−itz (A+B) .
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C1

C3

C2

C4

-N N
ReHzL

Im HzL

Fig. 12.3: Path for the contour integration in the proof of Lemma 12.9.21, if arg(σ) ⩾ 0.

12.9.2 Fourier Integrals

In the following, we show auxiliary results.

Lemma 12.9.21. (A Gaussian Integral) Let σ = (σ1, σ2) ∈ (0,∞)× R. Then∫ ∞

−∞
e−σx2

dx =

√
π

σ
.

Proof. Since σ ∈ (0,∞)× R, we note that

arg(
√
σ ) =

arg(σ)

2
, arg

(
1√
σ

)
= −arg(σ)

2
∈ (−π/4, π/4) .

Further, since
(C → C, z 7→ e−σz2

)

is holomorphic, an application of Cauchy’s Integral Theorem gives

0 =

∫
C

e−σz2

dz
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C1

C3

C2

C4

-N N
ReHzL

Im HzL

Fig. 12.4: Path for the contour integration in the proof of Theorem 12.9.21, if arg(σ) < 0.

=

∫
C1

e−σz2

dz +

∫
C2

e−σz2

dz +

∫
C3

e−σz2

dz +

∫
C4

e−σz2

dz ,

whereN ∈ N∗ and the corresponding the contourC consists of the curvesC1, C2, C3, C4,
defined by

C1 := [−N,N ]× {0} ,

C2 :=

{ N√
|σ|

· eiφ : φ ∈ [− arg(σ)
2 , 0]} if arg(σ) ⩾ 0

{ N√
|σ|

· eiφ : φ ∈ [0,− arg(σ)
2 ]} if arg(σ) < 0

,

C3 :=

{
t.

1√
σ

: t ∈ [−N,N ]

}
,

C4 :=

{− N√
|σ|

· eiφ : φ ∈ [− arg(σ)
2 , 0]} if arg(σ) ⩾ 0

{− N√
|σ|

· eiφ : φ ∈ [0,− arg(σ)
2 ]} if arg(σ) < 0

,

see Fig. 12.9.2. Then,∫
C1

e−σz2

dz =

∫ N

−N

e−σx2

dx ,

109



12 Appendix

∫
C2

e−σz2

dz = i
N√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

e−(σ/|σ|)N2·e2iφ eiφdφ

= i
N√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

e−N2·ei(arg(σ)+2φ)

eiφdφ ,∫
C3

e−σz2

dz = − 1√
σ

∫ N

−N

e
−σ

(
t 1√

σ

)2

dt = − 1√
σ

∫ N

−N

e−t2 dt

= − 1√
2σ

∫ N
√
2

−N
√
2

e−x2/2 dx ,∫
C4

e−σz2

dz = −i N√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

e−(σ/|σ|)N2·e2iφ eiφdφ

− i
N√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

e−N2·ei(arg(σ)+2φ)

eiφdφ .

We note that for every

φ ∈

{
[− arg(σ)/2, 0] if arg(σ) ⩾ 0

[0,− arg(σ)/2] if arg(σ) < 0
,

it follows that

arg(σ) + 2φ ∈

{
[0, arg(σ)] ⊂ [0, π/2) if arg(σ) ⩾ 0

[arg(σ), 0] ⊂ (−π/2, 0] if arg(σ) < 0

and hence that for almost all φ

cos(arg(σ) + 2φ) > 0 .

Hence∣∣∣∣ ∫
C2

e−σz2

dz

∣∣∣∣ = ∣∣∣∣i N√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

e−N2·ei(arg(σ)+2φ)

eiφdφ

∣∣∣∣ ,
⩽

1√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

Ne−N2·cos(arg(σ)+2φ) dφ ,∣∣∣∣ ∫
C4

e−σz2

dz

∣∣∣∣ = ∣∣∣∣− i
N√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

e−N2·ei(arg(σ)+2φ)

eiφdφ

∣∣∣∣ ,
⩽

1√
|σ|

∫ 0 (− arg(σ)/2 )

− arg(σ)/2 (0)

Ne−N2·cos(arg(σ)+2φ) dφ ,

and it follows from Lebesgue’s dominated convergence theorem that

lim
N→∞

∫
C2

e−σz2

dz = lim
N→∞

∫
C4

e−σz2

dz = 0 .
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Again, using Lebesgue’s dominated convergence theorem, we arrive at

lim
N→∞

∫ N

−N

e−σx2

dx = lim
N→∞

1√
2σ

∫ N
√
2

−N
√
2

e−x2/2 dx =
1√
2σ

∫ ∞

−∞
e−x2/2 dx

=

√
2π√
2σ

=

√
π

σ
.

Since for every x ∈ R,

σ1x
2 = σ1|x|2 ⩾

{
σ1|x| if |x| ⩾ 1

0 if |x| < 1
,

we conclude for every x ∈ R that

| e−σx2

| = e−σ1x
2

⩽

{
e−σ1|x| if |x| ⩾ 1

1 if |x| < 1
⩽ χ

[−1,1]
(x) + e−σ1| |(x) .

Hence (
χ

[−N,N]
· e−σ.idR2

)
N∈N∗

is a sequence of Lebesgue-integrable functions that converges everywhere on R
pointwise to e−σ.idR2

. In addition, each member of the corresponding sequence(
|χ

[−N,N]
· e−σ.idR2

|
)

N∈N∗

is dominated by the Lebesgue-integrable function

χ
[−1,1]

+ e−σ1| | .

Hence it follows from Lebesgue’s dominated convergence theorem that∫ ∞

−∞
e−σx2

dx = lim
N→∞

∫ N

−N

e−σx2

dx =

√
π

σ
.

Lemma 12.9.22. (A Fourier Transform of a Gaussian I) Let σ = (σ1, σ2) ∈
(0,∞)× R. Then

F1e
−σ.id2R =

√
π

σ
e−id2R/(4σ) .

Proof. For the proof, we define g : R → C by

g(x) := e−σx2
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for every x ∈ R. As a consequence of the proof of Theorem 12.9.21,

g ∈ L1
C(R)

and
|g| ⩽ χ

[−1,1]
+ e−σ1| | .

Further, g ∈ C1(R,C) and
g′ = −2σ.idR · g .

Since for every x ∈ R

|xe−σx2

| = |x|e−σ1x
2

⩽

{
|x|e−σ1|x| if |x| ⩾ 1

|x| if |x| < 1

⩽

{
|x|e−(σ1/2)|x| e−(σ1/2)|x| if |x| ⩾ 1

1 if |x| < 1

⩽

{
C e−(σ1/2)|x| if |x| ⩾ 1

1 if |x| < 1

⩽ max{1, C}.(χ
[−1,1]

+ e−σ1| |)(x) ,

we conclude that
idR · g , g′ ∈ L1

C(R) .

Hence it follows from the properties of the Fourier Transformation F1 that

(F1g)
′ = F1(−i.idR · g)

F1(−i.idR · g) = i

2σ
.F1(−2σ.idR · g) = i

2σ
.F1g

′ =
i

2σ
.i.idR · F1g

= − 1

2σ
.idR · F1g

and hence that
(F1g)

′ = − 1

2σ
.idR · F1g .

Hence it follows, according to the Theory of Ordinary Differential Equations for
complex-valued functions and as a consequence of Theorem 12.9.21, that

F1g = (F1g)(0) e
−id2R/(4σ) =

√
π

σ
e−id2R/(4σ) .

Corollary 12.9.23. (A Fourier Transform of a Gaussian II) Let σ = (σ1, σ2) ∈
(0,∞)× R. Then

F2e
−σ.id2R =

1√
2σ
.e−id2R/(4σ) .
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Proof. For the proof, we note that

|e−σ.id2R |2 ⩽ |e−σ.id2R |

and hence that
e−σ.id2R ∈ L1

C(R) ∩ L2
C(R) .

As a consequence,

F2e
−σ.id2R =

1√
2π
.F1e

−σ.id2R =
1√
2π
.

√
π

σ
.e−id2R/(4σ) =

1√
2σ
.e−id2R/(4σ) .

Corollary 12.9.24. (A Fourier Transform of a Gaussian III) Let σ = (σ1, σ2) ∈
(0,∞)× R. Then

F2e
−σ.| |2 = (2σ)−n/2.e−| |2/(4σ) .

Proof. First, since,
e−σ.id2R ∈ L1

C(R) ∩ L2
C(R) ,

we conclude from Tonelli’s Theorem that

e−σ.| |2 ∈ L1
C(R2)

and continuing in this manner that

e−σ.| |2 ∈ L1
C(Rn) .

Further, since

| e−σ.| |2 |2 ⩽ | e−σ.| || ,

we arrive at
e−σ.| |2 ∈ L1

C(Rn) ∩ L2
C(Rn) .

Hence it follows from Fubini’s Theorem and Theorem 12.9.21 that

F2e
−σ.| |2 =

(
1√
2π

)n

· F1e
−σ.| |2 =

(
1√
2π

)n

·
(√

π

σ

)n

e−| |2/(4σ)

= (2σ)−n/2.e−| |2/(4σ) .

Lemma 12.9.25 (An Application of Cauchy’s Integral Theorem). Let σ =
(σ1, σ2) ∈ (0,∞)× R, (z1, . . . , zn) ∈ Cn. Then,

[F1e
−σ

∑n
j=1(prj+zj)

2

](v) =
(π
σ

)n/2
e i

∑n
j=1zjvje−|v|2/(4σ) ,

[F2e
−σ

∑n
j=1(prj+zj)

2

](v) = (2σ)−n/2 e i
∑n

j=1zjvje−|v|2/(4σ) ,

for all v ∈ Rn, where pr1, . . . , prn are the coordinate projections of Rn.
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Proof. For the proof, let σ = (σ1, σ2) ∈ (0,∞)× R and z = (z1, z2) ∈ C. Then,
it follows for v ∈ R that∫

R
e−ivue−σ(u+z)2 du =

∫
R
e−ivue−σ(u+z1+iz2)

2

du

= eivz1
∫
R
e−ivue−σ(u+iz2)

2

du

= eivz
∫
R
e−iv(u+iz2)e−σ(u+iz2)

2

du ,

and from Cauchy’s integral theorem for rectangular paths, along the boundary of
the rectangle [−ν, ν] × [0, z2] and [−ν, ν] × [z2, 0], if z2 ⩾ 0 and z2 < 0, respec-
tively, where ν ∈ N∗, that

0 =

∫ ν

−ν

e−ivue−σu2

du−
∫ ν

−ν

e−iv(u+iz2)e−σ(u+iz2)
2

du

+ i

[∫ z2

0

e−iv(ν+iu)e−σ(ν+iu)2 du−
∫ z2

0

e−iv(−ν+iu)e−σ(−ν+iu)2 du

]
.

Since for every v ∈ R and u = (u1, u2) ∈ C

| e−ivue−σu2

| = | e−iv(u1+iu2)e−σ(u1+iu2)
2

|

= | e−iv(u1+iu2)e−σ(u2
1−u2

2+2iu1u2)| = evu2 | e−(σ1+iσ2)(u
2
1−u2

2+2iu1u2)|

= evu2e−σ1(u
2
1−u2

2)+2σ2u1u2 ,

we deduce that

| e−iv(±ν+iu)e−σ(±ν+iu)2 | = evue−σ1(ν
2−u2)±2σ2νu = e(v±2σ2ν)ue−σ1(ν

2−u2) ,

for every u ∈ [0, z2] and u ∈ [z2, 0], respectively, from Lebesgue’s dominated
convergence theorem that∫

R
e−iv(u+iz2)e−σ(u+iz2)

2

du =

∫
R
e−ivue−σu2

du =

√
π

σ
e−v2/(4σ)

and hence that∫
R
e−ivue−σ(u+z)2 du = eivz

∫
R
e−ivue−σu2

du =

√
π

σ
eivze−v2/(4σ) .

Finally, from Fubini’s theorem, we infer further that∫
Rn

e−iv·idRn e−σ
∑n

j=1(prj+zj)
2

dvn =
(π
σ

)n/2
e i

∑n
j=1zjvje−|v|2/(4σ) ,

where pr1, . . . , prn are the coordinate projections of Rn.
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Lemma 12.9.26. (An Inequality for Convolutions) For f, g ∈ L2
C(Rn), f ∗ g ∈

C∞(Rn,C) and

∥f ∗ g∥∞ ⩽
1

(2π)n/2
· ∥f∥2 · ∥g∥2 .

Proof. Let f, g ∈ L2
C(Rn). From the theory of the Fourier transformation, it fol-

lows that
f ∗ g = F1[(F

−1
2 f) · (F−1

2 g)] .

Hence, it follows for every k ∈ Rn that

|(f ∗ g)(k)| =
∣∣∣∣ 1

(2π)n/2

∫
Rn

e−ik.idRn (F−1
2 f) · (F−1

2 g) dvn
∣∣∣∣

⩽
1

(2π)n/2

∫
Rn

|F−1
2 f | · |F−1

2 g| dvn ⩽
1

(2π)n/2
· ∥F−1

2 f∥2 · ∥F−1
2 g∥2

=
1

(2π)n/2
· ∥f∥2 · ∥g∥2 ,

where the Cauchy-Schwarz inequality for L2
C(Rn) has been used.

12.9.3 Special Functions

Lemma 12.9.27 (A Connection Between Confluent Hypergeometric Functions
and Laguerre Polynomials). Let l ∈ N, n ∈ {l + 1, l + 2, . . . }. Then,

M(l + 1− n , 2(l + 1) , x) =

(
n+ l
2l + 1

)−1

· L(2l+1)
n−(l+1)(x) ,

for every x ∈ R, where the confluent hypergeometric functionsM and the general-
ized Laguerre polynomials L are defined according to [1]. See [1], Identities 22.3.9
and 22.5.54.

Proof. in the following, we are going to use Pochhammers symbol, defined ac-
cording to [1], see Identity 6.1.22. First, we note that for all k, n ∈ N:

(−n)k = (−1)k · (n− (k − 1))k .

Indeed,

1 = (−n)0 = (−1)0 · (n− (0− 1))0 ,

−n = (−n)1 = (−1)1 · (n− (1− 1))1 ,

and for k ⩾ 2:

(−n)k = (−n) · (−n+ 1) · ... · (−n+ k − 1)

= (−1)k · n · (n− 1) · ... · [n− (k − 1)]
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= (−1)k · [n− (k − 1)] · ... · (n− 1) · n
= (−1)k · (n− (k − 1))k .

Further, for l ∈ N and n ∈ {l + 1, l + 2, . . . }, it follows that

M(l + 1− n , 2(l + 1) , x)

=M(−[n− (l + 1)] , 2(l + 1) , x)

=

n−(l+1)∑
k=0

(−[n− (l + 1)])k
(2(l + 1))k

· x
k

k!

=

n−(l+1)∑
k=0

(n− (l + 1)− (k − 1))k
(2(l + 1))k

· (−x)
k

k!

=

n−(l+1)∑
k=0

(n− (l + k))k
(2(l + 1))k

· (−x)
k

k!

=

n−(l+1)∑
k=0

Γ(n− l)/Γ(n− (l + k))

Γ(2(l + 1) + k)/Γ(2(l + 1))
· (−x)

k

k!

= Γ(2(l + 1))

n−(l+1)∑
k=0

Γ(n− l)

Γ(n− (l + k))Γ(2(l + 1) + k)
· (−x)

k

k!

Further, since for k ∈ {0, . . . , n− (l + 1)}(
n+ l

n− (l + k + 1)

)
=

Γ(n+ l + 1)

Γ(n− (l + k))Γ(2(l + 1) + k)

=
Γ(n+ l + 1)

Γ(n− l)
· Γ(n− l)

Γ(n− (l + k))Γ(2(l + 1) + k)
,

it follows that

M(l + 1− n , 2(l + 1) , x)

=
Γ(2(l + 1))Γ(n− l)

Γ(n+ l + 1)

n−(l+1)∑
k=0

(−1)k
(

n+ l
n− (k + l + 1)

)
· x

k

k!

=
(2l + 1)! · (n− (l + 1))!

(n+ l)!

n−(l+1)∑
k=0

(−1)k
(

n+ l
n− (k + l + 1)

)
· x

k

k!

=

(
n+ l
2l + 1

)−1

· L(2l+1)
n−(l+1)(x) .

116



12.9 Miscellaneous

Lemma 12.9.28 (A Rodrigues’ Type Formula for Laguerre Polynomials). Let
n ∈ N and α > −1. Then,

Lα
n =

1

n!
x−αex (e−xxn+α)(n) ,

where x denotes the identical function on N and L the generalized Laguerre poly-
nomials defined according to [1]. See [1], Identity 22.3.9.

Proof. According to Identity 22.3.9 in [1], for every n ∈ N and α > −1:

Lα
n =

n∑
k=0

(−1)k
(
n+ α
n− k

)
xk

k!
.

Further, we note for every n ∈ N and every C∞-function f , defined on some open
interval of R, that

ex (e−xf)(n) =

(
d

dx
− 1

)n
f . (12.67)

The proof proceeds by induction on n. For n = 0, the previous is obviously
satisfied. For the induction step, we assume that

ex (e−xf)(n) =

(
d

dx
− 1

)n
f ,

for some n ∈ N and every C∞-function f , defined on some open interval of R.
Then

ex (e−xf)(n+1) = ex
(
−e−xf + e−xf ′

)(n)
= −ex

(
e−xf

)(n)
+ ex

(
e−xf ′

)(n)
= −

(
d

dx
− 1

)n
f +

(
d

dx
− 1

)n
f ′ = −

(
d

dx
− 1

)n
f +

(
d

dx
− 1

)n
d

dx
f

=

(
d

dx
− 1

)n(
d

dx
− 1

)
f =

(
d

dx
− 1

)n+1

f ,

for every C∞-function, defined on some open interval of R. Hence, (12.67) is true
also for n + 1, and the induction is complete. In the following, let n ∈ N and
α > −1. Using (12.67), it follows that

1

n!
x−αex (e−xxn+α)(n) =

1

n!
x−α

(
d

dx
− 1

)n
xn+α

=
1

n!
x−α

[
n∑

k=0

(−1)k
(
n
k

)
dn−k

dxn−k

]
xn+α

=
1

n!

n∑
k=0

(−1)k
(
n
k

)
x−α dn−k

dxn−k
xn+α

=
1

n!

n∑
k=0

(−1)k
(
n
k

)
x−α

[
n−k−1∏
m=0

(n+ α−m)

]
xn+α−(n−k)
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=
1

n!

n∑
k=0

(−1)k
(
n
k

)
(n+ α)!

(k + α)!
xk =

n∑
k=0

(−1)k
(n+ α)!

(n− k)! · (k + α)!

xk

k!

=

n∑
k=0

(−1)k
(
n+ α
n− k

)
xk

k!
= Lα

n .

Lemma 12.9.29 (Integrals Involving Laguerre Polynomials). Let α > −1.
Then ∫ ∞

0

xmLα
n x

αe−x dx = (−1)m Γ(m+ α+ 1)

{
0 if m ̸= n

1 if m = n
,

for n ∈ N and 0 ⩽ m ⩽ n. In addition,∫ ∞

0

xmLα
n x

αe−x dx = (−1)n
(
m
n

)
Γ(m+ α+ 1) ,

for m,n ∈ N satisfying m > n.

Proof. With the help of Lemma 12.9.28, it follows for α > −1 and m,n ∈ N that

Imn :=

∫ ∞

0

xmLα
n x

αe−x dx =

∫ ∞

0

xm
1

n!
x−αex (e−xxn+α)(n) xαe−x dx

=
1

n!

∫ ∞

0

xm(e−xxn+α)(n) dx .

In the case n = 0, the latter leads to

Im0 =

∫ ∞

0

xm+αe−x dx = Γ(m+ α+ 1) .

In case that n ∈ N∗, it follows for m = 0 that

Imn =
1

n!

∫ ∞

0

(e−xxn+α)(n) dx =
1

n!

∫ ∞

0

[
(e−xxn+α)(n−1)

]′
dx

=
1

n!

∫ ∞

0

[
e−x

(
d

dx
− 1

)n−1

xn+α

]′
dx = 0 ,

and for m ̸= 0 that

Imn =
1

n!

∫ ∞

0

xm(e−xxn+α)(n) dx

=
1

n!

∫ ∞

0

{[
xm(e−xxn+α)(n−1)

]′
−mxm−1(e−xxn+α)(n−1)

}
dx
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=
1

n!

∫ ∞

0

[
xme−x

(
d

dx
− 1

)n−1

xn+α

]′
dx

− m

n!

∫ ∞

0

xm−1(e−xxn+α)(n−1) dx

= −m
n!

∫ ∞

0

xm−1(e−xxn+α)(n−1) dx ,

where we used (12.67). In the following, we assume that m,n ∈ N∗ and m ⩽ n.
Repeating the above procedure, we obtain after m steps

Imn = (−1)m
m!

n!

∫ ∞

0

(e−xxn+α)(n−m) dx .

In particular, if m < n, we arrive at

Imn = (−1)m
m!

n!

∫ ∞

0

(e−xxn+α)(n−m) dx

= (−1)m
m!

n!

∫ ∞

0

[
(e−xxn+α)(n−m−1)

]′
dx

= (−1)m
m!

n!

∫ ∞

0

[
e−x

(
d

dx
− 1

)n−m−1

xn+α

]′
dx = 0 .

If m = n, then

Inn = (−1)n
∫ ∞

0

e−xxn+α dx = (−1)n Γ(n+ α+ 1) .

Summarizing the above results, we showed that∫ ∞

0

xmLα
n x

αe−x dx = (−1)m Γ(m+ α+ 1)

{
0 if m ̸= n

1 if m = n
,

for n ∈ N and 0 ⩽ m ⩽ n. In the following, we calculate Imn, for m,n ∈ N∗ and
m > n. If n = 0, see above, it follows that

Im0 = Γ(m+ α+ 1) .

If n > 0, again, repeating the above procedure, we obtain after n steps

Imn = (−1)n
m · (m− 1) · ... · [m− (n− 1)]

n!

∫ ∞

0

xm−ne−xxn+α dx

= (−1)n
m · (m− 1) · ... · [m− (n− 1)]

n!

∫ ∞

0

xm+αe−x dx

= (−1)n
m · (m− 1) · ... · [m− (n− 1)]

n!
Γ(m+ α+ 1)
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= (−1)n
m!

n!(m− n)!
Γ(m+ α+ 1) = (−1)n

(
m
n

)
Γ(m+ α+ 1) .

Lemma 12.9.30 (Orthogonality and Normalization of Laguerre Polynomials).
Let α > −1. Then∫ ∞

0

Lα
mL

α
n x

αe−x dx =

{
0 if m ̸= n

Γ(n+α+1)
n! if m = n

,

for all m,n ∈ N. In addition,∫ ∞

0

(Lα
n)

2
xα+1e−x dx =

2n+ α+ 1

n!
Γ(n+ α+ 1) ,

for all n ∈ N.

Proof. For the proof, let m,n ∈ N. Without loss of generality, we can assume that
m ⩽ n. If m < n, then∫ ∞

0

Lα
mL

α
n x

αe−x dx =

m∑
k=0

(−1)k

k!

(
m+ α
m− k

)∫ ∞

0

xkLα
n x

αe−x dx = 0 .

If m = n, then∫ ∞

0

Lα
nL

α
n x

αe−x dx =

n∑
k=0

(−1)k

k!

(
n+ α
n− k

)∫ ∞

0

xkLα
n x

αe−x dx

=
(−1)n

n!

∫ ∞

0

xnLα
n x

αe−x dx =
(−1)n

n!
(−1)n Γ(n+ α+ 1)

=
Γ(n+ α+ 1)

n!
.

In addition,∫ ∞

0

Lα
nL

α
n x

α+1e−x dx =

n∑
k=0

(−1)k

k!

(
n+ α
n− k

)∫ ∞

0

xkLα
n x

α+1e−x dx

=

n∑
k=0

(−1)k

k!

(
n+ α
n− k

)∫ ∞

0

xk+1Lα
n x

αe−x dx

=

n−2∑
k=0

(−1)k

k!

(
n+ α
n− k

)∫ ∞

0

xk+1Lα
n x

αe−x dx

+
(−1)n−1

(n− 1)!
(n+ α)

∫ ∞

0

xnLα
n x

αe−x dx

+
(−1)n

n!

∫ ∞

0

xn+1Lα
n x

αe−x dx
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=
(−1)n−1

(n− 1)!
(n+ α) (−1)n Γ(n+ α+ 1)

+
(−1)n

n!
(−1)n

(n+ 1) · ... · 2
n!

Γ(n+ α+ 2)

= − n+ α

(n− 1)!
Γ(n+ α+ 1) +

n+ 1

n!
Γ(n+ α+ 2)

= −n(n+ α)

n!
Γ(n+ α+ 1) +

(n+ 1)(n+ α+ 1)

n!
Γ(n+ α+ 1)

=
(n+ 1)(n+ α+ 1)− n(n+ α)

n!
Γ(n+ α+ 1)

=
n+ α+ n+ 1

n!
Γ(n+ α+ 1) =

2n+ α+ 1

n!
Γ(n+ α+ 1) .

Theorem 12.9.31 (The Hypergeometric Series as a Function of its Parameters).
By

F (a, b, c, z) :=

∞∑
n=0

(a)n (b)n
(c)n

zn

n!
= 1 +

ab

c
z +

a (a+ 1) b (b+ 1)

c (c+ 1)

z2

2!
+ · · · ,

for every (a, b, c, z) ∈ C2 × (C\ (−N)) × U1(0), there is defined a continuous
function F : C2 × (C\(−N)) × U1(0) → C. The convergence of the series is
uniform on compact subsets of C2 × (C\(−N))× U1(0).

Proof. For the proof, we define for every n ∈ N the continuous function

hn :=

(
C2 × (C\(−N))× U1(0) → C, (a, b, c, z) 7→ (a+ n) · (b+ n)

(c+ n) · (n+ 1)
· z
)

as well as the continuous function

h∞ :=
(
C2 × (C\(−N))× U1(0) → C, (a, b, c, z) 7→ z

)
.

We claim that for every non-empty compact subset K of C2× (C\(−N))×U1(0),
it follows that

lim
n→∞

∥∥(hn − h∞)
∣∣
K

∥∥
∞ = 0 . (12.68)

For the proof, let K be such a subset. For every j ∈ {1, 2, 3, 4}, we denote by
Kj be the projection of K onto the j-th coordinate. Since Kj is the image of a
compact set under a continuous map, Kj is a compact subset of C. Hence there is
Cj ∈ (0,∞) such that |u| ⩽ Cj , for every u ∈ Kj . Further, since K4 is a compact
subset of U1(0), we can assume without loss of generality that C4 < 1. Also, since
K3 is a compact subset of C\(−N), there is δ > 0 such that |u + n| ⩾ δ for all
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u ∈ K3 and n ∈ N. Hence, we conclude for n ∈ N satisfying n ⩾ 2C3 and every
u ∈ K3∣∣∣1 + u

n

∣∣∣ = 1

n
· |u+ n| = 1

n
|n− (−u)| ⩾ 1

n
· (n− |u| ) = 1− |u|

n

⩾ 1− C3

n
⩾ 1− 1

2
=

1

2
.

Since for every n ∈ N∗ and every u ∈ K3,∣∣∣1 + u

n

∣∣∣ = 1

n
· |u+ n| ⩾ δ

n
,

we conclude that ∣∣∣1 + u

n

∣∣∣ ⩾ δ′ := min

{
1

2
,
δ

2C3

}
,

for all u ∈ K3 and n ∈ N∗. Hence for n ∈ N∗ and every (a, b, c, z) ∈ K, it follows
that

|hn(a, b, c, z)− h∞(a, b, c, z)| =

∣∣∣∣∣
(
1 + a

n

)
·
(
1 + b

n

)(
1 + c

n

)
·
(
1 + 1

n

) − 1

∣∣∣∣∣ · |z|
=

1∣∣1 + c
n

∣∣ · (1 + 1
n

) · ∣∣∣∣a+ b− c− 1 +
ab− c

n

∣∣∣∣ · |z|n
⩽
C4

δ′
· (C1 + C2 + 2C3 + 1 + C1C2) ·

1

n

and hence (12.68). Furthermore, from (12.68), it follows that

lim
n→∞

∣∣∣∥∥hn∣∣K∥∥∞ −
∥∥h∞∣∣K∥∥∞∣∣∣ = 0

and hence that
lim
n→∞

∥∥hn∣∣K∥∥∞ =
∥∥h∞∣∣K∥∥∞ (⩽ C4) .

Hence, there is n0 ∈ N such that∥∥hn∣∣K∥∥∞ =
∣∣∣ ∥∥hn∣∣K∥∥∞∣∣∣ ⩽ ∣∣∣ ∥∥hn∣∣K∥∥∞ −

∥∥h∞∣∣K∥∥∞∣∣∣+ ∥∥h∞∣∣K∥∥∞
<

1− C4

2
+ C4 =

1 + C4

2
(< 1) ,

for every n ∈ N such that n ⩾ n0. As a consequence, for n ∈ N such that
n ⩾ n0 + 2, it follows that∥∥∥∥∥

n−1∏
l=0

hl
∣∣
K

∥∥∥∥∥
∞

⩽

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
·

[
n−1∏

l=n0+1

∥∥hl∣∣K∥∥∞
]

⩽

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
·
(
1 + C4

2

)n−(n0+1)

.
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Thus, it follows for any finite subset M of N that

∑
n∈M

∥∥∥∥∥
n−1∏
l=0

hl
∣∣
K

∥∥∥∥∥
∞

⩽
n0+1∑
n=0

∥∥∥∥∥
n−1∏
l=1

hl
∣∣
K

∥∥∥∥∥
∞

+

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
·

∞∑
n=0

(
1 + C4

2

)n−(n0+1)

=

n0+1∑
n=0

∥∥∥∥∥
n−1∏
l=1

hl
∣∣
K

∥∥∥∥∥
∞

+

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
](

1 + C4

2

)−(n0+1)

· 1

1− 1+C4

2

=

n0+1∑
n=0

∥∥∥∥∥
n−1∏
l=1

hl
∣∣
K

∥∥∥∥∥
∞

+
2

1− C4

(
1 + C4

2

)−(n0+1)

·

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]

and hence that (
n−1∏
l=0

hl
∣∣
K

)
n∈N

is absolutely summable in (C(K,C), ∥ ∥∞). Since the latter is true for every non-
empty compact subset K of C2 × (C \ (−N)) × U1(0), we conclude that F is
continuous.

Theorem 12.9.32 (The Confluent Hypergeometric Series as a Function of its
Parameters). By

M(a, b, z) :=

∞∑
n=0

(a)n
(b)n

zn

n!
= 1 +

a

b
z +

a (a+ 1)

b (b+ 1)

z2

2!
+ · · · ,

for every (a, b, z) ∈ C × (C\(−N)) × C, there is defined a continuous function
M : C×(C\(−N))×C → C. The convergence of the series is uniform on compact
subsets of C× (C\(−N))× C.

Proof. For the proof, we define for every n ∈ N the continuous function

hn :=

(
C× (C\(−N))× C → C, (a, b, z) 7→ (a+ n)

(b+ n) · (n+ 1)
· z
)
.

We claim that for every non-empty compact subset K of C × (C\(−N)) × C, it
follows that

lim
n→∞

∥∥hn∣∣K∥∥∞ = 0 . (12.69)

For the proof, let K be such a subset. For every j ∈ {1, 2, 3}, we denote by Kj be
the projection ofK onto the j-th coordinate. SinceKj is the image of a compact set
under a continuous map, Kj is a compact subset of C. Hence there is Cj ∈ (0,∞)
such that |u| ⩽ Cj , for every u ∈ Kj . Further, since K2 is a compact subset of
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C\(−N), there is δ > 0 such that |u + n| ⩾ δ for all u ∈ K2 and n ∈ N. Hence,
we conclude for n ∈ N satisfying n ⩾ 2C2 and every u ∈ K2∣∣∣1 + u

n

∣∣∣ = 1

n
· |u+ n| = 1

n
|n− (−u)| ⩾ 1

n
· (n− |u| ) = 1− |u|

n

⩾ 1− C2

n
⩾ 1− 1

2
=

1

2
.

Since for every n ∈ N∗ and every u ∈ K2,∣∣∣1 + u

n

∣∣∣ = 1

n
· |u+ n| ⩾ δ

n
,

we conclude that ∣∣∣1 + u

n

∣∣∣ ⩾ δ′ := min

{
1

2
,
δ

2C2

}
,

for all u ∈ K2 and n ∈ N∗. Hence for n ∈ N∗ and every (a, b, z) ∈ K, it follows
that

|hn(a, b, z)| =

∣∣∣∣∣ 1 + a
n(

1 + b
n

)
·
(
1 + 1

n

) ∣∣∣∣∣ · |z| = 1∣∣1 + b
n

∣∣ · (1 + 1
n

) · ∣∣∣1 + a

n

∣∣∣ · |z|
n

⩽
C3

δ′
· (1 + C1) ·

1

n

and hence (12.69). As a consequence, for ε ∈ (0, 1), there is n0 ∈ N such that∥∥hn∣∣K∥∥∞ < 1− ε ,

for every n ∈ N such that n ⩾ n0, and for n ∈ N such that n ⩾ n0 + 2, it follows
that ∥∥∥∥∥

n−1∏
l=0

hl
∣∣
K

∥∥∥∥∥
∞

⩽

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
·

[
n−1∏

l=n0+1

∥∥hl∣∣K∥∥∞
]

⩽

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
· (1− ε)

n−(n0+1)
.

Thus, it follows for any finite subset S of N that

∑
n∈S

∥∥∥∥∥
n−1∏
l=0

hl
∣∣
K

∥∥∥∥∥
∞

⩽
n0+1∑
n=0

∥∥∥∥∥
n−1∏
l=1

hl
∣∣
K

∥∥∥∥∥
∞

+

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
·

∞∑
n=0

(1− ε)
n−(n0+1)

=

n0+1∑
n=0

∥∥∥∥∥
n−1∏
l=1

hl
∣∣
K

∥∥∥∥∥
∞

+

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]
(1− ε)

−(n0+1) · 1

1− (1− ε)
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=

n0+1∑
n=0

∥∥∥∥∥
n−1∏
l=1

hl
∣∣
K

∥∥∥∥∥
∞

+
1

ε
(1− ε)

−(n0+1) ·

[
n0∏
l=0

∥∥hl∣∣K∥∥∞
]

and hence that (
n−1∏
l=0

hl
∣∣
K

)
n∈N

is absolutely summable in (C(K,C), ∥ ∥∞). Since the latter is true for every non-
empty compact subsetK of C×(C\(−N))×C, we conclude thatM is continuous.
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Linear operators, 9
1st resolvent formula, 13
2nd resolvent formula, 13
Cayley transform, 68
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closed, 9
commuting, 74
compact, 46
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densely-defined, 9
essential spectrum, 46
exponential function, 97
extension, 9
functional calculus, 85
graph, 9
maximal multiplication operator,
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functional calculus, 70
spectral family, 69
spectral measures, 69
spectrum, 69

one-parameter unitary group, 93
reduction, 78–80, 82
relative compactess, 56
resolvent, 13
resolvent set, 13
self-adjoint, 29, 31
spectral family, 64
spectral projections, 88
spectral theorem, 65, 67
spectrum, 13
symmetric

positive, 43, 70
semi-bounded, 34, 45

Trotter product formula, 104, 107

Spaces
Banach

direct sum, 8
Hilbert

direct sum, 8
Special functions

confluent hypergeometric func-
tion, 123

Gauss hypergeometric function,
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generalized Laguerre polynomi-
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integrals, 118
orthogonality, 120

Theorem
Arzela-Ascoli, 62
Bounded inverse, 10
Closed graph, 10
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Hellinger-Toeplitz, 31
Riesz’ Lemma, 23
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