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Introduction

This book is a sequel to the author’s “The Reasoning of Quantum Mechanics: Operator
Theory and the Harmonic Oscillator,” (RQM). RQM stresses the fundamental importance
of the spectral theorems for (densely-defined, linear and) self-adjoint operators in Hilbert
space, central results in the mathematical field of operator theory (OT), for the formulation
and interpretation of the theory of quantum mechanics, including the description of the
measurement process. This observation is complementary to the standard “Copenhagen”
interpretation of quantum mechanics and due to von Neumann’s insight, related to his
generalization of the spectral theorem for bounded linear and self-adjoint operators on
complex Hilbert spaces to the case of unbounded such operators in 1930, in connection
with the development of the mathematical foundation of quantum mechanics, [53, 54].
Regrettably, von Neumann’s insights are hardly visible in standard quantum mechanics
textbooks, thereby obstructing a complete view of the theory.

RQM also details the treatment of a relevant physical system, the so-called “harmonic
oscillator,” consistently using the tools provided by OT. In short, RQM indicates the fact
that OT “is” the natural language of quantum theory. Apart from its reference to geomet-
ric shapes, which is applicable only to classical physical theories, in essence, Galileo’s
statement still applies to the role of mathematics in the natural sciences,' on page 60 of
his “Il Saggiatore,” [32].

La filosofia ¢ scritta in questo grandissimo libro che continuamente ci sta aperto innanzi agli
occhi (io dico I’universo), ma non si puo intendere, se prima non s’impara a intender la lin-
gua, e conoscer i caratteri ne’ quali € scritto. Egli ¢ scritto in lingua matematica, e i caratteri
son triangoli, cerchi ed altre figure geometriche, senza i quali mezzi ¢ impossibile intenderne
umanamente parola; senza questi & un aggirarsi vanamente per un oscuro laberinto.

1 Of course, the scientific method is of equal relevance to the natural sciences and cannot be replaced
by mathematical reasoning. Without experiment and observation, the natural sciences would lose
the authority to make statements about the natural world. Galileo is also among the founders of the
scientific method. On the other hand, if the mathematical description of a class of physical systems,
i.e., a physical theory, runs into mathematical contradictions, the theory would need correction.
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viii Introduction

On the other hand, it is also clear that ultimately physical understanding is an intuitive
understanding that is more a world-view than language. After all, mathematics is a tool
for physics to achieve physical understanding. A standard method in physics consists of
the calculation of model systems, possibly using also numerical methods, with the goal
of abstracting from the results physical intuition, i.e., features that generalize to more
realistic situations. In this process of abstraction, of course, there is assumed a kind of
stability of the features against perturbations that are in some sense “small.” Therefore,
once it has been established that OT “is” the natural language of quantum theory, the
question remains of how to calculate using the methods of OT. This is the topic of the
current book.

For this purpose, the book considers models that appear in standard introductions to
quantum mechanics, but, unlike those standard introductions that try not to go beyond
the, for this purpose inadequate, methods of calculus, consistently uses methods from OT.
As a consequence, the results are mathematically rigorous, providing a reliable basis for
the abstraction of physical intuition.

To mitigate the acquirement of the methods of OT, the book provides a sub-
stantial mathematical appendix, including proofs, thereby avoiding the necessity of a
time-consuming search of the literature. In addition, the text contains 16 exercises.



Conventions

The symbols N, R, C denote the natural numbers (including zero), all real numbers, and
all complex numbers, respectively. The symbols N*, R*, C* denote the corresponding
sets from which 0 has been excluded. We call x € R positive (negative) if x >0 (x <0).
In addition, we call x € R strictly positive (strictly negative) if x > 0 (x < 0).

For every n € N*, ey, ..., e, denotes the canonical basis of K", where K € {R, C},
i.e., for every i € {1, ..., n} the i-th component of ¢; has the value 1, whereas all other
components of e¢; vanish. For every x = (x1,...,x,) € K", |x| denotes the canonical
norm of x given by

el o= Vet -

Also, we define the canonical scalar product of vectors x = (x1,...,%x,), ¥y =
(1, .-, yn) € K" by

X-yi= xiyr+ -+ xpyn FK=R

where * denotes complex conjugation. In addition, we define the open ball U,(x) of
radius p > 0 around x by

Up(x) :={y e R" : |y — x| < p},
the closed ball B,(x) of radius p > 0 around x by

By(x):={yeR":|y—x|<p}
and the n-sphere S;’ (x) of radius p > 0 around x by

Sp() =y €R" 1 |y — x| = p}.



X Conventions

In the latter symbol, the index p is omitted if p = 1 and the label x and the brackets
are omitted if x = 0. In addition, for every § C R", S denotes the closure of S in the
Euclidean topology.

Further, in connection with matrices, for K € {R, C}, the elements of K" are consid-
ered as column vectors. In this connection, M (n x n, K) denotes the vector space of n x n
matrices with entries from K. For every A € M (n x n, K), detA denotes its determinant
and

kerA:={x e K": A.-x =0},

where the dot denotes matrix multiplication.

We always assume the composition of maps (which includes addition, multiplication,
etc.) to be maximally defined. For instance, the addition of two maps is defined on the
(possibly empty) intersection of their domains. For every non-empty set S, ids denotes
the identical map on S defined by idg(p) := p for every p € S.

For each k € N, n € N*, K € {R, C} and each non-empty open subset Q of R”,
the symbol C*($2, K) denotes the linear space of continuous and k-times continuously
partially differentiable K-valued functions on 2. Further, C(’)‘(Q, K) denotes the subspace
of C¥(,K) containing those elements that have a compact support in 2. In addition,
if U C R” is non-open and such that Q C U C £, then ck (U, K) is defined as the
subspace of ck(Q,K) consisting of those elements for which there is an extension to an
element of C*(V,K) for some open subset V of R” containing U. In the special case
k = 0, the corresponding superscript is omitted.



A Short Summary of the Quantization
Process

In the following, we give a short review of the process of quantization and the measuring
process in quantum theory. For more details, we refer to [7].

The process of quantization associates with the observables of a classical mechanical
system observables of the quantum system, i.e., densely-defined, linear, and self-adjoint
operators (DLSO’s) in a non-trivial complex Hilbert space X, in such a way that the oper-
ators corresponding to the components of position and momentum satisfy the canonical
commutation rules (CCR) in its Weylian form. For instance, for a system in R”, n € N*,

. 1A A . LA 1A
etT(ﬁm) Dr glokqr elTU5kl ezomqlezr(ﬁﬁ) pk’ (1)

where p; and g; are the operators corresponding to the k-th component of momentum
and the /-th component of position, respectively, k,/ € {1,...,n}, K > 0 is a scale of
dimension l_l, 7,0 € R and dy; is defined as 1 if k = [ and 0, otherwise.

The space X is a representation space. It is unique only up to a Hilbert space iso-
morphism. Theories related by such an isomorphism are called unitarily equivalent and
are physically equivalent. Often, the representation space is chosen in such a way that a
particular quantum observable is represented in a form that simplifies its further analysis.
For instance, the so-called position representations and momentum representations are
such representations for the operators corresponding to the components of position and
momentum, respectively.

The pure states of the quantum system are given by rays in X, C*. f, where f € X\{0}.
For a closed classical system, the operator H that is associated with the Hamiltonian of
the classical system generates the time evolution of the quantum system. If the quantum
system is in the state C*. f at time ¢ = 0, then the system is/was in the state

CreifH )

at time 1 > 0/t < 0. We note that the unitary linear operator on X, e~ 7" and the unitary
linear operators on L%(R”) in (1) are defined via the functional calculus for A and for
p1,..., pp and gy, ..., gn, respectively.
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xii A Short Summary of the Quantization Process

Classical observables have dimensions. So do corresponding observables in quantum
theory, represented by DSLOs, including their spectra. The latter are the only possible
outcomes of a measurement process and hence have a dimension. The elements of repre-
sentation spaces have no dimension since they are not observable. As mentioned above, if
Y is a complex Hilbert space and U : X — Y is a Hilbert space isomorphism, then Y is
an equally valid representation space of the theory. If a DSLO A is the representation of
a classical observable, then the DSLO UAU ™! is the representation of the same classi-
cal observable in the new representation. We note that, following our convention that the
composition of maps is always maximally defined, the domain D(UAU ') of UAU !
is given by U(D(A)), where D(A) is the domain of A. We note that also probabilities
are dimensionless.

Frequently, the representation space is given by the function space L%(Q), where Q C
R" is some non-empty open subset of R” and n € N*. In this case, the coordinate
projections of R” need to be dimensionless. For instance, if 2 = R”, then mathematically
fe Lé(]R”), where f(x) 1= e"x'z, for every x € R", but physically this makes sense if
and only if the coordinate projections of R” are dimensionless. Of course, if the dimension
of kK > 0 is equal to the inverse dimension of the coordinate projections of R", then
e"‘“z”2 € Lé(R”), and this also makes physical sense. On the other hand, if the coordinate
projections of R” would be allowed to have a physical dimension, then spaces like L%C(R”)
would contain a substantial amount of states that make no physical sense. Of course,
this is physically unacceptable. In this case, what would the completeness of L%(R")
mean? As a consequence, in this book, coordinate projections of spaces appearing in the
definition of state spaces are dimensionless. This explains the frequent occurrence of a
scale x > 0 of dimension /™! in the definition of observables in the book. Preferably, this
scale should consist of physical constants required for the definition of the Hamiltonian of
the quantum system. Only in cases like free motion, this is not possible, and the quantity
has to be prescribed from “outside.” The elements of the spectrum of an observable
share the dimension of the observable. The application of theorems of OT to observables
is easily possible by multiplying the observable by a constant with a dimension that is
inverse to the dimension of the observable. In this way, observables are multiples of
a dimensionless DLSO and, e.g., spectral theorems are applied to these dimensionless
operators.

We conclude with a short summary of the measurement process in quantum theory. In
1930 and in connection with the development of the mathematical foundation of quantum
mechanics, von Neumann proved the spectral theorem for densely-defined, linear, and
self-adjoint operators in Hilbert spaces (DLSOs) [53]. Usually, this theorem comes in 3
forms. Most important for applications is the form that associates a “functional calculus”
with every such operator. Adding the obtained insight to the standard (““Copenhagen”)
picture of quantum mechanics, it is obtained a complete picture. It reveals that, roughly



A Short Summary of the Quantization Process xiii

speaking, every such operator is a “physical observable” and the other way around.' To
every such operator and every element (or “physical state) of the Hilbert space, there cor-
responds a spectral measure, whose support is part of the spectrum? of the operator. These
spectral measures are the principal observables of quantum theory; in particular, they can
be measured by experiment.> The probability of a measurement of the observable A to
find the measured value to belong to a Borel measurable subset of the spectrum® is given
by the measure of this subset with respect to the spectral measure corresponding to (A
and) the physical state, the latter assumed to have norm 1. In particular, the probability of
a measurement of finding a value outside the spectrum o(A) of A is 0. If a measurement
of A finds the a value inside a Borel measurable set, B, after the measurement, the phys-
ical state is given by the image of the state before the measurement under the operator
(XBla(A))(A), where Xxpls(4) denotes the restriction of the characteristic function corre-
sponding to B to o(A), corresponding to B, according to the functional calculus that is
associated with A. These operators are orthogonal projections. All states in the range of
this operator have the property that the probability of finding the value of the observable
to be inside the set B is 1, i.e., is absolutely certain.

I'A common misconception in standard physics textbooks is to define observables as symmetric
(or “Hermitian”) linear operators. This condition is significantly weaker than self-adjointness. Now,
there are no spectral theorems for the class of symmetric linear operators. Also, there are symmetric
linear operators, (like the natural candidate for a momentum operator on the half-line, an operator
that is maximally symmetric, but has no self-adjoint extensions), whose spectra include non-real
values, thus excluding them as observables, e.g., see [8].

2 Not just the eigenvalues.

3 Every physicist learns that, unlike wave functions themselves, the spectral measures corresponding
to the position operator, i.e., the squares of the absolute values of the wave functions, are observable.
The same has to be true for other observables. Otherwise, the position operator would be singled out
by the theory in an unnatural way. In this connection, it needs to be remembered that position opera-
tors are of no relevance in quantum field theory. Hence, the singling out of position operators in the
development of quantum theory would be misleading, and actually was misleading in the precursor,
“relativistic quantum mechanics,” of quantum field theory.

4 Which is a non-empty closed subset of the real numbers.



Constraints on Quantization

A natural question to ask is whether representation spaces can be finite-dimensional.

Indeed, they cannot, if the quantization is required to satisfy the CCR. For the proof, we
assume that the state space X is a finite-dimensional Hilbert space of dimension n € N*,

P, Q are linear operators on X! such that

h
[P.Ql=PQ— QP =

For the proof that such P, Q do not exist, we use an orthonormal basis f, ..

X. Then, it follows that

D {fKIPOfi) = Z<fk|P Z(leka)fz> =YY AlQf) - (fil P

k=1 k=1 =1 k=1 1=1

n

=Y D PR - (lQf) =Y (Kl QPS),

k=1 I=1 k=1
implying that

n

D (fl[P, Q1fk) =0.

k=1

Since

- h h
Do Ul7 ) = =
k=1

3)

~,fn Of

! The reader might remember from Linear Algebra that every linear operator, defined on a finite-
dimensional normed vector space, is also continuous. Further, it is easy to see that there are no proper
dense subspaces of finite-dimensional normed vector spaces. Hence, every DSLO in X is defined on

the whole of X and is continuous.
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XVi Constraints on Quantization

(3) leads to contradiction 0 = "l—h é Also, the CCR in their Weylian form cannot be
satisfied, since these imply in the current case (3). Indeed, if

TR TP LiorQ _ ,iT0 iokQ iT(hr)”' P (4)
for all 7,0 € R, where kK > 0 is a scale factor of dimension [~!, it follows by
differentiation that

eiT(ﬁn)"PﬁQ — 1ol P HQeiT(hnr'P

h
ih"'PQ=1+in"'QP,[P, Q] = —.
l

We note that, in this derivation, we used the fact that for every self-adjoint bounded
linear operator S on X, we have that

for every z € C, where the convergence is in the operator norm on the space of linear
maps on X. This fact is a consequence of the spectral theorem, Theorem 12.6.4 in the
Appendix.> Also, we used in the derivation Theorem 12.9.14 from the Appendix.

In the sequel, the reader might wonder why the quantization process leads mostly to
unbounded operators in quantum theory, i.e., to operators that are defined on proper dense
subspaces of the state space X. In this connection, we note the following.

The spectrum of an observable A is bounded if and only if A is a bounded linear
operator on the state space.

For the proof, we assume that A : D(A) — X is DLSO on a state space X (# {0})
and consider 2 cases. If the spectrum (¢ #)o(A)(C R) of A is bounded, it follows from
the Spectral Theorem 12.6.2 that D(A) = X and from the Spectral Theorem 12.6.4
in the Appendix (or the Hellinger-Toeplitz theorem, see Theorem 12.4.4 (ix)) in the
Appendix that A € L(X, X). On the other hand, if A is a bounded linear opera-
tor on X, then it follows for complex A satisfying |A\| > |[|A| that [A"'A|| < 1
and hence from Theorem 12.2.5 in the Appendix that 1 — A\~!'A is bijective. Hence
A — X = -1 — \"'A) is bijective, too. As a consequence, C\Bj 4 (0), where Bj4(0)
is the closed ball in C of radius ||A|| around 0, is contained in the resolvent set of A, and
therefore, o0(A) C Bj4)(0).

2 We note this is true also if X is infinite-dimensional and S is a bounded self-adjoint operator on X.
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The correspondence in quantum theory, of the range of possible values that a classical
observable can assume, is the spectrum of the associated observable. There is no priori
reason why the quantization should turn an unbounded range into a bounded spectrum or
the other way around. Hence, if the range of possible values that a classical observable
can assume is unbounded, as is often the case, we expect that the same is true for the
spectrum of the associated observable in quantum theory. As a consequence, the majority?
of observables in quantum theory are going to be only densely-defined, but not defined
on the whole state space.

3 Exceptions are position operators corresponding to physical systems that are confined to bounded
subsets of space.
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Quantization of a Free Particle in N-Dimensional
Space

A basic classical mechanical system in n space dimensions, n € N*, is given by a point-
particle of mass m > 0, solely interacting with an external potential V. The case of a van-
ishing potential, corresponds to a “free” particle. It is tempting to qualify the corresponding
system as “simple,” in the sense that not much can be learned from this system. According
to classical mechanics, since there is no external force, such particles move uniformly in
straight lines, i.e., perform geodesic motion in Euclidean space. So particles are somehow
aware of the geometry of the surrounding space. This is not really simple. Similar is true for
quantum mechanics. The Hamiltonian of the corresponding quantum system is a multiple of
the Laplace operator that is also tied to Euclidean geometry, signaling the “awareness” of the
quantum system of Euclidean geometry. More concretely, the quantum system is physically
relevant, since it explains experiments, like the Davisson-Germer experiment from 1927
[20], by Clinton Davisson and Lester Germer at Western Electric, in which electrons, scat-
tered by the surface of a crystal of nickel metal, displayed a diffraction pattern, confirming
the hypothesis, advanced by Louis de Broglie in 1924, of wave-particle duality, an exper-
imental milestone in the creation of quantum mechanics. In physics, such experiments are
referred as “double-slit experiments,” referring to Thomas Young’s double-slit experiment
from 1801 [78] that showed the wave character of light, in certain situations. Mathematically,
it might surprise, as we shall see later, that the Hamiltonian corresponding to the motion
of a charged particle in a Coulomb field can considered a “small” perturbation of the free
Hamiltonian, i.e., is a relatively bounded perturbation of the free Hamiltonian, see Sect. 1.6.
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2 1 Quantization of a Free Particle in N-Dimensional Space

Although not difficult, we are not going to go through the quantization process for this
particular system again, but give only the results. For more details about the process, we
refer the reader to [7].

1.1 The Operators Corresponding to the Measurement
of the Components of Position

In a position representation, the state space of the corresponding quantum system is
given by L%(R") and the operator Gy corresponding to the measurement of the kth,
k € {1,...,n}, component of position is given by the maximal multiplication operator Ty, /
in L%(R") with the kth coordinate projection uy : R” — R defined by uy (1) := uy for all
u=(uy,...,u,) €R" see Theorems 12.6.7, 12.6.8 and Corollary 12.6.9 in the Appendix.
The quantity £ > 0 is a constant with dimension 1/length that is going to be left unspecified
in the following, but is not going to affect the physical results.! Its spectrum consists of all
real numbers and is purely absolutely continuous. Further, for any f € L%C(R”) with norm
1, the corresponding spectral measure v, ¢ is given by

Vg p (1) = f f1?dv"
{ueR™:urexl}
for every bounded interval I of R. The quantity 5, (/) gives the probability in a position
measurement of finding the k-th coordinate to be in the range I, if the particle is in the state
C*. f. Further, for every bounded and universally measurable function f : R — C:

£ = Trousr) » (1.1)

where T'f (4, /) is the maximal multiplication operator with the function f o (ux/x), defined
by
Trow/mg = Lf o wr/r)]-g .

for every g € L%(R”).

We expect that measurement of the k-th coordinate is independent of the measurement
of the /th coordinate, if k 7 /. Indeed, this is true since the corresponding operators com-
mute, see Sect. 2.1. Following the laws of probability for independent random variables,
the probability of finding the position of the particle to belong to a “box” I} X -+ x I,
where I, ..., I, are intervals in R, is given by the product of the probabilities of finding

U1t is reasonable to use the inverse of the Compton wave length x := mc/h, where ¢ denotes the
speed of light in vacuum. On the other hand, ¢ is a foreign object in a non-relativistic theory, like
Newtonian physics or quantum mechanics, where there is instantaneous propagation of any action.
A natural de Broglie wave length 2/mv does not exist for a free particle because there is no natural
speed v for the system. This would be different if the particle would be confined to a finite space.
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the components of the position of the particle to belong to the intervals I, ..., I,, respec-
tively. Hence, the probability of finding the position of the particle to belong to a Lebesgue
measurable set Q@ C R” is given by?

/Q|f|2dv" , (1.2)

if || f|| = 1. For instance, the probability of finding the position of the particle to belong to
the interval I x ... x I, in physical space, where

I = [ags™ " g1,

a; € R, by € R, a; < by are dimensionless, for every k € {1, ..., n}, is given by

/ | f | duy .. .duy,
[ar,b1]1x...x[ay,by]

=/ KN F TP dxg . dxy
1 x...x1I,

where X = (x1, ..., x,) € R" are points in physical space. In a position representation, the
coordinates uy, ..., u, of points u = (uy, ..., u,) in the domains of functions belonging
to the representation space can be interpreted as numbers whose multiplication by the unit
of length k1 lead to a point K lu= (/{’lul, ok, /flun) in physical space. Of
course, if 2 is a set of measure 0, e.g., like all countable sets, the corresponding probability
is 0. In particular, the probability of finding the particle in an exact location (“point™) is 0.3

Before giving these operators, we provide basic tools frequently applied in the proof of
the essential self-adjointness of operators induced by formal partial differential operators,

namely partial integration and mollification.

1.2  Partial Integration and an Auxiliary Sequence

Lemma 1.2.1 (Partial Integration) Let n € N*, Q C R" a non-empty open subset and
feCl(Q,C), ge C)(Q,C). Then,

/S;f(u)-(?jg(u)dul...du,, = —/Q((?jf)(u)-g(u)dul...du,, (1.3)

2 We note that this reasoning is completely independent of the presence of any interaction potential.
The Lebesgue measure v" in n dimensions is essentially the product measure of the spectral measures
corresponding to the operators associated with the measuring process of the components of the
position.

3 This is true also for finite space. Already in this aspect, quantum mechanics is more realistic than
classical physics. In classical physics, particles are “point” particles that are hard to imagine. Quantum
mechanics and later quantum field theory weaken this notion somewhat.
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Proof For the proof, let j e {l,...,n}, 7; : R" — R" the linear C l—diffeomorphism
that exchanges the jth and the nth canonical basis vector of R”, (7; :=idg» if j = n).
From the assumptions, it follows that f - 9g, (9, f) - 9. 0;(f - 9) = (0, f) -9+ f - 0jg €
Co(£2, C) and hence that (9; f) - g, 0;(f - g) are integrable. Hence, it follows from the
change of variable formula for Lebesgue integrals that

/Qf(u)-(ajg)(u)dul . .duy, (1.4)
= —/Q(aff)(u)-g(u)dm-.-dun+/Q[3j(f-g)](u)du1...dun

- —/(8,-f>(u>~g(u)du1...dun+[ Ou[(f -9 o i) dur ... duy
Q TJ(Q)

where we used the idempotence of 7; as well as that | det(TJ/.)| = 1 We note that —(f - g) o
Tj € Cé (7j(€2), C) an hence also that

A

(f-9) ot € CHR",C)

as well as that
AN

[ A
On [(f'g)OTj] :8n(f'g)°7_j >
where the wedge symbol denotes the extension of a function to a function on R”, assuming

the value 0 in the complement of the domain of the original function. Hence it follows from
Fubini’s theorem and the fundamental theorem of calculus that

f (O [(f - @) o7 }@) duy ... du, (1.5)

A0

Z/R [an(f-g) 0T ](u)dul ...duy,
= A . {/R [ (f-@ o7 (ui,...,us—1, -)]/(un)dun duy...du,_1=0.
From (1.4), (1.5) follows (1.3). Il

In the next step, we construct a sequence in C5°(R”, C) that is used for extending minimal
operators in L%(R”), induced by formal partial differential operators, to operators with
the domain .7 (R"). The latter domain is appropriate for subsequent use of the Fourier
transformation F3, since F» maps .#¢ (R") onto itself. For the definition, we use an auxiliary
function p € C*°(R, R), such that



1.2 Partial Integration and an Auxiliary Sequence

=0 foru € (—o0, —2)
pu) 1€[0,1] forue[-2,—-1] |,
=1 foru € (—1, 00)

(1.6)

for every u € R, implying that

P € C°(R,R) and supp(p’) C [-2,—1] .

The function p is defined by

N———"
|

p(u) == (f h(—@u + 1)(u + 2)) du

0 foru < -3
[ h(—@+ D@ +2)dia foru> -3
for every u € R, where the auxiliary function 2 € C*°(R, R) is defined by

0 foru <0

h(u) = { ,
exp(—1/u) foru >0

for every u € R, implying that
Ran h C [0, 1), ul}r}rlooh(u) =1.
The auxiliary sequence p1, p2, ... in Cg°(R", C) is defined by
poi=po (= P)
for every v € N*. In particular,

and Ran(p,) C [0, 1],

for every u € R" and v € N*. With the help of the sequence py, p2, ... , we define for

f € Sc(R") a corresponding sequence f, f2, ... in C3°(R", R) by
fvi=pu-f,
for every v € N*. Then
o= P = A=) IfP <2111,

for every v € N*, and hence it follows from Lebesgue’s dominated convergence theorem

that
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Jim (I fy = fll2=0. (1.7)

For use inside the Sect. 3.5 on the Hamiltonian of the harmonic oscillator, we note that for
every complex polynomial p in n variables, it follows that

pfo = pf1P = A= p)* - IpfI> <21pf
for every v € N*, and from Lebesgue’s dominated convergence theorem that
lim |[pfy, —pfll2=0. (1.8)
V—>00

Further for k € {1, ..., n},

Ipy
Ouy

Cq

/ -2 2

N — g_’
Vzpk(po(v | 1)) V

‘ 2
where py denotes the coordinate projection of R” onto the kth coordinate,

Cr:=2v2 1/l

and
821/ 2 -2, 2 4 5 -2 2 G
o2 =‘—;(p’o(—v ||))+;pk~(p”o(—v | %) <3
where
Cy = 2(”,0/”00 +4||p//||oo) .
Hence,
of,  Of > |dpy -1 or | _ Ci it — o |22 ?
Oup  Our|  |Oug P our| | v Py Ouy
C? of |2 of |2
<2[—§|f|2+(1—py)2~ or }<2[C%|f|2+4“—f ]
v Ouy, Ouy
and
8qu aZf ’ a21/ apu 8f 82f ’
27| = 42 4+ (p, -1 ==
3u% auz 84,% f Our  Ouy (p ) 8”1%
2
G, 20, | 8f Of
< | — e 1—p |—
[V2|f|+ > auk‘-i-l pvl 614,%
2
of |? 0% f
<3| f)P+4c | 22| 44| L
FIPFact |5 ol
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It follows from Lebesgue’s dominated convergence theorem that

. |of  of
1 ——1 =0 1.9
uinéo' Oux  Oug ||, (1.9)
and that
P S
lim > — 75| =0.
v=>0o | Qui  Ouj, 5
The latter implies also that
Tim |Af, = Afl=0. (1.10)

1.3  The Operators Corresponding to the Measurement
of the Components of Momentum

The operator corresponding to the measurement of the kth, k € {1, ..., n}, component of
the momentum is given by the closure p; of the densely-defined, linear, symmetric and
essentially self-adjoint operator

pro: CPR", C) — LER")

given by
hx Of

Prof = z_a_uk )

for every f € Cg°(R", C).

In the following, we give corresponding details. We note that pyo is densely-defined,
since Cj°(R",C) is a dense subspace of Lé(]R”). Further, pro is well-defined, since
prof € CF(R", C) for every f e CS°(R", C). Also, as consequence of the linearity of
differentiation and outer multiplication of complex-valued functions by complex numbers,
Pro is linear. As a consequence of “partial integration,” pyo is symmetric

h 0
<f|13k09)=i/ f*(u)—g(u)dul...du,,
1 Rn auk

= —hj o5 w)gw)duy ...duy
i Jgr Oug

= / <@/ 8—f>(u)g(u) duy...duy,
n 1 Rn 8I/lk

= (proflg)

forall f, g € Cgo (R™, C), where Lemma 1.2.1 has been used. Even further, from (1.7) and
(1.9), it follows that . (R") is part of the domain of the closure p; of pro and that
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e f = hk Of
PkJ = i Ouy’
for every f € .Y (R"). We continue the analysis of py with the help of the unitary Fourier
transformation F. First, we conclude from known properties of F> that
. hx of hx
bBpf=—h_—=—iukhhf=WT,Rhf,
i Ouy, i
forevery f € ¢ (R"), where T, denotes the maximal multiplication in L% (R™) with the kth
coordinate projection v; : R” — R defined by vg(v) := v for all v = (vy, ..., v,) € R™.
Hence, it follows that
FappFs ' f = he T, f

for every f € St (R™). According to characterization of essential self-adjointness from
Theorem 12.4.9, the restriction of T, to .#c(R") is essentially self-adjoint since

Ty+i-Sc(R") ,

contain C3°(R", C) and are therefore dense in L%C(R"). Since F» is unitary, this implies
also the essential self-adjointness of the restriction of p; to ¢ (R"™). Hence it follows the
self-adjointness of pj and the essential self-adjointness of pro. We note that since F; is
unitary and since hr Ty, is self-adjoint, it follows the relation (1.11) below.
The Hilbert space isomorphism to the momentum representation is given by the unitary
Fourier transformation

Fy: LE(R") — LZ(R") .

The operator in that representation corresponding to the measurement of the kth, k €
{1,...,n}, component of the momentum is given by the maximal multiplication opera-
tor hkTy, in L%(R”), where vg : R" — R is the kth coordinate projection of R”, defined by
V() = v forallv = (vy, ..., v,) € R,

Py prFs ' = hw.T, . (1.11)

From the properties of maximal multiplication operators, Theorems 12.6.7, 12.6.8 and Corol-
lary 12.6.9 in the Appendix, it follows that the spectrum of py consists of all real numbers
and is purely absolutely continuous. Further, for any f € L%(R”) with norm 1, the corre-
sponding spectral measure v, ¢ is given by

V. (D) = / |Fy fI? du"
{veR":ve(hik)~11}

forevery bounded interval 7 of R. The quantity ¢, ¢(I) gives the probability ina momentum
measurement of finding the kth component of momentum to be in the range 7, if the particle
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is in the state C*. f. Further, for every bounded and universally measurable function f :
R — C:
FBr) = Fy ' o Tyo(uau © Fa (1.12)

where T'fo (hry,) i the maximal multiplication operator with the function f o (hxuvg),
defined by
Tfo(hm)k)g = [f © (h/ﬁ-)k)] g,

for every g € Lé(R”).

Again, we expect that the measurement of the kth component of momentum is independent
of the measurement of the /th component, if k # [. Indeed, this true, due to commuting of the
corresponding operators, see Sect. 2.1. Following the laws of probability for independent
random variables, the probability of the momentum of the particle to belong to a “box”
Iy x --- x I,,where I, ..., I, areintervals in R, is given by the product of the probabilities
of finding the components of the position of the particle to belong to the intervals I, .. ., I,
respectively. Hence, the probability of finding the momentum of the particle to belong to a
Lebesgue measurable set Q C R” is given by*

/ | f 1> dv" . (1.13)
(h/{)_IQ

Of course, if Q2 is a set of measure 0, e.g., like all countable sets, the corresponding probability
is 0. In particular, the probability of finding the particle to have a precise momentum is 0.

1.4  The Hamilton Operator Governing Free Motion in R”

The operator corresponding to the measurement of the energy inn € N* space dimensions is
given by the closure H of the densely-defined, linear, symmetric and essentially self-adjoint
operator

Hy : C&(R", C) — LA(R") ,

given by
A 72 K?
Hyf = o Af=—e0Af,
m
for every f € C°(R", C),
hZRZ
2m

In the following, we give corresponding details. We note that Hy is densely-defined,
since C;°(R",C) is a dense subspace of Lé(R”). Further, I—AIO is well-defined, since
ﬁ() f e CFR",C) for every f € C°(R", C). Also, as consequence of the linearity of

4 Again, we note that this reasoning is completely independent of the presence of any interaction
potential.



10 1 Quantization of a Free Particle in N-Dimensional Space

differentiation and outer multiplication of complex-valued functions by complex numbers,
Hj is linear. As a consequence of “partial integration,” Hy is symmetric

~ n 82
<f|Hog> = (f|l—e0lg) = —¢p ;/R" ) a—u%(u)du] ...duy,
n 82f*
= —¢ ’;/ﬂ;{ o ) gw)du, . ..duy,

n pe *
- _/n <_€O ;FJ;) () gu)duy .. .du,

= (~20 0 flg) = (Fof1g) -

forall f, g € C°(R", C), where Lemma 1.2.1 has been used. Even further, from (1.7) and
(1.10), it follows that . (R") is part of the domain of the closure H:=H o of ﬁo and that

Hf =—eoAf,

for every f € ¢t (R"). We continue the analysis of H with the help of the unitary Fourier
transformation F. First, we conclude from known properties of F» that

RHf=cT  Ff,

forevery f € Sc(R"), where T} |2 denotes the maximal multiplication in L%(R“) with | |2.
Hence, it follows that
RHF ' f=cTof .

forevery f € . (R"). According to the characterization of essential self-adjointness from
Theorem 12.4.9 in the Appendix, the restriction of 7} 2 to /¢ (R") is essentially self-adjoint
since

T| PiiY@(R") s

contain C;°(R", C) and are therefore dense in Lé(R"). Since F; is unitary, this implies also
the essential self-adjointness of the restriction of H to ¢ (IR"). Hence it follows the self-
adjointness of H and the essential self-adjointness of Hpy. We note that since F» is unitary
and since & T| B is self-adjoint, it follows that

RHF ' =e0.T p . (1.15)

From the properties of maximal multiplication operators, Theorems 12.6.7, 12.6.8 and Corol-
lary 12.6.9 in the Appendix, it follows that the spectrum of H consists of the interval [0, c0)
and is purely absolutely continuous. In particular, there is no ground state, e.g., differently to
the harmonic oscillator. The lowest possible energy of the system is 0, but 0 is no eigenvalue.
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Further, for any f € Lé(]R") with norm 1, the corresponding spectral measure v s is given
by

v D= | FafP v
2.7 [vermopesy'r]

for every bounded interval I of R. The quantity v A f(I ) gives the probability in a energy
measurement of finding the energy to be in the range /, if the particle is in the state C*. f.
In particular, the probability of finding the particle to have a precise energy is 0. Further, for
every bounded and universally measurable function f : [0, co) — C:

fUH) =F; oTp 0 pyoFa (1.16)

(e0.1 |

where Ty, (| 2) is the maximal multiplication operator with the function f o (£o.| %),
defined by

Troeor )9 = Lf o (0l )]+ g
for every g € Lé(R”). In particular, the one-parameter group of unitary linear operators

governing the time evolution of the system are given by
e_’%Hze_loT_iﬁl‘zon, (1.17)
e R’
for every t € R. More generally,

SR S ter

,%)| 12 OF2 ) (1.18)

for every t € R and € > 0, where ¢ has the dimension of an energy. As a consequence of
the spectral theorem, Theorem 12.6.4 in the Appendix,

. —(i+it)A _ilHh
lim |le (£+i%) f—e'wl =0,
E—>OQ

foreveryt €e Rand f € L%(R“).

For later use, we are going to show that Cé (R", C) is a core for H. For this purpose, we
are going to use the following Lemma on Friedrichs mollifiers. For the proof see the proof
of the more general Lemma 12.9.13 in the Appendix.

Lemma 1.4.1 (Friedrichs mollifiers) Let n € N* and h € C3°(R") be positive with a sup-
port contained in B1(0) as well as such that h(x) = h(—x) for all x € R" and ||h||; = 1.
For instance,

Cexp(—ﬁ) if x| <1
if x> 1

h(x) :=

for every x € R", where
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1 -1
C .= / ex (— )dv"] .
[ Uy (0) P -7

In addition, define for every v € N* the corresponding h,, € C°(R") by

hy(x) :=1V"h(vx)
for all x € R". Finally, define for every v € N* and every f € L%(R")
Hyf :=hy* [,

and ‘x’ denotes the convolution product. Then

(i) foreveryv € N* the corresponding H, defines a bounded self-adjoint linear operator
on Lé(R”) with operator norm |H,| < 1,

(ii)
ll)rI;OHl/fzf ’
forevery f € L%C(R”).

If fe Cé (R, C), and the sequence Hy, H, ... is defined as in the previous lemma, it
follows for v € N* that H, f € Cg°(R", C),

AH, f =h, x Af = HAf

and hence also that
lim AH,f =Af.
V—>00

As consequence,

I:If =—coAf,
forevery f € Cg(R", ©). Since
I:I() C FI’C&(R”,C) C I:I = I:IO s

it follows that Cé (R™, C) is a core for H. For use inside the Sect. 3.5 on the Hamiltonian of
the harmonic oscillator, we note that if g € C(R", C), it follows for f € Cg (R", C) that

lim gH,f=gf . (1.19)
vV—>0Q
For the proof, we note that as consequence of
supp(hy) C Bi;,(0) C B1(0)

we have
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supp(H, f) C C :=supp(f) + B1(0) .

Since C is compact and g is continuous, g|c is bounded. Hence, it follows from
lim Hl/f = f ’
V—0Q

with the help of Lebesgue’s dominated convergence theorem, the validity of (1.19).

1.5 Time Evolution Generated by the Free Hamilton Operator

The time evolution generated by H is given as follows.

Time Evolution for a free Particle in n-Dimensional Space I

For t € R*, we have?

i 4eot N\ [ im 2
e~ fHof — <m- _;0 ) .<e’4fof" *f) : (1.20)
for f € LL(R™) N LA(R"), and for f € LA(R")
. 4eot N2 [ in i p
e*l lﬁH()f — Ull)n;o (7_” %) ) I:el 4€0t'| | * (X[—I/,V]" g)] y (121)

almost everywhere pointwise on R", where * denotes the convolution product.

4 We note that since the first factor is in L(‘(’:O(]R"), in addition to leading to an element of
L%(R”), the following convolution results in a bounded uniformly continuous function.

For the proof, see Theorem 12.7.1 in the Appendix. In addition, the proof of the latter
theorem shows that

Time Evolution for a free Particle in n-Dimensional Space I1

W INTAT —zal
e (6+’ h>HOf=(47r6005)7n/2€ T *f (1.22)

foreveryr € Rand f € L%C(R"), where
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1+,t
Oe i =—+1i—,
c € h

and £ > 0 has the dimension of an energy.

1.5.1 Large Time Asymptotics of the Evolution

As a first application of the previous explicit representation in the position representation,
of the time evolution generated by the free Hamilton operator, we study the large time
asymptotic of e~ ¢/MH f for f € Lé(R”), which is also of relevance in scattering theory.
For this purpose, lett € R* and f € Lé(R”). We define U, f, V, f € L%C(R”) by

U f =2 £t " i%' B (F2 f) —h id
. i 1. o idgn ) |,
! h ' ¢ 2 2¢e0t R

/2 -
Vif = (26—;);i) Fz—l{elgllz.[fc,(z%idw)“ :

Then
eolt] " ho 2
Ufli=(2=-) |* —— idgs
10l ( h ) ( 2f)o(2aot1 * 2
Y A 2 ) .
= F. —— idpn = || F* — ,
(2€O|t| ( 2f)o<250[1 ]R) ) ” 2f||2 ||f||2
' 2
t . ot t
”th”%: 2€O—|| e %Hz. fo zgiian
h 7 )
eolt] Y eot . 2
:(2_h ) fo<2?1an> 2=||f||§.

Since U : (LAMR") — LL(R"), f +— U, f)and V; : (LZ(R") — LAR"), f + V, f) are
obviously linear, the latter implies that U; and V; are linear isometries and hence in partic-
ular injective. Further, a short calculation shows that V;U; f = f, for every f € L%C(R")
and hence that V; is also surjective and hence as a whole bijective. The latter implies that
U f = V,_1 f, forevery f € Lé(R"), and hence that U; is bijective, too. Finally, from
the polarization identities for C-Sesquilinear forms on complex vector spaces, see Theo-
rem 12.3.3 (ii) in the Appendix, it follows that U, and V; are unitary linear operators and
that V; = U;". Further for f € L%(R"), it follows that
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(45—} o
- <48—2t7ri) n/z./n ¢ w0 £y dyn
- (45_2%)_"/26’ o P / T @) d
B <4 = m’)n/z [ e R £y
_ (45_2’m>_"/26’ Hor /R T @) d
. (45_;?7ri)n/26i4$mlulz'/ i 2w (el P 1) F@) dv”
) el ) )

for every u € R". Hence

|(e_‘%H° Uz)f||2 ” ( I 1) f“; =4H sin( o | ) f

h
-4 -2 2 Zdn’
/nsm (850|r|")'f' 0

and it follows from Lebesgue’s dominated convergence theorem that

la|?

2

2

lim [|(e” # — ) fll2 =0 .

t—=4o00

Summarizing the previous, we arrive at the following result.

Large Time Asymptotics of e~ /A f for f ¢ LL(R")

For every t € R* and f € LL(R"),

—iLH . h 2 2
I(e™ 7 — U )15 < 4/Rn SInZ(m| | )Ifl dv"

lim (e % —u,)fll. =0,

t—+o0

and hence

where for every ¢ € R*, the unitary linear operator U; on Lé(R”) is defined by
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/2
eot e ||2 h .
Uig =2 — 4’0’ F —— idp» ,
tg ( 5 l) e (F29) o 28Otl R

for every g € Lz c(R").

We note that for every r € R* and f € L%(R")

h
IUtf|2=< ) | (Faf) o <_1an) ?
olt] ot

If | fllo =1and Q2 C R" is a Lebesgue measurable subset of “momentum space,” then

/ \FafP v
(hr)~1Q

see (1.13), is the probability of finding the momentum of the particle at time O to belong to
the Lebesgue measurable set 2. After “a sufficiently large time ¢ > 0 of evolution” or “for a
sufficiently large negative time ¢ < 0,” the probability of finding the position of the particle
to belong to the Lebesgue measurable set % € C R”" “in position space,” see (1.2), is or has

been, respectively, approximately given by,

roY ho. 2
U, f?dv" = F —idgn )| "
/m' Sy /,{;ng<250|r|>|(2f)°<2z-:orlR)| ’

:/ |F> f? dv"
(hr)~1 Q

i.e., asymptotically for t — 400 or t — —o0, the particle moves increasingly or moved,
respectively, like a flow of free classical particles of mass m, with momentum density | F> f|2.

1.5.2 Time Evolution and Causality

Another important application concerns the support properties of the elements in the paths
in Hilbert space described by (1.20). If | f |2 has a compact support for an f e X\ {0},

then (1.20) indicates that, for each t € R*, the corresponding support of |¢ 7H fI?, is not
compact, since the result of a convolution of a function that has no compact support with
a function of compact support. This is consistent with a theory using Newtonian ideas of
space and time, where there is instantaneous propagation of any action, but inconsistent
with a theory that is compatible with the theory of special relativity, where the speed of
light ¢ sets a limit for the speed of propagation of any action. On the other hand, this is of
course not surprising because we are quantizing a Newtonian mechanical system. We note
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that the solutions of the heat equation display the same behavior, and indeed we are going
to see in a later chapter a connection between the solutions of the Schrédinger equation
and the solutions of the heat equation. Again, on the other hand, the above observation,
concerning the the support properties of the functions involved in the convolution, although
very plausible, does not provide a proof.

In the following, we are going to sketch a proof, using methods from the area of Paley-
Wiener theorems. If f € L%(R”) has a (representative) with compact support contained in
a closed ball of radius r > 0, then, for the unique analytic extensionfz-?of F> f to an entire
holomorphic function, there is C > 0 such that

[F>f (k)| < CeMm®I (1.23)

forevery k € C", where Im(k) := "(Im(ky), ..., Im(k,)) forevery k = "(ki, ..., k,) € C".
According to (1.17), for t € R*,

(Fae R )y = e R ETHHED L (B 1) (k)

for every k ='(ky, ..., k,) € R". Hence, the unique analytic extension F, e_’%’:l f of
Fre™! "H f to an entire holomorphic function is given by
itk —i WPtk T
(Fre™' R f)(k) = e "m0 w (P f)(k)
for every k = '(ky, ..., k,) € C", which does not satisfy an estimate of the form (1.23).

Hence, F> e "H f is not a Fourier transform of a function with compact support, i.e., the
support of e~iwH f is not compact.
1.5.3 Free Propagation of Gaussians

Since for o, 7 € (0, 00) x R and ug, vy € R”

exp(—olidrr — uolz) * exp(—7|idrr — v0|2)

i /2 oT
= exp( — lidge — 1o — vol* )
o+T o+T

we have for every € R,
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lim (47 eq 0’5)_”/26Xp<— 2) * exp(—olidgn — uol?)
E—>0OQ

dego.

2 n/2 h
eot N T .0 4501
4mi — — exp|i ———— |idr» — u0|
h o—1i 1= o—1i 1=
460[ 460[
. B n/2 h
- 450[ . 0 45()1‘
= 2 ﬁ exp|i ———— lidrr — Mol
o —i% M= grhdept o—i 450[

. €0t _n/2 g 2
= (1 +4dio ?> exXp 1_|-4—80t |1an — M0| s

where we used

1
4ego,

T =

Hence,

Propagation of Gaussians I

P .
e ' 7l exp(—olidrn — ugl?)

ot —n/2
o (1 +4dio ?) exp 1+4—€0l lidg» — MO| s

foreveryt € R, 0 € (0, 00) x R and ug € R".

For normalization, we note for o > 0 that

lexp(—alidrs — uol*)ll2 = llexp(—a] [*)ll2

(L) =)

- exp(—olidrr — ugl”)

As a consequence, we arrive at the following result.

and hence that

=1.
2
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Propagation of Gaussians 11
Foreveryt € R, o > 0 and up € R”

A exp(—olidre — ug|?)
| exp(—clidgn — uol?) |2

2
1 vae ! . A 2
=—=—— xp| —————— |idgn — u ,
U7 lrdicm | P\ T ar MR

and the corresponding observable probability distributions

=i/

St~

‘ i 1h exp(—alidgn — ug|?)
| exp(—olidrs — uo|?)|l2

1 20 s 20
= -— exp| ——————— lidgn —uo|* | ,
[W 1+ 1602 (f—gf)z] [ 1+ 1602 (2)°

h2 k2
2m

St~

(1.24)

forevery r € R, 0 > 0 and up € R", where ¢g =

We note that for t € R, (1.24) coincides with the normal distribution of a random variable
with mean u( and standard deviation

Time evolution keeps the mean unchanged, but increases the standard deviation, the latter
asymptotically proportionally to |¢|, for t — £oo. Further, it follows for every v € R" that

[ F, _oxp(—olidp — uo|?)
| exp(—clidrn — uol|?)ll2

20 \V/4 42 20 \V/4 2
— ( ) e—lvu()(er*O'.lan)(v) — ( > e~ ivuo (20_)—n/2 P ACT))
™ ™

2% n/4 . 5
] (v) = <?> [F2 exp(—olidrr — ug|?)]1(v)

— (27T0_)—n/4e—ivu0 e—vz/(4a)

and hence that

‘ exp(—clidgn — ug|?)
2 N
| exp(—olidrr — uo|?) |2

2 1
= (2no) "2 eXp(—— | |2> ,
20
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which coincides with the normal distribution of a random variable with mean 0 and standard
deviation »/o. We remark that this probability distribution is preserved by the time evolution,
since as a consequence of (1.17)°

Fre-itH exp(—olidgn — ug|?)
| exp(—olidrr — uol?)ll2

B ‘e_,.eggl P, _op(olidrr — uol®)
Il exp(—clidgn — uo|?)ll2

1
= 2mro)? exp<—2— | |2) )
ag

The reader might wonder, whether there are “moving Gaussians,” i.e., a sort of Gaussians
whose means changes with time. Indeed, such exist. For the derivation, we use the momentum
representation, and data felL? c(R") at time 0 given by

_ ‘ p, _Sxp(=olidg: — uol?)
I exp(—olidgr — uo[?)ll2

F) := @ro) 4 v=(im) ™ pol*/@o)

for every v € R”, where po = (po1, ..., pon) € R" has the dimension of momentum.
Hence,

i . . _
If 12 = @no) /Zexp(—%lldw—(ﬁﬁ) 1p0|2)

describes a normal distribution with mean (%x)~! pg and and standard deviation J/o. Since
for every ¢ € R, as a consequence of (1.17),

[Fe ik H Fy ' f1w) = @ro)™/* o= B2 o—o=(hr) ! pol?/(4o)
= Qmo)™"4 ef"%-[z(h’f)fl po-v—(hr)~? Ipolz]e_(ﬁ‘*"' %)-[U—(ﬁfi)_l pol®
— Qro) 4 i R 2R ! pov=(h) 72 1ol p— Lo ! pol /14 (441 )71

2 =
= Qo) e Ui v o= (h) ! ol /14 (G +4i B

nj2 0
= (2#0)*"/4 (2 420 E_t> el “29) %

h

eI POV [y ol () po-idgn ,—(3+4i )71 2

1(w)

n/4 —n/2 2
= <2—J> '(1+4i06—2t> e"%'%
m

[Fy &9 polidzn =5 po) = (o441 O~ lidmn =5 pol*y

5 More generally, as a consequence of (1.17), we have IFZe_l f f|2 |F2f|2 for every f €
(R")-
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n/4 —n/2 o2
— (2_U> . (1 +dio E_Ot) et S
s h

Kt

[P ol (AR) ™! po-idgn ,—(3+4i P~ fidgn — 5 p°|2](v) ,

where g = h;’;z , and we used Lemma 12.9.24 from the Appendix, we have

-1 7 20\ i (hi)~Y poidgn —o| |2
f=F f= — -e e ,

and

1 p 20\ eot \? _ il
e_’%HF{lf = (;) . (l +4io %) e ok

__9a idn — BL |2
Lo v—1 B - el lidgn m PO
. el(ﬁ/‘\,) Po lane 1+416—h

’

for every t € R. As a consequence, we arrive at the following result.

Propagation of Gaussians II1

Foreveryt € R,o > Oand pg = (po1, - - -, pon) € R" with the dimension of momen-
tum, |F2f|2, where

20\ 1 : 2
= <?> -expli (hw) " po - idgn]exp(—o| ) ,

describes a normal distribution with mean (hix)~! po and standard deviation /0.

Further,
s 75 VW4 \/2 2
e iRl = (%) . <1 +4dio 6%) exp(—i Iggl . ﬁ)

o Kt
—  lidgn — — pol?] ,
1+4i0—62t lidg m pol )

~exp[i(7”l/-c)71 po - idre ] -exp<—

2,2
where g9 = @—Z, and

n/2
P A I 4o
—itH e
o1 f‘ _ [% e wz} (1.25)
o (F)
( 1 4o g _ |2)
cexp| =5 —————— lidrr — — po
2 1+ 1602(22) m
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describes a normal distribution with mean “ pg and standard deviation

1 eot
+ 4 .
4o U(h)

If n = 1, the mean is right moving if po > 0 and left moving if po < O.

In the following, we study the evolution of a superposition of 2 Gaussians with different
means, but equal standard deviations. We are going to see that the time evolution of the
superposition shows an interference pattern for ¢ =

m /(2hix?). For this purpose, we note for
o > 0 that

20 \V/4 ) » ) ’
<?) [exp(—clidrr — uol”) + exp(—clidrr — vo|*)]

2
1 V20 "/ o 2
NCEErET B e W=

exp( 14_4—5(” |1an — U()| ) :|

For normalization, we note that

| exp(—olidrr — uo|?) + exp(—alidgn — vo|*) |13

- A; [ exp(—20lidrn — ugl?) + 2exp(—ol lidgn — uo|* + [idrn — vol*])

+ exp(—20lidge — vo|*)]dv"

= / exp(—20lidrs — uol?) + exp(—20idrn — vo|?)

2 2
+ 2exp{—2c7 |:| |2 — (ug + vo) - idrn + M]} i|dv"

_/ exp(—20lidre — uol?) + exp(—20|idgn — vo|?)
Rn

L X o
+26Xp{—20|: +M:|}i|dv”

1
idgn — 3 (1o + vo)
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f { exp(—20]idgr — uo|*) + exp(—20]idgs — vo|*)

Tl

1
idgn — 5 (uo + vo)

a2
+2 exp(—M) exp|:—2a

7 /2 o lug — vol?

o lug — vo|2)

4 ( T >n/2 e 7 luo—vol* /4 cosh(

~— 20 4
Hence,

20 /4 . 2 . 2
<—> | exp(—olidrr — uo|”) + exp(—olidrs — vo|7) |2
= 2e_”|”°_”°|2/8 cosh!/2 g 1o = ol luo = vol?

4 b
and

Superposition of Gaussians

4 exp(—alidgn — uo|?) + exp(—alidgn — vo|?)

| exp(—clidrs — ug|?) + exp(—olidrr — vo|?)|l2

1 2o )n/z 0 luo—vol?/8
co

1
T2 <ﬁ 1+ 4io ¥ sh1/2<o|u04_vo|z)

[ o |idgn — ug|? N o |idgn — vol? }
lexpl ————— exp| ———— ,
P\ Tiraio P\ o

St~

—i

and the corresponding observable probability distribution

‘e_, i exp(=alidrr — uol*) + exp(=olidgs — vo|*)
|| exp(—olidrn — uo|?) + exp(—olidrn — vol?)|l2

0 luo—vol?/4 |: 1 20 :|"/2
- 2
"L ()

St~

- lug—vo|2
cosh(g R )
12 o (ug — vg) - (ug + vy — 2 - idgn)
2[1 + (40 %)2]

sin
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Uz
i

= L

0.0

Fig. 1.1 Density plot of the probability distribution for the position of the particle at time 0 in the
u1, up-plane, of the superposed Gaussians, forn = 3,0 = 1, ug = (1, 0, 0), vg = (0, 1, 0). Relative
darker colors indicate relative higher probabilities

,[ o (o — vo) - (wo +vo — 2 - idrn) 2 ot
—+ cos 3
1+ (4(7 E—%t)
o (lidgr — ug|? + |idgr — vo|?)
- exp| — 2 ,
1+ (40 E—%t)

(1.26)

foreveryt € R, 0 > 0, up € R"” and vy € R",

where we used that (Figs. 1.1 and 1.2)
|e700% 4 g =072 = (p=00%" | =0Ty (pma0T 4 =Py
— e200x | ,=200x | ,—ola(—iy)+Ba+in] 4 —olaGe+iy)+Bx—iy)]
— g200% | ,=200x | ,—o(ax—iay+fx+ifly) | ,—o(ax+tiay+fx—ify)
— ¢200x 4 ,=2B0x | efa(a+ﬂ)x[eia(afﬂ)y + e*l‘d(a*@y]
= ¢ 200x  ,=2B0x 4 5,—olatf)x cos[o(a — B)y]
= ¢~olatON {e*"(a*ﬁ” + €7 @=D% L2 cos[o(ar — ﬁ)y]}

= 2¢77@tD¥ (cosh[o(a — B)x] + cos[a(a — B)y]} ,

foreveryz =x +iy € C\ (—00,0], x,y,0,a,0 € R.
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us

Fig. 1.2 Density plot of the oscillating factor for t = m/ (2hk2), in the probability distribution (1.26)
for the position of the particle in the u1, ur-plane, of the superposed Gaussians, displaying inter-
ference, forn =3, 0 = 1,ug = (1,0, 0), vg = (0, 1, 0). Relatively darker colors indicate relatively
higher probabilities

Superposition of Gaussians: Asymptotic for Large Times
We note that

4 exp(—alidgn — uo|?) + exp(—olidgn — vo|?)
| exp(—clidrr — ug|?) + exp(—olidrr — vo|?)|l2

o \uofuolz
7

oy ()
t—=+o00 (27_[_0_)% COSh(UluOZUOP) 2€0|t| ’

—i

(1.27)

St~

for every o > 0, ug € R” and vy € R”.

1.6  Perturbations of the Free Hamilton Operator in < 3 Space
Dimensions

A Point-Particle of Mass m > 0 Subject to an External Potential V

In the following, we are going to show for n < 3 that the densely-defined, linear and

symmetric operator
Hyo : C3(R",C) — LL(R™)

in LZ(R"), defined by
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2 h2 K2 h2 K2

for every f € Cg(]R”, C), where V € L*(R") + L*®(R").? Then I-AIVO is essentially
self-adjoint. In addition,
I:IV() =H + Ty ,

where H is the free Hamiltonian from Sect. 1.4, and Ty denotes the maximal multi-
plication operator with V in Lé(R”), and®

D(ﬁ_m) = D(A) C Coo(R", C) .

We note that the potential corresponding to the case of an electron in the Coulomb
field of an nucleus containing Z protons,

where e denotes the charge of an electron, is an element of L2(R") 4+ L (R").

% We note that V' coincides with the classical potential function only up to a scale factor. The
value of the classical potential function at the point x € R" is given by V (xx).
b We note that is not difficult to show that D(ﬁ ) is equal to the Sobolev space W2 (R™), i.e.,

the subspace of L2 (R”) consisting of those elements that are weakly dlfferentlable to every
order o € N" w1th |a| < 2 and such that these weak derivatives are square integrable. It is
interesting to note that there is a connection between the concept of domains of self-adjoint
operators and Sobolev spaces, at least for simple potentials.

For this purpose, we are going to use the Rellich-Kato theorem, whose proof is given in the
Appendix, see Theorem 12.4.11 in the Appendix.

Theorem 1.6.1 (Relatively bounded perturbations of self-adjoint operators, Rellich-Kato
theorem) Let (X, (| )) be acomplex Hilbert space, A, B be densely-defined, linear, symmetric
operatorsin X and 0 < a < 1, b > 0 such that D(B) D D(A) and

IBFI> < @A + D21 FIP (1.28)

for every f € D(A). If A is in addition essentially self-adjoint, then A + B is densely-
defined, linear and essentially self-adjoint such that

A+B=A+B.
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For the proof that Hy is essentially self-adjoint, we recall that
A:CiR",C) — LE(R"), (1.29)
defined for every f € C(% (R, C) by
Af =—=Af,

is a densely-defined, linear, positive symmetric and essentially self-adjoint operator in
L%(R"), whose closure A has the spectrum

o(A) = [0, 00) .
Further, for every bounded and universally measurable function f : [0, c0) — C:
fA)Y=F'oTspoF,,
where Ty, 2 is the maximal multiplication operator with the function f o | |2, defined by
Tiopg:=(foll»g.
forevery g € Lé(R”). In particular,

A+ ' =FloT 4

and
A+D7'f=FE'a+ | PR,

for every f € Lé(R”). We note that

2 n
WELC(R),

for n < 3, but not for n > 4. From the theory of the Fourier transformation, it follows that
frg=FRlFE"H F'9l.

forall f,g e Lé(R”), where * denotes the convolution product. Hence for n < 3, it follows
further that

A+ D7 f =B A+ I D R =B A+ DR

= Gy P+ PR

1
( Gy P2 A+ 1) 1]*f>
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forevery f € Lé(]R”). In particular,

(A+ 171 f e Coo(®R", C)

and
A+ 1) fllw = L F A+ HEf
>~ a2 S
1 I
S (2m)n/? H(l IRERF lle
<enlflla,

forevery f € Lé(R”), where

1 -
&= G 1A+,

and Hoelder’s inequality was used. As a consequence, for n < 3, we arrive at the following
Sobolev inequality

Iflleo <en A+ D fll2 <co (IAfl2+1£12) (1.30)

for every f € D(A). In a further step, with the help of Hoelder’s inequality, it follows for
U € LL(R") that

- 2
U3 - 115 < cn IUIE (TAS 2+ 11£112)

IUF1I5 <
<22 U3 (IAL13 + 11 £113)

and hence that
IUFI3 <22 0013 (IAFIZ+1£13) (1.31)

forevery f € D(A).Henceif U = U, + U,, where U; € L2(R"), U, € L (R"), we define
for every v € N* a corresponding Uy, € L2(R") N L®(R") by

Ui, =X -Up .

[Ty ()
Then, it follows from Lebesgue’s dominated convergence theorem that
lim [[Up, —Ul2=0
V—>00
and hence the existence of a vy € N* such that

22Uy — U3 < 1.

As consequence,
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U:UI_U1V0+U1V0+U2’

where
Uy — Uty € LAR") and Uy, + Uy € L¥(R") |

In a first step, it follows from (1.30) and the Rellich-Kato theorem that
A+Ty,—v 1y
is essentially self-adjoint, where
TUI =Uj 20

denotes the maximal multiplication operator with U; — Uy, in Lé(R"). In addition, it
follows that
A+ TU1—U1VO =A+ TU1—U1VO

and that
D (A F Tur—uny ) — D(A) .

the latter since D(A) C Coo(R", C). Further, since
Uiy + Uz € L¥R") ,
it follows that the maximal multiplication operator

Ty, v T2
with
Ull/() + U2
in Lé (R™) is a bounded linear operator on L%C (R™). Hence, it follows from the Rellich-Kato

theorem that
A + TUI_UII/O + TU11/0+U2 = A + TU

is essentially self-adjoint, where Ty, denotes the maximal multiplication operator with U in
L%C(R”) and therefore also that Hy is essentially self-adjoint. In addition, it follows that

A+ TU =A+ TUlfUh,O + TU]]_/OJFUz
=A+ TUI_UIVO + TU|1,0+U2 =A+ Ty

and that
D(A+Ty)=D(A),

the latter since D(A) C Coo(R", C).
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Equality of the Essential Spectrum of the Free Hamiltonian and the Essential
Spectra of a Class of Perturbed Hamiltonians

In the following, we are going to show that the essential spectrum o, (H) of the free

Hamiltonian A and the essential spectrum, ae(I:IVO), of I:IVO coincide and are given
by the interval [0, 00):

oe(Hyo) = 0e(H) = [0, 00) ,
where V is such that there is a sequence V1, V2, ... in L%C(]R”) satisfying
lim |V, — V| =0.
vV—>00

We note that the potential corresponding to the case of an electron in the Coulomb
field of an nucleus containing Z protons,

where e denotes the charge of an electron, is satisfying this condition.

For the proof, in a first step, we are going to show for U € L?(R") that Ty (A + 1)~ lisa
Hilbert-Schmidt operator and hence compact. We note that for every f € L(%: (R")

_ 1
Ty A+ D)7 = m U IR A+ )7 f
=U-(h«f)=Int(K)f ,

where i € LZ(R") is defined by

1 2\—1
h5=WF2(1+||) )

for almost all ¥ and iz € R"
Kw, ) :=Uwh(u—1) =U@)h(u —u)

and Int(K) denotes the integral operator on L%(R”) that is associated with K. In addition,
it follows that K is measurable, a fact that is shown in the derivation of the elementary
properties of the convolution product. Also, for every u in the domain D(U) of U,

U@ - 1h|*(- —u) € L'R") ,
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and
( DU) - R )_( DWU)— R )
U [ U@ 112G —u)ydv") — \u e [[|h]; - U @)]?

is integrable since U € L2(R™). Hence it follows from Tonelli’s theorem as well as Fubini’s
theorem that K € L%((R”)z) and that

LK = U P - 1P = 1013 - 1815

Hence Ty (A + 1)~! is a Hilbert-Schmidt operator and therefore compact. Further, if U is
such that there is a sequence Uy, Us, ... in L%C(R") satisfying

lim [|U) —Ullooc =0,
V—>00

then
Ty(A+ D) =Ty, A+ D +Tyy, A+ 17",
for every v € N*. Hence, it follows that

1Ty, A+ D™ =Ty A+ D7 = | Ty,—v (A+ D)7
<Ny = Ulloo - A+ D71

As a consequence,

lim |7y, (A+ 1) =Ty A+ D7 =0,
V—>00

and therefore Ty (A + 1)~ ! is compact as a limit, with respect to the operator norm || ||, of
compact operators. Hence, according to Corollary 12.5.21 in the Appendix, Ty is compact
relative to A. Therefore, according to Theorem 12.5.23 in the Appendix, the essential spectra
of Aand A + Ty coincide. As noted before, the spectrum of A is given by the closed interval
[0, 00). In particular, A has no discrete spectral values and hence, see Theorem 12.5.18 in
the Appendix, the essential spectrum of A is given by [0, 00).

For later use, we are going to calculate

—cA

for o € (0, 00) x R.
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A Representation of e=0A

For every o € (0, 00) x R

; 1
e = Gy */69)  f € Coo(R", C) N LER")
and 2
- n
e Floo <  52Rerey )

for every f € L%(R").

For the proof, we note that .
e A = Fz_1 oT 2ok,

o
and ) ,
e f=F e R

forevery f € Lé(R”). Since according to the theory of the Fourier transformation
frg=FlE" - F 9l

forall f,g € Lé(R”), where * denotes the convolution product, it follows further that

efa/if _ Fz—lefal |2F2f — erfa\ |2F2_1f

=— R PEf = (Fye )y x f
(Zw)n/z (271')"/2
- We" KV
ye

forevery f € L%(R"), where we used Corollary 12.9.24 from the Appendix. We note that
it follows in particular that

e A f e Coo(®",C) N LAR") |
and

oA 12
le™" flloo < o1 P/

1
W 2'||f||2

1 1/2 /2

- - e"Re@ /@) ) £, = o

_ R 2= 2 ’
8m2|ol) R” e

where we used Lemma 12.9.26 and Corollary 12.9.24 from the Appendix.
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Commutators, Symmetries and Invariances

2.1 Commuting Operators

In the discussion of the canonical commutation rule for the position and the momentum
operator for the harmonic oscillator in [7], the commutator bracket [, ] was used. In the
following, we are going to use this bracket more systematically, but only for bounded linear
operators. For bounded linear operators A, B on a Hilbert space, we define the commutator
of A and B as the bounded linear operator given by

[A,Bl:=AoB—BoA.

For unbounded operators, the analogous definition turned out inconclusive, and we are not
going to use the notation [A, B] in the following, if at least one of the involved operators is
unbounded.

On the other hand, the notion of that two, possibly unbounded, observables A and B
commute allows a clear cut mathematical definition, with important implications, namely
that the commutator of each member of the spectral family E4 of A commutes with each
member of the spectral family E2 of B,

[Ef . EE1=0,
for all A1, A2 € R. The following theorem, whose proof is given in the Appendix, see
Theorem 12.9.1, gives equivalent criteria for the commuting of observables.

Supplementary Information The online version contains supplementary material available at
https://doi.org/10.1007/978-3-031-49078-1_2.
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Theorem 2.1.1 (Commuting Observables) Let (X, (|)) be a non-trivial complex Hilbert
space, A:D(A) - X and B : D(B) — X densely-defined, linear and self-adjoint
operators in X, with corresponding spectra o (A) and o (B), respectively, and E* and
EB the spectral families that are associated with A and B, respectively. We say that B and
A commute, if

[Ef,Ef‘]:(),

forall s,t € R. Finally, let Uy := (A —i)(A+i)"' and U := (B —i)(B+ i)~ be the
Cayley transforms of A and B, respectively, which are unitary linear operators on X.

(i) Ifin addition B € L(X, X), then the following statements are equivalent.

(a)
[g(B), f(A)]=0,

forall g € U(o(B)) and f € Ui (o (A)).
(b) B and A commute.
(c) [B,Ual=0.
(d) [B,e"1=0, forallt € R.
(¢) AoBDBoA.

(ii) The following statements are equivalent.

(a)
[¢(B), f(A)]=0,

forall g emandf em.
(b) B and A commute.
(c) [¢*B, e =0, foralls,t € R.
(d) [Up,Us]=0.

Physically relevant examples of commuting operators are the operators corresponding
to the measurement of the kth and /th, k, [ € {1, ..., n}, component of the position and the
operators corresponding to the measurement of the kth and /th component of momentum.
Also, the kth, k € {1, ..., n}, component of momentum commutes with the Hamiltonian
describing free motion in R". These facts are simple consequences of Theorem 2.1.1, (1.1),
(1.12) and (1.16). Also the operators corresponding to the 3rd component of angular momen-
tum f,3 and the square of angular momentum L2 commute, see Sect.2.4.5. In Sect.2.7.3, we
are going to show that the free Hamiltonian commutes with space translations and orthogo-
nal transformations and that the members of a class of perturbations of the free Hamiltonian
by central potentials commute with orthogonal transformations.
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According to the previous theorem, Theorem 2.1.1, observables A and B commute if and
only if the commutators of each pair of operators from the functional calculi corresponding
to A and B, respectively, vanish. This includes the spectral projections corresponding to
A and B which are relevant for the measurement process. All these operators are bounded
linear operators. '

For example, if the physical system is in a state C. f, where f € X\{0}, and a mea-
surement of the observable A determined that the values of the observable belong to an
interval I C 0 (A), where o (A) denotes the spectrum of A, then, if A and B commute, a
subsequent measurement of the values of the observable B does not affect this result of the
measurement of the values of observable A, i.e., in this case a subsequent measurement of
the values of observable A will still find the values of A to belong to the interval /. On the
other hand, this is true only if there is no time delay between these measurements, which
is not very realistic, but refers to a limit where the time delay between the measurement
processes approaches 0. Even in a theory that uses Newtonian ideas of space and time,” like
quantum mechanics, such processes take time, and after the measurement of the values of
the observable A the resulting state is subject to time evolution until the measurement of
the values of the observable B. Generically, if A does not commute with the Hamiltonian
operator H, a subsequent measurement of the values of the observable A will not lead on
the same values as in a previous measurement. On the other hand, it needs to be remembered
that this process of time evolution between the measurements is deterministic. There is no
loss of information during this time.

The previous indicates that what is really physically relevant is the commuting of the
spectral projections of two observables, A and B. This leads on the concept of closed
invariant subspaces, leading to the reduction of observables and a decomposition of their
spectras and the concept of symmetries.

For motivation of closed invariant subspaces, say, we know, due to a previous measure-
ment of an observable A, that a system is in state belonging to a projection space of a spectral
projection of A, a closed subspace Y of the state space X, and perform a further measure-
ment of an observable B that commutes with A. The measurement process corresponds to
the application of a spectral projection P of B, which commute with those of A. Hence, the
measurement leaves Y invariant, i.e., after the measurement the state is still an element of
Y. More precisely, the state is an element of the intersection, (Ran P) NY, of ¥ with the
range of the spectral projection P, Ran P, a closed subspace of X. The space (Ran P)NY

! Observables can be viewed a labels of the associated functional calculi of bounded linear operators,
and it is the latter that is of primary importance. So, one might ask for the reason why observables in
quantum theory are generically unbounded DSLO’s. The answer is given by the so called Hellinger-
Toeplitz theorem, Theorem 12.4.4 (xi). As a consequence, an observable is unbounded if and only if
its spectrum is unbounded. Now if the range of values of a classical observable is unbounded, there
is no reason why quantization should lead to a bounded spectrum for the corresponding observable
in quantum theory.

21n particular, like in classical Newtonian physics, quantum mechanics assumes instantaneous prop-
agation of any action.
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is a closed subspace of the state space and generically a proper restriction of Y, and in this
way the measurement of the observable can be considered to “refine” the measurement of
the observable A.

2.2 Closed Invariant Subspaces of Observables

For explanation, we consider a observable A.

Definition of Closed Invariant Subspaces

A subspace Y of the state space X is called an closed invariant subspace of A, if Y is
closed and the orthogonal projection P € L(X, X) onto Y commutes with A, i.e.,

AoP>PoA, Q2.1

i.e., A o P is an extension of P o A. We note that, according to Theorem 2.1.1, the
latter implies that

[f(A), P1=0,

i.e., f(A) maps leaves Y invariant,” for every f € UZ (0 (A)).

% Equivalently, every element of Y is mapped into an element of Y.

We remind that we always assume compositions to be maximally defined. So the domain
D(A o P) of A o P is defined by

D(AoP):={feX:PfeDA))}.
Hence, an equivalent way of formulating (2.1) is that for every f € D(A), we have
Pf e D(A) and APf = PAf .
We note that this implies for every f € D(A) that (1 — P)f € D(A),
A(l=P)f=Af —APf =Af — PAf = (1 — P)Af

and hence that
Ao(l1—P)D(1—P)oA, 2.2)
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i.e., the orthogonal complement X, of X is also a closed invariant subspace of A. Hence,
we arrive at the decomposition of A into reduced operators A; and A,

A=A A,
where
Al =(DANX| > X1, f=> Af); Ay =(DA)NXy = Xo, f > Af) .

We are no going to continue this particular analysis, but give in the following more in depth
results of the reduction of observables, using invariant subspaces.

The following lemma is proved in the Appendix, see Lemma 12.9.2. It shows that a
closed invariant subspace of an DLSO leads to a reduced DLSO in the invariant subspace,
that the spectrum of the reduced operator is part of the spectrum of the original operator and
that restriction of the functional calculus of the original operator to the invariant subspace
coincides with functional calculus of the reduced operator.

Lemma 2.2.1 (Reduction of Observables I) Let (X, (|)) be a non-trivial complex Hilbert
space, A : D(A) — X a densely-defined, linear and self-adjoint operator in X and (¢ %)
0 (A) (C R) the spectrum of A, P € L(X, X) a non-trivial orthogonal projection such that
Ao P D PoAandY := Ran P the non-trivial and closed projection space corresponding
to P (which is a closed invariant subspace of A). Then the following is true.

(i) By Ap :=(D(A)NY — Y, f — Af), there is defined a densely-defined, linear and
self-adjoint Operator in Y. The spectrum o (Ap) of Ap is part of o (A).
(ii) Forevery f € Ug(0(A)),

f|<7(AP) € Ug (o(Ap)) and (f|a(AP))(AP) =Y —->Y, g f(A)g) .

The starting point in applications is usually a symmetric DLO, not a DSLO. The latter
are created through appropriate extension of a symmetric DLO. In particular, a priori closed
invariant subspaces are not known. The following lemma, proved in the Appendix, see
Lemma 12.9.3, starts from a decomposition of the underlying Hilbert space into a sequence
of orthogonal closed subspaces and a symetric DLO that induces symmetric DLO’s in these
subspaces that are in addition essentially self-adjoint and gives that the original symmet-
ric DLO is essentially self-adjoint, too, and that the original closed subspaces are closed
invariant subspaces of its closure. This Lemma and the subsequent Corollary are crucial
in the discussion below of the angular momentum operators in Sect.2.4 as well as for the
quantization of a particle subject to a central potential in Chap. 4.



38 2 Commutators, Symmetries and Invariances

Lemma 2.2.2 (Reduction of Observables II) Let (X, {|)) be a non-trivial complex Hilbert
spaceand A : D(A) — X adensely defined, linear and symmetric operator in X. Moreover,
let Py, P1, ... be a sequence of orthogonal projections on X with pairwise orthogonal
projection spaces and such that

n
dm D Pif =1
Jj=0
forevery f € X. Finally, for each j € N, let D; be a dense subspace of Ran(P;) with

Dj C D(A), A(Dj) C Ran(P;) , 2.3)

and such that densely-defined, linear and symmetric operator A := (D; — Ran P}, f >
Af)inRan P; is essentially self-adjoint. Then A is essentially self-adjoint and the therefore
self-adjoint closure A of A commutes strongly with every P;, j € N, i.e.,

AoP;DPjoA (2.4)

holds for each j € N.

Corollary 2.2.3 Under the assumptions of Lemma 2.2.2, it follows that

Alp)nran(py) = Aj > (2.5)

forevery j € N, where Aj denotes the closure of A in Ran(P;).

Note that, since D; C Ran(P;) for every j € N, (2.3) are “invariance conditions” and
that Ran(Py), Ran(Py), ... is a sequence of invariant subspaces of A such that the span of
the union of these spaces is dense in X . Further, we note that the assumptions of Lemma 2.2.2
do not exclude that only finitely many of the projection spaces of Py, Py, ... are non-trivial.

A decomposition of an operator as in Lemma 2.2.2 induces a decomposition of the
spectrum of that operator. Also the proof of the following theorem is given in the Appendix,
see Theorem 12.9.5.

Theorem 2.2.4 (Induced Decomposition of Spectra) Let (X, (|)) be a non-trivial complex
Hilbert space, A : D(A) — X a densely-defined, linear and self-adjoint operator in X and
(¢ #) o (A) (C R) the spectrum of A. In addition, let (Pp),cn be a sequence of orthogo-
nal projections with pairwise orthogonal projection spaces that commute with A. Accord-
ing to Lemma 2.2.2, for every n € N by A, := (D(A) N Ran P, — Ran P,, f — Af),
there is defined a densely-defined, linear and self-adjoint operator in Ran P,,. Finally, let
0 (Ay), op(Ay) be the spectrum of A, and the point spectrum, i.e., the set of all eigenvalues,
of A, respectively. We note that o (A,)) = ¢, if Ran P,, = {0}. Then
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op(A) = Jop(An) . o(A) =] oA .

neN neN

Often, the reduction of operators proceeds by use of representation changes induced by
coordinate transformations. This usually leads to the introduction of coordinate singularities
into the transformed operators which in turn affects the choice of the domain of the operator
A. As aresult, it can very well happen that some of the induced operators in Theorem 2.2.2
are not essentially self-adjoint. For instance, such a case occurs in the quantization of a
particle subject to a central potential. As a consequence, in these cases, the induced oper-
ators that fail to be essentially self-adjoint need to be extended to essentially self-adjoint
operators, which in turn affects the domain of the original operator A. Fortunately, it is easy
to combine a sequence of symmetric DLO that are essentially self-adjoint to a symmetric
DLO that is essentially self-adjoint. Also, the following Lemma is proved in the Appendix,
see Lemma 12.9.6.

Lemma 2.2.5 (Reduction of Observables III) Let (X, (|)) be a non-trivial complex Hilbert
space, Py, Py, ... be a sequence of orthogonal projections on X with pairwise orthogonal
projection spaces and such that

n—-oo

n
lim » Pif=f.
j=0

for every f € X. Further, for each j € N, let Aj : D; — Ran(P;) be a densely-defined,
linear, symmetric and essentially self-adjoint operator in Ran(P;). We define the subspace
D < X by

n
D = ij: ne€Nand f;j € Dj, forevery j €{1,...,n}¢ ,
j=0

and A: D — X by

n n
Aij = ZAjfj .
j=0 =0

where n € N and f; € Dj, for every j € {0, ..., n}. Then A is a densely-defined, linear,
symmetric and essentially self-adjoint operator in X, whose closure A commutes strongly
with every P;, j € N, i.e.,

Ao P;i D> Pjo A

holds for each j € N.
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23 Insert: Decomposition of Spectra of DSLO’s

There are 2 main decompositions of the spectrum of a DSLO A.

The first is rarely used in the text, but becomes important in the formal scattering theory,
which is not treated in this text. Also, the results given below in this connection are not
proved here. For this, we refer to [60], Volume I. The decomposition in question is the result
of a decomposition of the underlying Hilbert space X into a direct orthogonal sum of closed
invariant subspaces, due to particular properties of the spectral measures that are associated
to the operator and every element of X.

For this purpose, we define the so called “discontinuous subspace” X, of X to consist
of all f € X for which there is a countable subset N C R such that R\ NV is a set of
measure 0 of the spectral measure ¥ ¢ that corresponds to A and f, and the so called
“continuous subspace” X, of X to consist of all f € X for which every A € R is a
set of measure 0 of V7.

Then X, and X are closed invariant subspaces of X, X, coincides with the closure of the
span of the eigenvectors of A and

Xy =X..

As a consequence, we arrive at a representation of X as a direct orthogonal sum of the closed
invariant subspaces X, and X

X=Xp®XC7

which according to Theorem 2.2.4 leads to reduced DSLO’s, the so called “discontinuous
partof A,” A, and the so called “continuous part of A,” A., and the associated decomposition
of the spectrum o (A) of A into the spectrum o (A ) of A, and the spectrum o.(A) of A,

o(A) =0 (A,) Ua(A) .

Since, 0 (A) coincides with closure of the point spectrum o,(A) of A, i.e., the set of
eigenvalues of A, we have that

o (A) = 0,(A) Ua(A) .



2.3 Insert: Decomposition of Spectra of DSLO’s 41

The continuous subspace X of X allows a further useful decomposition.

For this purpose, we define the so called “singular subspace” X; of X to consist of
all f € X for which there is a set N C R of Lebesgue measure 0 such that R\ N is
a set of ¥ r-measure 0, and the so called “absolutely continuous subspace” X, of X
to consist of all f € X such that the Lebesgue measure is absolutely continuous with
respect to ¥, i.e., every set of ¥ r-measure 0 is a set of Lebesgue measure 0.

Also X and X, are closed invariant subspaces of X and, in particular,

Xt =X, .

N

‘We note that
Xp, C Xy,

since if f € X, then there is a countable subset N C R, i.e., a set of Lebesgue measure 0,
such that R\ N is a set of ¥ r-measure 0. As a consequence,

Xe=X; DXy =Xac .
1.€.,
Xae C X

Further, we have that
Xtnx.=xHnx.=x,nX.

Also X N X, is a closed invariant subspace X, and we arrive at a representation of X as a
direct orthogonal sum of the closed invariant subspaces X ,, X4 and X N X,

X=Xp®Xac®(Xszc)7

which according to Theorem 2.2.4 leads to reduced DSLO’s, the discontinuous part A, of
A, the so called “absolutely continuous part of A,” A,., and the “singular continuous part of
A" Ay, of A. This decomposition induces a decomposition of the spectrum o (A) of A into
the spectrum o (A ) of A, the spectrum o, (A) of A, and the spectrum oy (A) of Ay

o(A) = Up(A) U ogc(A) Uose(A) .
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If A is the Hamiltonian of a quantum system, then the set m is the closure of the
set of eigenvalues of A, usually corresponding to the bound states, i.e., energies smaller
than 0, of the system, the absolutely continuous part o,.(A) of 0 (A) is interpreted as
the scattering spectrum, usually corresponding to states of energies greater than 0 and the
singular continuous spectrum oy.(A) is usually empty. On the other hand, the latter is not
always easy to show.

Occasionally, we mention that a spectrum of an DLSO is purely absolutely continuous.
For instance, this is true for the position operators, momentum operators and the free Hamil-
tonian. Per definitionem, this means that o (A) = o,.(A), i.e., that the Lebesgue measure
is absolutely continuous with respect to v ¢, for every f € X, which is relatively easy to
decide, once the functional calculus of the operator in question is known.

The second main decomposition of the spectrum of a DSLO A comes from perturbation
theory and is used in various places in the text. Corresponding proofs are given in Sects. 12.5.2
and 12.5.4 in the Appendix.

A Disjoint Decomposition of the Spectrum of a DSLO

We have the following decomposition of the spectrum o (A) of A
0(A) =0.(A)Uaoy(A) ,

where the discrete spectrum o4 (A) of A is defined by

04(A) :={X € 0(A) : A is an isolated point of o (A)

as well as an eigenvalue of A of finite multiplicity}

and the essential spectrum o, (A) contains all real A for which there is a sequence
f1, f2, ... in D(A) such that || f,,|| = 1 for every v € N*, fi, f2, ... has no conver-
gent subsequence, and lim, oo (A — 1) f, = 0.

Further, the essential spectrum of A is stable under certain small perturbations.

Stability of the Essential Spectrum

If B: D(B) — X a linear, symmetric, such that D(B) D D(A) and such that B o
(A — )»)‘1 is a compact linear operator on X, for some A in the resolvent set of A,
then A + B is self-adjoint, and 0.(A + B) = 0.(A).
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24  Quantization of Angular Momentum

In the following, we are going to analyze the angular momentum operators in 3-space
dimensions, using closed invariant subspaces. In classical mechanics, the angular momentum
L= "(L1, Ly, L3) of aparticle is given by the cross product of its position § = (g1, 2, ¢3)
and its momentum p = (p1, p2, p3),

(L 92 P3 — 43 P2
L=|Ly|=gxp=|qpi—q1p3
Lj q1 P2 — q2 p1

Hence, corresponding minimal operators in quantum mechanics are Lio: Cé R3,C) —
LZ(R3), k € {1, 2, 3}, defined by

1:10f5=§<u2£—u38—i) , 1:20f5=l§<u3£—u1ﬂ> ,

i ous ou duj dus
) h{ af df
Laof == (w1 == —ur =) ,
30f ( ' 8u1>

for every f € Cé (]R3, C), where uy : R3 — R denotes the kth coordinate projection,
k € {1,2, 3}, defined by uy (it) := ity for all i = (i1y, 2, it3) € R3.

These operators are pairwise unitarily equivalent, where the corresponding unitary transfor-
mation is induced by a cyclic permutation of the coordinate projections. The proof is left to
the reader.

Exercise 1

I Prove that the operators L1o, Lo and L3 are unitarily equivalent.

Hence, we need to analyze only the operator L3. Since Cé (R3, C) is a dense subspace
of L%C(R3 ), L3g is densely-defined. Further, L3 is obviously linear. As a consequence of
“partial integration,” L3 is symmetric:
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A h 0 0
)= (o 2o
i Jp3 oup duq
h af* af*
=—7/ uj f —uy f -gduiduy duj
i Jr3 duy duy
h 3 af\
=_T/ ul—f— 2—f ~gdu1du2du3
i Jp3 duy duy

h af af\1"
= —\ug — —upy — - gdurduy duj
R3 L1 ouy duy

forall f,g € C(l) (R3, C), where Lemma 1.2.1 has been used.
In the next step, we change the representation, using a unitary transformation U induced by
spherical coordinates.

2.4.1 A Change of Representation Induced by Introduction of Spherical
Coordinates

First, we note the following Lemma.

Lemma 2.4.1 (Transformation of f,30 into Spherical Coordinates) For this, let Q C R3 be
non-empty and open. In addition, let Qp, C R3 be a non-empty open subset such

g(Qsph) =Q,
where g € C®°(R3, R3) is defined by
g(u, 0, ) := (usin(@) cos(¢), u sin(@) sin(¢), u cos(f)) ,

orall (u,0,¢) € Qpn. Finally, let f € C1(Q2, R). Then
P

9 9 af
(Ul a—f — U —f>(g(u, 0,9)) = —f(u, 0,9), (2.6)
up ouq dp

forall (u, 8, ¢) € Qpn, where f e C! (Rspn, R) is defined by
f(u, 0,0):=(fog)(u,0,9) = f(usin(@) cos(p), u sin(0) sin(p), u cos(9)) ,

Sforall (u, 8, @) € Qpp.
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Exercise 2

1 Prove Lemma 2.4.1.

The map g induces the unitary transformation
U:LAR?) — LA(Q,u*sin(®)) ,
where Q2 := (0, co) x (0, ) x (—m, ), defined by
Uf = fogla, @.7)
forevery f € Lé(R3). The inverse U ! of U is given by
U™l = fogla)™

forevery f € Lé(Q, u® sin()), where (glg) ™! : R?\Z — Qs given by

(@l )_1( ) (|u]|, arccos(uz/|u|) , arccos(uy/ u% + u%)) if up >0
8l u) =
(lu|, arccos(uz/|u|) , —arccos(uy/ u% + u% ) ifuy; <0

for all u = (uy,up, us3) € R3\Z, where Z := (—00,0] x {0} x R is a closed set of
Lebesgue measure zero. The proof that U is indeed an unitary linear transformation is
mainly an application of Lebesgue’s change of variable formula and is left to the reader.

Exercise 3

| Show that U is an unitary linear transformation.

As a consequence of Lemma 2.4.1,

~ h 0
UL30f=lT£va

forevery f € C(% (R3, ©).% Hence, ULy U™ is given by

3To simplify notation here and in the following, the same symbol can denote a coordinate projection
or a coordinate of a point. For instance, interchangeably u, 8 and ¢ will denote real numbers from the
intervals (0, 00), (0, ) and (—m, ) or the coordinate projections of R3\({0} x {0} x R) onto the
open intervals (0, c0), (0, ) and (—m, ), respectively. The definition used will be clear from the
context. In addition we assume composition of maps (which includes addition, multiplication etc.)
always to be maximally defined. For instance, the addition of two maps (if at all possible to define)
is defined on the intersection of the corresponding domains.
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ULyoU™'f=+ =,
i dg

for every f € C3(R, C).

In the next step, we are going to use the spherical symmetry of the system to decompose
into a countable number of densely-defined, linear, symmetric and essentially self-adjoint
operators. The basis for the reduction is Lemma 2.2.2.

2.4.2 Spherical Harmonics

A widely known decomposition of m
X := L(, u”sin(9)) (2.8)

in physics, into pairwise orthogonal closed subspaces suitable for an application of
Lemma 2.2.2 to spherically symmetric operators, is induced by spherical harmonics.

Lemma 2.4.2 (Spherical Harmonics) Let I = (—1, 1) and J := (—n, ). Form e N, v €
R, we define Ferrers function of the first kind, P, € C*(I, R) according to [56] 14.3.1
by

1 1
Pvﬂ?Z(x) — E 3 (1 +x)*l72/2 . (1 _x)771/2 . F <—U, v+ 1’172 + 1’ E . (1 _x)> s

where the Gauss hypergeometric function F is defined according to [1], for all x € I.
Further, according to [56] 14.3.5, we define for all m e N,( € {m,m+ 1, ...} Ferrers
function of the first kind, P;" € C*°(I, R), by

(¢ 4+ m)! —m
O AR

Finally, for C e N,m € {—(, —( + 1, ...,(}, we define Y;,, € C°(I x J,C) by

- 1 1\ ¢ —m)! id
Y, = — |/ ). —— . pm im-i 7
fm \/2;: ( +2> Ctmy ‘0 ®C

Then, the following is true.

(i) {ﬁ cetmidr sy e Z} is a Hilbert basis for L%C(J).
(ii) Foreachm € 7 is
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Table 2.1 Table of associated Legendre polynomials, where x € (—1, 1). For fixed m € Z, ( runs
through the natural numbers from |m| to co. As a consequence of (2.9), associated Legendre poly-
nomials corresponding to negative m are multiples of those with positive m

PP (x) [=0 [=1 (=2 (=3
m=0 i x F(3x2-1) 5 (5x2-3)

m=1 N/A —Vi-22 =aV1-2 (23 (k- 1) V-2
m=2 N/A N/A 3 (1 - x2) 15x (1 - x2)

m=3 N/A N/A N/A ~15 (1 —x2)3/2

1 ¢—-m!
<l+§>.(f+—m)!.P[ e {m], m+1,...}

a Hilbert basis for Lé(l) (Table2.1).
(iii)
{17[,,2 S(C,m) € U({k} x {—k,—k+1,... ,k})}

keN

is a Hilbertbasis for Lé([ x J).

The corresponding proof is not given here, but left as an exercise. We note that for every
meNand(l € {m,m—+1,...}, it follows that

&—-m!
([—i-—m)! - P 2.9)

N ¢+m! __,
\/(l+§) a—my T
_ m l . (¢ 4+ m)! ‘ (C —m)! o
- \/<l - 2) C—m) (C+m) ¢

_ n™ ! l (¢ —m)! pm
= <+2)'(5+m)!' £

Y[’(—m) = (_l)m ' ?;;n . (2.10)

P[}*I?Z — (_1)172 .

and hence that

resulting
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Table 2.2 Table of spherical harmonics, where (6, ¢) € (0, ) x (—m, 7). For fixed m € Z, ( runs
through the natural numbers from |m| to co. As a consequence of (2.10), it follows for every m € N
and( € {m,m+1,.. }that Yy (_,,) = (=) - Y}

‘m

Ym0, ¢) [=0 =1 [=2

m=0 N3 %\/gcos(e) %\/;[hos?(e) —1]
m=1 N/A —%\/;sin(e) ey —%\/gsin(e) cos(0) e'?
m=2 N/A N/A g\/gsmz(e) e2iv

We decompose X into subspaces Xy,

(C,m)ed = U{(E,n‘z) cme{—l,—(+1,....,0—1,(}},
(eN
using spherical harmonics. For this purpose, we use the following notation:

I:=0,00), J=0,7), K:=(—m,m)

and for each f € Lé(], u?), g€ Lé (J x K, sin(6)), where u denotes the identity map on
I and 6 denotes the projection of J x K onto the first component, f ® g € X is defined by

(f®g)w.0,9) = f(u) g0, 9),

for all u from the domain of f and all (8, ¢) from the domain of g.

For every (£, m) € 4, the space X, is then given by the range of the linear isometry
Ut : L3I, u?) — X, defined by

Umf:=f&Ym, (2.11)

for all f € Lé([, uz), where

Y (0, 9) = Yim(cos(6), ¢) ,

forall6 € J and ¢ € K (Table2.2).

The fact that Uy, is isometric is not difficult to prove by using Fubini’s theorem, par-
tial integration and the orthonormality relations for the spherical harmonics. The pairwise
orthogonality of the subspaces X, of X for all (£, m) € J follows by the same methods.
Finally, the fact that the span of the union of these spaces is dense in X is a consequence of
the completeness of the spherical harmonics.
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The corresponding sequence of dense subspaces Dy, of X;,,,, needed for an application
of Lemma 2.2.2 is chosen as follows:

D = U[,HC(%(I, (C) s
for all (£, m) € 9. That these spaces are also subspaces of
DULxU™") = UGy (R, ©))

follows from the fact that there is unique harmonic homogeneous polynomial of degree (,
e R3 — C such that
u' Yen(0., ) = p'(8(u. 6. 9)) |

for every (u, 6, ¢) € Q, e.g., see [67]. Therefore, it follows for every f € Cé([ , C) that
U W, 0,9) = fu)- Y@, 90) = f(u) - uil’ P;’n(g(u, 8, ¢))
= (d;" )18, 6. 9)]) - P (8w, 6, 9)) = {[Gd; 1) 0| 11+ pf"} (5w, 6, 9)
= {UIGd; ol 11 pHu,0,9) ,
for all (u, 6, ¢) € Q2 and hence that
Umf =ULGd ol 11-pf",

where
[Gd, " fol |1-pf e CAR3, C) .

Further, for every (£, m) € d and f € Cé(l, ©), it follows that

~ _ h 0
UMM/V®nm=7%f®nm=MU®nm

2.4.3 Analysis of the Reduced Operators
The final step in the application of Lemma 2.2.2 consists in the analysis of the reduced oper-

ators that are unitarily equivalent to the, densely-defined, linear and symmetric, operators
L3otm : €y, C) — LA, u?), (¢, m) € 9, defined by

Reduced Operators

Liorm f = mhf , forevery f € Ci(I,C).
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These reduced operators are restrictions of real multiples of the identical operator to the dense
subspace C(% (I,C)of L%C (1, u?) and therefore essentially self-adjoint. Hence, it follows from
Lemma 2.2.2 that L3 is essentially self-adjoint. Further, it follows from Theorem 2.2.4
that the spectrum o(f,g) of the closure I:3 of 1:30 is given by

o(Ly) =hZ,

and consists of eigenvalues of infinite multiplicity, and there is a complete set eigenvectors
of L3. Such a spectrum is called a pure point spectrum. The spectrum of L3 is not purely
discrete, since the eigenvalues are of infinite multiplicity. Finally, we arrive at the following
result (Fig.2.1).

Angular Momentum Operators

The angular momentum operators L 10 1:20 and 1:30 are densely-defined, linear, sym-
metric and essentially self-adjoint operators in Lé(ﬂ@) with a pure point spectrum
given by h.Z, consisting of eigenvalues of infinite multiplicity. Hence the spectrum is
not purely discrete. We note that this result differs significantly from classical mechan-
ics, since the values of components of the angular momentum operator in classical
mechanics are not quantized, but can assume any real value.

o 3h —oh —1h on 1h 2n 3n an s

Fig. 2.1 The spectral values of f,3, i.e., all integer multiples of A, are indicated by points.

2.4.4 The Operator Corresponding to the Square of Angular Momentum

We define the minimal operator i(z) : CS(R3, C) —» L%C(R3) corresponding to the square of
angular momentum by

Lif == Lo+ Lo+ L3 f
for every f € Cé (R3, C). We repeat the steps from Sect.2.4. First, we note the following
Lemma.

Lemma 2.4.3 (Transformation of i% into Spherical Coordinates) For this, let @ C R3\
({0} x {0} x R) be non-empty and open. In addition, let Q5,, C R3 be a non-empty open
subset such

g(Qsph) =Q,
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where g € C®°(R3, R3) is defined as in Lemma 2.4.1. Finally, let f € C*(S2, R). Then

(15— ) 4 (i) o1
"2 us "3 ouy "3 duq “ us ’

E) 3 \?

uy ouq

52 52
! |: f( 0, (p)—l—sm (9) f(u 0, @) 4 sin(0) cos(0) f(u 0, go)i|
sin?(0) 2

forall (u, 8, ¢) € Qpn, where f € CZ(QSP;,, R) is defined by
f(u, 0,¢9):=(fog)(u,b,p) = f(usin(@) cos(p), u sin(0) sin(¢), u cos(8))

forall (u, 8, @) € Qph.

The proof of this Lemma is left to the reader.

Exercise 4

1 Prove Lemma 2.4.3.

Further, we define U : L2 (R3) — L2 c(Q,u 25in(0)) by (2. 7) where Q := (0, 00) x
(0, w) x (—m, ). As a consequence of Lemma 2.4.3, UL2 U lis given by

R 72 52 52
ULGU f = ——— [ + sin? (0) 555 + sin(®) cos(©) —]f ,
sin“(0)

for every f € Cé(Q, ©).

In the next step, we are going to use the spherical symmetry of the system to decompose
into a countable number of densely-defined, linear, symmetric and essentially self-adjoint
operators. The basis for the reduction is Lemma 2.2.2. We define, X := L%C(Q, u? sin(9)),
for every ({, m) € 9 a corresponding linear isometry Uy, : Lé(l ,u?) — X, where [ :=
(0, 00), by (2.11) and the corresponding closed subspace X/, of X as the range of Uy,,.
Further, we define the dense subspaces Dy, of X, by

®l'm =Urn C%(I, C) s

for all (£, m) € J. Then, it follows for every (£, m) € d and f € Cé(l, ©)
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Ui% U_1f® anz
N | R 9
= _F(Q) [W + sin“(0) FY) + sin(@) cos(0) FY)

=R+ D) f R Yepum

i|f QYrm

where we used that

1

92 3 7?
——— 17 +|sin(0) — Yoo =0+ 1) Y, .
sin2(9) 8(02 |: ( ) 39:| tm ( ) tm
The final step in the application of Lemma 2.2.2 consists in the analysis of the reduced
operators that are unitarily equivalent to the, densely-defined, linear and symmetric operators

I:%l'm : C(%(I’ (C) - L((Zj(l» Mz), defined by

Reduced Operators

LY. f =R+ 1)f , forevery f € C}(I,C).

These reduced operators are restrictions of real multiples of the identical operator to the dense
subspace Cg (I,C)of L%C (1, u®) and therefore essentially self-adjoint. Hence, it follows from
Lemma 2.2.2 that f,% is essentially self-adjoint and from Theorem 2.2.4 that the spectrum
o(f,z) of the closure £2 of [:(2) is given by

oL =R{C+1):(eN},

consists of eigenvalues of infinite multiplicity, and that there is a complete set eigenvectors
of L?, i.e., the spectrum is a pure point spectrum. The spectrum of L? is not purely discrete,
since the eigenvalues are of infinite multiplicity. Finally, we arrive at the following result
(Fig.2.2).

Angular Momentum Operators

The square of the angular momentum I:% is a densely-defined, linear, symmetric and
essentially self-adjoint operator in Lé(R3) with a pure point spectrum given by

RAC+1):CeN},
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consisting of eigenvalues of infinite multiplicity. Hence the spectrum is not purely
discrete. Again, we note that this result differs significantly from classical mechanics,
since the values of the square of the angular momentum in classical mechanics are
not quantized, but can assume any positive real value.

A ~ A A A 72

. . - o(1?)
0n?  2n? 6> 12k 207>

Fig. 2.2 The spectral values of L2 ie.all positive integer multiples of 12 of the form ((( +

l)hz, where [ € N, are indicated by points.

2.4.5 The Commuting of the Operators i3 and 1.2

For the proof, we note that according to the analysis inside the Sects.2.4.4, 2.4.3 and
Corollary 2.2.3, the operators U F'LyU~" and UR2L2 U, where the unitary trans-
formation U : LA(R?) — X := L%(Q, u”sin()) is defined by (2.7), coincide with the
operator

m'idX/‘m

and the operator
((+1).idy,, ,

respectively, on the pairwise orthogonal subspaces X/, < X, (£, m) € J, defined by (2.11).

Hence, it follows from Lemma 2.2.1 and for o, T € R that
eioUh—‘i3 v-! — oiom g itUR2L2U~!

_itl((+1)
|X/m =e Xem > e |X/'m =e 'ldX

(m *

As a consequence,

=0.

: -7 -1 —27277—1
[elaUh Lyu™! itUn?iU
X{'nz

Since the span of the union of all X;,,, (£, m) € 4, is dense in X, this implies that

: 17 -1 —272 -1
[ezaUh Lyut! itUn?irU ]:O.

Taking into account that this is true for all o, T € R, it follows from Theorem 2.1.1 that
Uk 'L3 U~ and Uh=2L? U~! commute and hence also that L3 and L? commute.

25 Symmetry and Invariance

Symmetry transformations are of fundamental importance in the whole of physics. For
instance, Euclidean space is homogeneous and isotropic, i.e., there is no preferred location
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or direction in space. Therefore, a free particle in space cannot “know” its location nor
orientation in space, and hence the physical system is in some sense “invariant” under rigid
transformations, the symmetry transformations of Euclidean space. On the other hand, in
general, interactions need not be compatible with rigid transformations.

In quantum mechanics, to every rigid transformation, there corresponds a unitary linear
operator U : X — X on the state space X. The physical system is invariant under U if U
leaves the time evolution operators invariant.

Definition of a Symmetry of a Quantum Mechanical System

In the following, we are going to adopt the definition that a symmetry of quantum
mechanical system is given by a unitary linear operator U on the state space X that
leaves invariant every member of the family (U (#));cr of time evolution operators,
see (3.2),1i.e., U is an unitary linear operator such that [U, U ()] = 0, forevery ¢t € R.

Hence if U is a symmetry of the system and
(R=>X,t=U({t—1)f)

is the path in the state space, of the system corresponding to the initial data f € X\ {0} at
time 7y € R, then
(R—=>X,t—=UUECt—-1)f)

is the path of the system corresponding to the initial data U f € X\ {0} at time 75. We note
that for this to be true, it is essential that U is unitary.

In the context of time evolution, we remind the reader the method of the book, to deal
with physical dimensions in operator theory. In this text, physical operators are always of
a particular form, namely multiples of dimensionless operators. The only place, where the
physical dimension appears in observables is in the constant multiplying the dimensionless
operator, in this way giving the operator as well as its spectrum the right physical dimension.
In particular, in the case of time evolution, the situation is as follows. The Hamilton operator
H is of the form H = goA, where A is a dimensionless operator and g9 > 0 is a constant
with the dimension of an energy. Hence

Ul = e_ixﬁH = e_i%A ,

where 8—}{, forevery t € R, and A are dimensionless, in this way, allowing a clean application
of the spectral theorem for the operator A. Having this in mind, we are going to prove a
sufficient condition for a symmetry of a physical system.
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A Sufficient Condition for a Symmetry

If H is the Hamilton operator of the system, and U is an unitary linear operator such
that
HU>UH , (2.13)

i.e.,ifforevery f € D(ﬁ), it follows that U f € D(I:I) as well as that ﬁUf = Uﬁf,
then U is a symmetry of the system.

For the proof, we note that if U is an unitary linear operator that satisfies (2.13), then U
leaves the domain D (H) of H invariant, i.e.,

UD(H) c D(A) .
Further, for f € D(I-AI ), the unique solution u# : R — D(I:I ) of the Schrodinger equation
ihau'(t) = Hu(r)
such that u(0) = f, where ' denotes the ordinary derivative of a X-valued path, is given by
ul®)=U@)f
forallt € R. Hence Uou : R — D(ﬁ) is differentiable such that

ih.(Uou)(t)=Uihu'(t) = UHu(t) = HUu(t) = HU o u)(1) ,
Uou)(0)=US .

for every ¢ € R. Hence, it follows from Stone’s theorem that
UUMDf=Uouwyt)y=Um®)US ,

for every ¢t € R. Hence, it follows for every ¢ € R that the bounded linear operators U U (¢)
and U (¢) U coincide on D(ﬁ ). Since D(ﬁ ) is dense in the representation space X, this
implies that

(U, U®]=0,

for every ¢ € R and hence that U is a symmetry.

Generically, the exact domain of Hamilton operator is unknown, so that (2.13) can rarely
be checked explicitly. What is usually known, is a core for H that is invariant under U.
Indeed, it is sufficient to check (2.13) for the restriction of H to such a core.
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A Sufficient Condition for a Symmetry I1

If H is the Hamilton operator of the system, D C D(H) acore for H,and U an unitary
linear operator that leaves D invariant and such that for every f € D, it follows that
HUf = UH f, then U is a symmetry of the system.

For the proof, let f € D(H).Since D C D(H)isacore for I:I,thereisasequence Sisooos [
in D such that

lim f, = fand lim Hf, =Hf .
V—>00 V—>00
Hence,
lim Uf, =Ufand UHf = lim UHf, = lim HUf, .
V—>00 V—>00 V—=>00

Since H is closed, if follows that Uf € D(H) and HUf = UH f.

We note that if U is an unitary linear operator on the state space satisfying (2.13), then
it follows from the spectral theorem, Theorem 12.6.4, that U commutes with every
function f(H) of H,

(U, f(E)] =0,

for every f € U(E(U(I:I )) . In particular, U commutes with the spectral projections
corresponding to H and, in particular, leaves its eigenspaces invariant..

In the following, as an example of the treatment of rigid transformations in quantum mechan-
ics, we consider unitary representations of the translation group, (R", 4) and the orthogonal
group, O (n), in Lé(R“), n € N*. Only later, we switch to the case that n = 3, which is of
primary interest.

2.6 An Unitary Representation of Translations in Euclidean Space

For every v € R", we define a corresponding translation 7, € L(R", R") on (R", +) by
Ty(u) =u—v,
for every u € R". Further, for every v € R" and f € L?C(]R”), we define

Ur,f i=foT, .
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Sinceis Tv_1 =T_, isinparticularaCl—diffeomorphism, it follows that f o Tv_1 € L%(R”),

||Uva||%=/ |Uva|2dv"=/ 1fo T, P [ det(T, V)| dv”
Ril Ri’l
=/ ISPy =/ [F12dv" = I £13
T, (R R~

1Uz, fllz2=1flz2 .

Further, Ur, is obviously linear. In addition,

and hence that

Uy =idp2@ny » Ur,or, = Ur, o Ur,,

for all vy, v € R". As a consequence, for every v € R”, the corresponding U7, is a linear
isometry, with a linear isometric inverse and hence unitary linear, where we use the polariza-
tion identities for C-Sesquilinear forms on complex vector spaces, see Theorem 12.3.3 (ii)
in the Appendix. Hence, we arrive at a unitary representation of (R”, +) on L%C(R”),

U:(R", +) — L(LAR"), LA(R") ,

defined by
Uw) :=Urg,,

for every v € R”, i.e., U has its images in the set of unitary linear operators on L%(R") and
satisfies
U@ = idLé(Rn) , Ui +v2)=UW1)oU(va) .

for all vy, v, € R".
In addition, U is strongly continuous. i.e., if vy, vy, . .. is asequence in R” that converges
componentwise to v € R”, then

lim [[[U(vy) —UW)]fll2=0,
V— 00
for every f € Lé(R”). For the proof, we note that for every v € R" and f € L%(R"),

U)f=foTl,'=fol.,.

Hence if vy, v2, ... is a sequence in R” that converges componentwise to v € R"” and f €
Lé(R”),then itfollows that the corresponding sequence U (v1) f, U (v2) f, . . . convergences
a.e. pointwise to U (v) f. This implies that the sequence

LU (1) — U@]fI% U @) — U, ...
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convergences a.e. pointwise to 0. For the next step, we assume temporarily that f is in
particular continuous, with a compact support contained in Ug (0), for some R > 0. Then,
it follows for very v € N* that U (v,) f is continuous such that

supp(U (vy) f) C —vy, + Ur(0) ,

since Ty, is in particular continuous, implying in particular that U (v,) f is continuous with
a compact support and that

U @) fl < M1 flloo X —vy4UR(0) -

Since vy, v2,... converges componentwise to v € R", it follows that the sequence
|vi], [v2], ... is in particular bounded by some p > 0. This implies that

U @) fI < 1 flloo XUpir00) 5
for every v € N*, and hence that the members of the sequence of integrable functions
U 1) = U] IV () = UIfP ..

are dominated by an integrable function. Hence it follows from Lebesgue’s dominated
convergence theorem that

Jim (U@ f = U@ fl2=0.

In the next step, we go back to the general case. Since Co(R", C) is a dense subspace of
Lé(R”), for every u € N*, there is f;,, € Co(R", C) such that

1
[ fu—Sfll2< —.
a I
Hence it follows for every v € N* and every u € N* that

U @) f = U@)fll2
=1U@)f =U@) fu+U@) fu =U@) fu +UQ@) fu =U@)fl2
SN @) = fll2 + 11U @) fu = U Q) fullz + 1T @) (fe = Hll2

2
< m + 11U (o) fu — U @) full2
If ¢ > 0 and € N* is such that . > 4/¢, then

U f =U@)fl2 < % F U @) fu = U Q@) full2 -
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Further, since
Jim U@ fu = U fulh =0,

there is vp € N*, such that

IU(y) fu = U ) full2 <

El

| ™

for every v € N* such that v > vy. Hence, it follows that

W) f-U@fll2<e,

for every v € N* such that v > vy. Since this is true for every ¢ > 0, we conclude that

lim [U@)f =U@fll2=0.

2.6.1 Generators Corresponding to Continuous One-Parameter
Subgroups

In the following, let v € R". Then V : R — R”, defined by
Vis) =sv,
for s € R, is a continuous group homomorphism, i.e., such that
Visi+s2) = Vis)) + Vi(s2) ,

for all s1, s2 € R and such that, for every sequence sy, 52, ... in R that is convergent to s €
R, the corresponding sequence V (s1), V(s2), ... converges componentwise to V (s), then
U o V is a strongly continuous one-parameter unitary group. According to Stone’s theorem,
there is a unique densely-defined, linear and self-adjoint operator Ay in X := L% (R™) such
that

explisAy) = (U o V)(s) ,

for every s € R and, in particular, that Ay : D(Ay) — X is given by
1
D(Ay) = {f €eX: lim -[(UoV)(s)—idx]f exists}
s—0,5#0 §
and for every f € D(Ay)

1 1
Ay f = 7 s—}%)I,I;l;éOE [((UoV)(s)—idx] f .
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If fe Cé (R", ©), then it follows from the mean value theorem in several variables the
existence of C > 0 such that

lf) = f@l < Clv—ul,

for all u, v € R". Further, if R > 0 is such that supp(f) C Ur(0), we conclude for every
s € R, u € R” that

LU o V)(s) £1w) — Fa)|* = | Fu+sv) — fF@)]” < o s)?
and hence that

1 2
S [U oY) f — F1| < CP ol X Uiy -
S

for every s € R*. Further,

1
lim o5 {[(U o V)(s) —idx] f} (u) = (v-Vf)u),

s—0,5F£

for every u € R". As a consequence, if 51, 52, ... is a sequence in R* that is convergent to

0, then
( 2)
veN*

is a sequence of integrable functions that is everywhere on R” convergent to the O-function
on R3 and whose members are dominated by the integrable function

1
S—[(UoV)(Su)f—f]—v-Vf

2C% I Xygygp@ + 210 VI

where § > 0 is a upper bound for the sequence |s1], |s2],.... Hence, it follows from
Lebesgue’s dominated convergence theorem that

2
lim l[(UoV)(sv)f—f]—v-Vf dv" =0,
v—=>00 Jpn | $)
1.e., that
lim ’i[(UoV)(sv)f—f]—v-Vf =0.
v—>00 || 8§y, 2

We conclude that Cé (R",C) C D(Ay) a well as that

1
Ayf=-v-Vf,
l
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forevery f € Cé (R", C). Hence, forevery k € {1, ..., n}, A, is a self-adjoint extension of
(Tuc) ™! pro. Since pro is essentially self-adjoint, with self-adjoint extension py, this implies
that

P = hi Ag, .

Hence, we arrive at the following.

Connection Between Space Translations and the Components of Momentum

For every k € {1, ..., n}, the following representation is true
s

- Br) f = f o (idzn +ser) (2.14)
K

exp (i

for every f € Lé(R”) and s € R.

Using (2.14) and (1.1), for k, [ € {1, ..., n}, it follows that
T
i

= explio (u; + t8k)] - [f o (idrr + 7 ex)]
=exp(iot §x) expliou;) - [ f o (idrr + T ex)]

. ~ . A LT .
exp(i = i) expliowc g f = exp(i - pi ) explioun) f

= exp(ito 8k) exp(iou;) exp(i hi ﬁk) f
K

ﬁk)f,

= exp(ito &) expliok q;) exp(i hi
K
where 7,0 € R, f € Lé(R") and &y, is defined as 1 if kK = [ and 0O, otherwise.

Hence we arrive at Weyl’s form of the canonical commutation relations. These relations are
required to be satisfied by the quantizations of the canonically conjugate observables of the
classical system, momentum and position.

Weyl’s form of the Canonical Commutation Relations for the Components of
Momentum and Position

Forevery k € {1, ..., n},

eir (hk)’lﬁkeial( z}lf — eiroSkleiak c}leir (hue) "L p , (2.15)

where 7,0 € R, f € Lé(R”) and §y; is defined as 1 if kK = [ and 0, otherwise.
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The reader might wonder, whether there is a connection of the components of the position
operator g1, ..., g, to an one-parameter unitary group of translations. Indeed, this is the
case. For the proof, we assume that k € {1, ..., n}. Then

Fs 'explisAg) Paf = Fy '[(Faf) o (idgn + sex)] = Fy ' Fye U f
= e O f = exp(—isk gu) f
for every f € Lé(]R”) and s € R, where we used (1.1). Hence, it follows that
exp(isk o) f = Fy '[(Faf) o (idpn — sex)] = Fy 'exp(—isAgy) Faf

forevery f € L%C(R”) ands € R. Asaconsequence, exp(isk gx) corresponds to a translation
in momentum space, for every s € R. Further,

R _ 1
qk = F2 l(—; Aek>F2 .

and hence g coincides with the closure of

X
F;l(ch(R", C) —» LZRY), f > = —f>F2 .
K 0vk

Hence, we arrive at the following.

Connection Between Translations in Momentum Space and the Components of
Position

Using in addition (1.1), we arrive for every k € {1, ..., n} at the following represen-
tations,

exp(isk Gi) f = exp(isug) f = Fy '[(Fof) o (idgn — sep)] (2.16)

for every f € L%C(R”) and s € R, where u; : R” — R denotes the kth coordinate
projection, defined by wuy (i) := iy for all u = (g, ..., u,) € R". In addition, g
coincides with the closure of

Fy (cg%w, C) > LAR"), f > — E)Fz .
K 0vk
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2.7  AnUnitary Representation of Orthogonal Transformations
in Euclidean Space

For every n € N*, we define O (n) to consist of all real n x n matrices M satisfying
M* M=E, (2.17)

where - denotes matrix multiplication, E the n x n unit matrix and M* the transpose of M.
We note that the latter implies that

1 =det(E) =det(M* - M) = det(M*) - det(M) = [det(M)]2
and hence that
det(M) € {—1, 1} .

Therefore M is invertible and M~' = M*, i.e., M is an orthogonal matrix. Also, according
to definition, every orthogonal matrix M is invertible such that M~! = M* and hence is
satisfying (2.17). As a consequence, O(n) coincides with the set of orthogonal n x n-
matrices. Also, since

(M{ M) MM, = M;MTMlMZ =F, EXE=FEE=E,

MY M '=MYM ' =M =E,
forall My, M> € O(n), O(n) is a subgroup of the general linear group, the so called orthog-
onal group in dimension .

For every real n x n matrix M, we define the corresponding transformation Ty €
L(R", R") by

n n
Tyu =M -u = (ZMlkuk,...,ZMnkuk) ,
k=1

k=1

for every u = '(uy, ..., u,) € R", where uy, ..., u, € R are the components of the vector
u. For every M € O(n), we note that

(Tyul Tyu)e =Y (Tagu)j - (Tygu)j = Y (Z Mjk“k) : (Z Mjlul)
k=1 =1

j=1 j=1

n n n n n n
ZZZZMjijlukul:ZZ ZMZ(ijl Urup

j=1k=1I=1 k=11=1 \ j=1

n n n
2
= ZZEklukul = Z”k = (ulu), ,
k=1

k=1 1=1

for every (). : R" x R" — R denotes the canonical scalar product for R", defined by
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(vlw), ;= viwy + ... vw, ,

for all vectors v = '(vy,...,v,), w = Ywy, ..., w,) € R", where vy,...,v, € R and
wi, ..., w, € R are the components of the vector v and w, respectively. Hence, Ty, pre-
serves the scalar product, i.e., is a orthogonal linear transformation. As consequence, Ty is
injective and hence also bijective.

On the other hand, if T € L(R", R") preserves the canonical scalar product and M is the
representation matrix of 7 with respect to the canonical basis of R",

(Trem| Trem). ZZ ZMk]Mﬂ (emk (em )i

k=11=1 \ j=l1

= ZM;;,J'Mjm/ = <€m|€m’>c = Enmw

and hence that (2.17) is true. Here, e, ..., e, € R" is the canonical basis of R”.
Asaconsequence, if T € L(R", R") and M is the representation matrix of 7 with respect
to the canonical basis of R”, then T is orthogonal if and only if (2.17) is true.
Further, we note that

Tg =idrn , Tomyipm =Ty + BTy o Tvtysty = Ty 0 Ty,
forall @, B € R and real n x n matrices M|, M5. In particular, it follows for M € O (n) that

dpn =T =Ty yy=Ty-10Ty ,

implying that
Ty =Ty = Ty~
For later use, we note that for every real n x n matrix M and v = Yy, ..., v,) € R", where
V1, ..., v, € Rare the components of the v, it follows that
2 n
() <3| (50) ()
1 j=1 k=1

n n
SO M| i,

j=1k=1

where we define
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forevery w = Y(wy, ..., w,) € R", wherewy, ..., w, € Rarethe components of the vector
w. Hence
1/2
n n
2
Tuol < [ DD M| 1ol (2.18)
j=1k=1

as well as for all real n x n matrices M1, M

0 1/2
2
[(Tvt, = Tuvl < [ D0 D IMaje = MyjP| - Ivl
j=1 k=1
forevery v € R". Hence, if M|, M>, ... is asequence of real n x n matrices that converges
componentwise to a real n X n matrix M, then
lim [Ty, v—Tyv|=0, (2.19)
V—> 00

for every v € R".

2.7.1 An Unitary Representation of O (n) on L% (R")

For every orthogonal T € L(R"*,R") and f € L%(R”), we define
Urf:=foT .

Since is 77! is in particular a C!-diffeomorphism, it follows that f o T~! € L%C(R”),
U 13 = / Ur f1?dv" = / |f o TP+ [det(T ™) dv"
R? R”

=/ P v =/ P = If12
T*I(R") R~

10T fll2= 11112 -

Further, Ur is obviously linear. In addition,

and hence that

Uian = idL%(R") , UT10T2 = UT] o UTg s
for all orthogonal 71, T, € L(R", R"). Hence, we arrive at a map
U:O(m) — L(LAZR"), LAR") ,

defined by
um) =Ur, ,
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for every M € O (n), satisfying
U(E) =idpa gy » UMy - M2) =UMy) o U(M2) , (2.20)

for all My, M, € O(n). As a consequence, for every M € O (n), the corresponding U (M)
is a linear isometry, with a linear isometric inverse and hence unitary linear, where we use
the polarization identities for C-Sesquilinear forms on complex vector spaces, see Theo-
rem 12.3.3 (ii) in the Appendix. Hence, U is a unitary representation of O (n) on L%(R”),
since it images are in the set of unitary linear operators on Lé(R”) and since it is satisying
(2.20), for all My, My € O(n).

In addition, U is strongly continuous, i.e., if M1, M>, ... is a sequence in O(n) that
converges componentwise to M € O(n), then

Jim ([[U(My) = UM fll2=0,

for every f € Lé(R”). For the proof, we note that for every M € O(n) and f € Lé(R"),
UM)f =Ur, f=foTy =foTy.

Hence if M, M, ... is a sequence in O(n) that converges componentwise to M €
O(n) and f € L%(R”), then it follows from (2.19) that the corresponding sequence
UM f,UM)f,... convergences a.e. pointwise to U (M) f. This implies that the
sequence

U My) — UM U M) — UMD, ..

convergences a.e. pointwise to 0. For the next step, we assume temporarily that f is in
particular continuous, with a compact support. Then, it follows for very v € N* that U (M,,) f
is continuous such that

supp(U(M,) f) C Tm, (supp(f)) ,

since Ty, is in particular continuous, implying in particular that U (M, ) f is continuous with
a compact support and that

[UMy) f1 < 1 f lloo X Ty, supp(£)) -

Since My, M3, ... converges componentwise to M € O (n), it follows from (2.18) the exis-
tence of C > 0 such that for every v € N*

| Tm, vl < C - v,
for every v € R" and at the same time such that

[Tmv| < C- o],
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for every v € R". In particular, this implies that
UM) fI < 1 f lloo XC.(supp(f)) -
and hence that the members of the sequence of integrable functions
[UM1) = UMDIf P, NIU (M) = UGDISI, ..

are dominated by an integrable function. Hence it follows from Lebesgue’s dominated
convergence theorem that

Jim [UMy) f = UM) fll2=0.

In the next step, we go back to the general case. Since Co(R", C) is a dense subspace of
L%C(R"), for every u € N*, there is f,, € Co(R", C) such that

1
I fu—flla < — .
a 1
Hence it follows for every v € N* and every u € N* that

IUM,) f = UM)fll2
=[lUM,) f = UMy) fu +UMy) fru = UM) fru +UM) fru = UM) fll2
S NUM)f = fdll2 MU M) fr = UM) frlla + 1UM)(f = 2

2
< n +INUMy) fru = UM) full2 -
If ¢ > 0 and u € N* is such that u > 4/e, then
3
IUMy) f—UM)fl2 < >t I1UMy) fu — UM) full2 -

Further, since
lim |[UM,) fu —UM) fullo =0,
V—>00

there is vy € N*, such that

1UM,) fu = UM) full2 <

’

| ™

for every v € N* such that v > vg. Hence, it follows that
UM f—-UM)fl2<c¢,
for every v € N* such that v > vy. Since this is true for every ¢ > 0, we conclude that

lim (UM, f = UMD fla=0.
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2.7.2 Generators Corresponding to Rotations About the Coordinate
Axes in 3 Space Dimensions

If
M:R,+)— On)

is a continuous group homomorphism, i.e., such that
M(s1 +s2) = M(s1) - M(s2) ,

forall s1, s> € R and such that, for every sequence s1, s2, . .. in R thatis convergenttos € R,
the corresponding sequence M (s1), M(s2), ... converges componentwise to M(s), then
U o M is astrongly continuous one-parameter unitary group. According to Stone’s theorem,
there is a unique densely-defined, linear and self-adjoint operator A in X := Lé(R”) such
that

explisAy) = (U o M)(s) ,

for every s € R and, in particular, that Ay : D(Ap) — X is given by
1
DAy)={feX: lim -[(UoM)(s)—idyx] f exists}
s—0,5#40 §
and for every f € D(Auy)
| B 1 .
Auf=~ lim ~[(UoM)s)—idx]f .
1 s—>0,5#40 §

In the following, our main cases of interest is n = 3 and rotations about the coordinate axes,

M;:R— 0(@3),
j €{1,2, 3}, where
1 0 0 cos(s) 0 — sin(s)
M; =10 cos(s) sin(s) | , My = 0 1 0 ,
0 — sin(s) cos(s) sin(s) 0 cos(s)

cos(s) sin(s) O
M3 = | —sin(s) cos(s) 0
0 0 1

In the following, we analyze U o M3.1f f € Cé (R3, C), then it follows from the mean value
theorem in several variables the existence of C > 0 such that

lf) = fl < Clv—ul,
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for all u, v € R3. Further, if R > 0 is such that supp(f) C Ug(0), we conclude for every
s € R,u = (uy,up,u3) € Ur(0) that
2

LU o M3)(s) f1(u) — f(u)]

= | f(cos(s)uy — sin(s)uz, sin(s)uy + cos(s)uz, u3) — f(ur, uz, u3)|2

< C% - |((cos(s) — Duy — sin(s)uz, sin(s)ug + (cos(s) — Dua, 0)|2

= C?[(cos(s) — 1) + sin® ()] (u7 + u3) =2 C?[1 — cos(s)](u} + u3)

—4c? sin2<%> ? +ud) < C2R?*s?

and hence that

1 2
ol < C? R* Xypo) »

for every s € R*. Further,

li 1{[(U M3)(s) —idx] f} () o7 o ()
im - o s) —1i u) = —— —uy — | (u
s—0,5#0 § 3 X “ ouy 2 duy
for every u € R3. Asa consequence, if 51, 52, ... is a sequence in R* that is convergent to
0, then
1 af 8f
— (U o M3)(sv) f — f1—(u1— —u
Sy duy 8u1 -

is a sequence of integrable functions that is everywhere on R* convergent to the 0-function
on R? and whose member are dominated by the integrable function

af P
Uy —— — Uy ——

2C%R* X 2
Ur) + s du

Hence, it follows from Lebesgue’s dominated convergence theorem that

2
im [ | U0 My)su)f — f1— (ulﬁ— 2£) v’ =0,
V=00 JR3 |8y 3142 8’41
1.e., that
0 d
lim H—[(Uongsu)f f1- (ula—f— f) =0.
u 3u1

We conclude that C0 (R3,C) c D(A Mm;) a well as that

AM;f—l< 1ﬂ—u 8f>’

duy ouq
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for every f € Cé (R3, C). Hence, A M, 1s a self-adjoint extension of h_lf,3o. Since f,go is
essentially self-adjoint, with self-adjoint extension L3, this implies that

Ly=hAy, .
Analogously, it follows that
Ly=hAy, . Ly=hAy, .

Hence, we arrive at the following

Connection Between Rotations About the Coordinate Axes and the Components
of the Angular Momentum

For every k € {1, 2, 3}, the following representation is true
exp(i % ik) f=fo(Ms)-idgs) ,

for every f € Lé(]l@) and s € R, where My : (R, +) — O(n) is given by

1 0 0 cos(s) O sin(s)
M1 = | 0cos(s) —sin(s) | , My = 0 1 0 ,
0 sin(s) cos(s) —sin(s) 0 cos(s)

cos(s) —sin(s) 0
sin(s) cos(s) O
0 0 1

M;

2.7.3 Symmetries of Perturbations of the Free Hamilton Operator

In the first step, we study the transformation of A f, where f € CZ(]R” , ©), under coordinate
transformations 2 € C*°(R", R"). For this purpose, we define

]F:=foh_1

such that

f=foh.

Then it follows by the chain rule
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0 oy =5 e OF
——(u) = Zauj(”) ()

BuJ —
82
au-aa,-(”)
" 9%h ", 9h oh
—Z 1 (h( ))+Z—’()a—u"<) fl(h(u))
k=1 !

B dhy  dhy "L 0%m af
Z PRCECE l(h(u>>+k§ Tty g P

k= 13”’

foreveryu e R" andi, j € {1,...,n}.
Next, we consider the case that /# coincides with a space translation, & = T,,, for some
v € R". Then

82 2 f
—f( ) = —f(h( ) f () = / (h(u)) ,
Ou;ou u;du
foreveryu € R" and i, j € {1, ..., n}. Hence if v € R”", then
Af=(f)oh,

or equivalently,
(Af)oh ™' =A(foh™ly.

‘We note that
U)f=Urf=foT, ",
for f € L? ¢ (R™). Hence it follows for f € C0 (R", C) that
UwAaf=2aUW[f,

where we use that U(v) f = f o Tv’1 € Cg(R", C). Since C&(R", C) is a core for the free
Hamiltonian A that is left invariant by U (v), it follows that

For every v € R”, the correspondlng unitary linear operator U (v) on L2 c(R") is a
symmetry of the free Hamiltonian H from Sect. 1.4.

Further, going back to beginning of this section, we assume that % is linear. Then all partial
derivatives of the first order are constant, and it follows that
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OF = S O
B 0= ];Mk, GUCOR

92 . *f
/ )= Y My My " (hwy) |

Ou;ou Pyt dugouy
foreveryu € R" and i, j € {1, ..., n}, where the real n x n-matrix M is defined by
oh;
M,‘j =,
8uj
foralli, j € {1,...,n}. As a consequence,

(h( )

(D)) = Z (ZMk, Mzz)

k,I=1

()

k,l=1

- Z (M - M*)

k=1

> f
3 8u,(h(u))’

for every u € R". Hence, if M € O(n), then

Af=(Af)oh,

or equivalently,
(Af)oh ™' =A(foh™).

‘We note that
UM)f =Ur, f=foT,

for f € LZ(R"), and
n n
Tyu =M -u = (ZMlkuk, R ZMnkuk) ,
k=1 k=1
for every u = "(uy, ..., u,) € R". Hence

(Tm)i

=M,
ou Y

foralli, j € {1,...,n}, and it follows for M € O(n) and f € Cg(R”, C) that

UMAf=AUM)f,
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where weusethat U(M) f = f o Tﬂ;l € C(% (R", C).* Since Cé (R"*, C) is a core for the free
Hamiltonian H that is left invariant by U (M), it follows that

For every M € O(n), the corresponding unitary linear operator U (M) on Lé(R“) is
a symmetry of the free Hamiltonian A from Sect. 1.4.

In Sect. 1.6, we showed forn < 3 and V e LZ(R") 4+ L°°(R") that the densely-defined,
linear and symmetric operator

Hyo : C3(R",C) — LA(R")
in Lé(R”), defined by

2,2 2,2

A hek hek 2m
Hyof = — o Af+Vf=W<—Af+h2—Ksz) ;

forevery f € C% (R", C), is essentially self-adjoint. In addition,
[‘AIVO =H+ Ty ,

where H is the free Hamiltonian from Sect. 1.4 and Ty denotes the maximal multiplication
operator with V in Lé(R”), and

D(F]_VO) — D(A) C Co(R",C) .

If V is in addition a central potential, possibly singular at the origin, of the form V o |,
where V : (0, o0) — R, then it follows for M € O(n) and f € Cé(R”, C) that

UM)Hyof = HyoUM)f ,

where weusethat U(M) f = f o TA;I IS Cé(R", ©). Since Cg(]R”, C) is a core for H+ Ty
that is left invariant by U (M), it follows that

4 The latter can be seen as follows. Since Tl;ll € C®(R", R"), we have UM) f € CZ(R", C).
Further, if u ¢ Tjs (supp(f)), then TA;I u ¢ supp(f) and hence (U(M) f)(u) = 0. As consequence,

(U M) £)~1(C*) C Ty (supp(f)) as well as supp(U (M) ) C Tyz (supp(f)), since Tys (supp(f))
is compact, as image of a compact subset of R” under a continuous map. Hence supp(U (M) f) is a
compact subset of R” and U(M) f € Cg(R", ©).
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Ifn < 3and V € L?(R") + L>®(R") is in addition a central potential, of the form V o
| |, for some a.e. on R defined function, then for every M € O(n), the corresponding
unitary linear operator U (M) on Lé(R") is a symmetry of H+ Ty, where H is the
free Hamiltonian from Sect. 1.4, and Ty denotes the maximal multiplication operator
with V in LA(R").

We note that the potential corresponding to the case of an electron in the Coulomb field of
a nucleus containing Z protons,

where e denotes the charge of an electron, is a central potential satisfying V e L2(R") +
L>® (Rn ) .

2.8 An One-Parameter Group of Symmetries

The potential functions of classical physics are not unique. The addition of a constant to a
potential function leads to another physically equivalent potential function, since the force
fields, given by the negative of the gradients, corresponding to both functions coincide. In
short, potential functions of classical physics are unique only up to constant. This fact has
its reflection in quantum mechanics. The easiest way to see this is as follows.

If A is the Hamiltonian of a quantum mechanical system and f € D(H), the unique
solution u : R — D(H) of the Schrodinger equation,

iha'(t) = Hu(t) ,

such that u(0) = f, where ’ denotes the ordinary derivative of a X-valued path and (X, (|))
is the representation space, is given by

u(t) = ol (r/h)f}f

for every ¢ € R. For the next step, let w € R, have the dimension 1/Time. Then, we define
v:R — D(H) by
v(r) = e u(r) ,

for every ¢ € R. In this, it is important that according to our definition of physical states,
for every ¢ € R the corresponding u(t) and v(t) describe the same physical state, if f # 0.
Further, we note for ¢ € R that
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% [w(t + 1) —v(r)] = % [T Du(t + 1) — e lu(r)]
iowt

¢ [el'wfu(t +1)— u(t)]
T
. . 1 elet _
= {el‘”’— (@ +1) —u@®)] + —— u(t)} ,
T T
for every T # 0 and hence that v is differentiable in 7, with the derivative
V(1) = N () + iou(t))
and hence that

ih' (1) = ik’ (t) — hou(t)] = €' (H — ho)u(t) = (H — ho)v(t) ,
v(0) = u(0) = f .

Since D(H) is dense in X, we conclude that
e—(it/h)(ﬁ—hw) B (t/hH '
Hence, for every f € X\ {0}
C*e—(iz/h)(ﬁ—ﬁw)f — CFet (z/h)f}f ’

forevery t € R.

Hence physically, the Hamiltonians H—Eand H generate the same time evolution,
where E € R has the dimension of an energy. As a consequence, only energy dif-
ferences are measurable, or the measuring of the value of the energy of Hamiltonian
system is possible only through comparison with a reference energy.

29 Galilean Invariance

We consider two observers O and O’ who move relative to each other, with transla-
tional uniform motion. Therefore, observer O sees observer O’ moving with velocity
v ="(v1,v2,13) € ]R3, while O’ sees O moving with velocity —1v. We choose, for sim-
plicity, that at t =0, O and O’ are coincident and that the Cartesian coordinate axes of
both coordinate systems coincide. Hence the coordinate axes remain parallel to each other
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during the motion. Then, the coordinates (z, x1, x2, x3) and (¢, x{, x}, x3) of events in space
and time, corresponding to the observer O and O’, respectively, are related by a Galilean
transformation

xi =x1 —uit, xé:xz—vzt s xé = x3 —v3t,

and

where we assume the existence of an absolute time ¢, as is assumed in Newtonian physics. As
aconsequence, the momenta p and p’ of a particle, as observed from O and O’, respectively,
are related by
P=p—3.

The latter indicates also how time evolution of a quantum mechanical system is perceived
from both coordinate systems. In this context, we need to remember that translations in
“momentum space” are governed by the position operator, see (2.16).

In the following, we consider more generally free motion in n € N* space dimensions

and define
muvy
of i= —— ,
k hi
forevery k € {1,...,n}, where v = (vy, ..., v,) € R"is the relative velocity of the system

O’ with respect to O.
According to Weyl’s commutation rules for the operators corresponding to the compo-
nents of position and momentum, (2.15), we have for r € R

eio‘kK (ikeit (ﬁK)flpAke—iokK ékf — e—i'L’O'kei‘E (ﬁK)flﬁk
and hence
€'k dk (Tue) ™! pre 1K B = (hue) ™! pr — oy = (hie) ' (px — mug)

We note that if k, [ € {1, ..., n} such that [ # k, then
¢ 1 iow i By =1 B, o100 Bk gioI il — (1)1 B —
= (fue)™" (= mwp)
since ¢; and px commute. Hence
Uo rUy " = pr —mug
for every k € {1, ..., n}, where the unitary linear operator U is defined by

Uy := &% a1 olonkdn
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‘We note that
UU ék UU_ ! = ék )

forevery k € {1, ..., n}.
Further, according to Sect. 1.4, the Hamilton operator corresponding to the free motion
in n € N* space dimensions is given by

H = 80.F271T| |2F2 ,
where 7| 2 denotes the maximal multiplication in L%(R”) with | |? and

h2k?
g 1=

2m

Also, the spectrum of H consists of the interval [0, o0) and is purely absolutely continuous.
Further, for every bounded universally measurable function f : [0, c0) — C:

fH) =Fy 0Ty pyo P2 s

where Ty, (s | 2) 18 the maximal multiplication operator with the function f o (eo.| 12),
defined by
Tio(ei )8 = Lf 0 (e0.l )] g,

forevery g € X := Lé(R”). In particular, for T € R
ei(f/g(’)ﬁ = e”(sglﬁ) = F{l ol pokFs.
Also, according to (2.16), it follows for k € {1, ..., n} that
FORUf =W f = 7 f = FV[(Faf) o (idpn — oer)]

forevery f € Lé(]R”) ando € R,whereuy : R" — Rdenotes the kth coordinate projection,
defined by uy (1) := uy forall u = (uy, ..., u,) € R".
Hence, it follows for k € {1, ..., n} further that
e (1) Homionedi f — Fe I PI(Fy f) o (idgo + orer)]
=F' {[eiﬂidw ~oveil® By £ o (idpn + UkEk)}
— e—ic’kuk Fz—leiﬂian —Ukek\zef

. A1 ilide 2
—e zaqusz 1elT|lan orex| sz ,

and hence that

£l OkK G i (t/e0) He—mklc qkf — Fz_l T

i Tlidgn —ogeg|? B,
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for every f € Lé(]R”). We note thatif k,/ € {1, ..., n}, then
2101 Al piokK G i (T/€0) b}e—iffk'f Gk f
— eiUlK q Fz—leirlian ﬂrkeklezf
_ iz liden — 2 .
= F; Y[e/Tdrn —ovekl" B, £ 6 (idgn — aye))
L )
= F; letldr—owe—aal [(F, £) o (idpn — o11)]

—1 jit|idgn— —orer|? o]
=F e lidgn —orex—orerl” g (o fy

— Fz—leirlian 7okek7<71e1|2F2 eiUlK c}lf
forevery f € Lé(R”) and hence that
101K 1 i 0k Gk i (r/eo)l-?efiak/( Gk p—ioik c}lf _ Fz—leirlian 7akek—o']el|2F2f ’
forevery f € Lé(R”). As a consequence, it follows also that
i(t/e0) Hyr—1 —1 itlidgn—5*
Uve(/o) Ul f=Fyle lidpn |F2f,

forevery f € Lé(R”), where
n
o= Zokek eR" .
k=1
Now,

R = L(X. X), T +> Uye! T Ay =1
is a strongly continuous one-parameter unitary group, with generator
e ' U,HU,
and
i =12
(R — L(X, X), T > Fy e/t =01 p)

is a strongly continuous one-parameter unitary group, with generator
F ' T s F
2 lidgn —o|2 12 »

where

Tidgn 52
denotes the maximal multiplication operator in L%(R”) with the function |idrs — &|2.
Hence,

UyHU; ' = eoFy ' Tg,, 52 F2 - 2.21)

idgn —
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In the following, we are going to investigate the connection of the right hand side of of the
previous equation with the components of momentum. For this purpose, we consider the
linear operator ( p — mv )2, defined by

(p—mb)f = (px —mu)’f
k=1

for every f € ./t (R"). We conclude from known properties of F, that

Fz(ﬁ—mﬁ)ze_lf = Z(h/c Ty, —mvk)zf
k=1

2 2
= (hK) TZZ:l(wk_dk)zf = (hK) 7—'|ian—a'|2 ’

forevery f € Sc(R"), where forevery k € {1, ..., n}, w; : R" — R denotes the kth coor-
dinate projection, defined by wy (w) := wy for all w = "(wy, ..., w,) € R". According to
the characterization of essential self-adjointness from Theorem 12.4.9, the restriction of
Tiidgn—52 to S (R") is essentially self-adjoint since

Tidgn —5p+i-/C@®R") |

contain C3°(R", C) and are therefore dense in Lé(R”). Since F; is unitary, this implies also
the essential self-adjointness of ( ;3 — mv)? and that

(p—m)2 = (h)*Fy Ty 52 Fa -

Hence, it follows from (2.21) that

N I —=———
UyHU, =%(p—mv) .

Position, Momentum and Hamilton Operators Corresponding to the Observer
0/

Summarizing the previous, the operators corresponding to the components of posi-
tion, the components of momentum and the Hamilton operator in the system corre-
sponding to the observer O’, that is moving relative to the observer O with speed
v="(v,...,v) € R", are given by

UpanUy ' = Gi , UpprUy ' = pr — muy

. 1 = ——3
UHU ' = 5 (D —mv)?, (2.22)
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for k € {1, ..., n}, were ( ;3 —mv)? is the closure of the densely-defined, linear,
symmetric and essentially self-adjoint operator in L%C(]R"), defined by

(p—mb)f =Y (pe—mu)’f . 2.23)

k=1

for every f € .Yt (R"), and the unitary linear transformation U, to the relatively
moving system is given by

. s mup A

U, = e 5 of"fan (2.24)

2.10 Gauge Invariance

We remind the reader of Maxwell’s equations” in Minkowski space, for the electromagnetic
field E, B € C! (2, R3) in Gaussian units

9E . - 9B .-

— =cVxB—-4nj, — =—-cVXE,

Jat dt

V-E=4np, V-B=0, (2.25)

where Q C R* is non-empty and open, f, X1, X2, X3 : R* — R are inertial coordinates, ¢
denotes the speed of light, p € C(€2, R) the charge density and j € C(€2, R?) the current
density. The conservation of charge is described by the conservation law

and the Lorentz force on a particle with charge ¢q is given by

- S D
F:q(E—{-—va).
c

5 The source free Maxwell’s equations are invariant under the Poincaré group, i.e., consistent with
the theory of special relativity, where the speed of light sets a limit for the speed of propagation of any
action. On the other hand, as we already know, quantum mechanics uses Newtonian ideas of space and
time, where there is instantaneous propagation of any action, and hence inconsistent with the special
theory of relativity. Therefore, the following incorporation of the effects of the electromagnetic field
into quantum mechanics can be expected to be valid only if the expectation values of the speeds of
the involved particles are small compared to the speed of light.
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The classical Hamiltonian function H is given by

H= - (p——A) +q¢=5

N\ 2
3 (cp—qA) +q9,

where A € C 2(Q,R3) and ¢ € C*(Q2, R) are the vector and scalar potential, respectively,
that are connected to the physical field £, B by

. 19A - - - -
E=————-V¢, B=VXxA. (2.26)
c 0t
If the Lorenz gauge condition
19
¢ A=0, (2.27)
c 8t

and the inhomogeneous wave equations

1 92 1 9%A Y
¢ i T -

2 o ¢ = dmp 2 ar2 c (2.28)

are satisfied, then the physical field E , B defined by (2.26) satisfies Maxwell’s equations
(2.25). The physical field is left invariant by a (joint) gauge transformation of the potentials

- N > 1 0A
A—->A+VA, dp—>¢p———,
c ot

where A € C3(2, R). Under such a gauge transformation, H is mapped into

1 /. - -\2 1 0A
HA=—(p—gVA—zA> +q-(¢———> .
2m c c

In the following, we restrict attention to time-independent physical fields, i.e., @ C R3 is
non-empty and open. Then,

Lo ag, 43V
2m c c

Under quantization, the operators corresponding to H and Hp need to be unitarily equiv-
alent. In the following, we assume that g # 0. A candidate for the Hamiltonian operator
corresponding to H) is given by the closure of

HAO CO(KQ C) —» L2 k),

defined by®

6 In the following, we are going to use the conventions that (@ -V +b)g :=a-Vg+b-g,(a-V +
bVg:=g (G- V+b"tlg:= @ -V+b)a- V+b)gforeverym € N,wherea € (C(U, C))",
beCWU,QC),gce cl(U,C)and U isa non-empty open subset of R, n € N*,
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N )1 S The 9 q 1 q - (1\7T* 1
Hnof '—{%é[?@‘z”(z)‘z“(z‘)] *‘“”(z')}f

5 (4 —ahi—ah) 46 s

- (2’22{ Af—?—,[(X+%A)-%f+%-[f(2+%[\)]]
+(?1A+ VAP +0) f} .

_ (2’22 [—Af—zlﬁ(ﬁJr%[\)-%f

2 - - o - rd - - _
+(a2|A+VA|2—7V-(A+VA)+¢)f] ,

for every f € Cg(KQ, C), where A  := (e - %)A, [_\,k = g—lu_\k, for every k € {1, 2, 3},
and

- 2mg g
¢(u):—(h)2¢< ) a=—>0,

for every u € k2. Here A € C2(kQ, R), A € C3(kQ, R), ¢ € C*(xk2, R) are dimension-
less functions and « is dimensionless. In particular,

HOO CO(KQ C) — L2 k),

defined by

1)* | () =\, -
= . {;(?@_QAIC) +¢:|f
(hl()z 2 -
== { Af——[A Vi+V- (fA)] ( |A| +¢>f},
2 > -
Z(Z’Z [ Af—z—“/i Vf+(a2|A|2—;5* A+<z3)f}

for every f € C% (2, C), is the candidate whose closure corresponds to H. Hence, I:IOO
and Hpa are densely-defined, linear operators in L%(KQ). Further, it follows by partial
integration that Hyg and Hpp are symmetric as well as that
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(1o ) = L {<f| |7 —ati VAk):|2f> " (f|¢‘sf>}

5 2

(hlc) { < ___a(A+VAk)j| f>+(f|¢3f>}

. 2 _ hi)? -
_ () { [}M_amwm)}f +<f|¢f>}>(”) (1165) .
(11dioos) > B (13 &2

forevery f € Cg(KQ, C). The latter inequalities give lower bounds of the spectrum of Hoo
and Hox , see Corollary 12.5.5 in the Appendix. In addition, we arrive at the following result.

The operators Hoa and Hy are unitarily equivalent, i.e.,
2 2 —1
Hpo = Texp(ial_\) Hoo ( Texp(iou_\)) :

There is a one-to-one correspondence of self-adjoint extensions of the operators Hoo
and Hyq. Every self-adjoint extension of Hy is of the form

Texp(iou_\) H ( Texp(ioz/_\))_1 >

where H is a self-adjoint extension of Hoy. Every self-adjoint extension of Hog is of
the form

Texp(—iou_\) I:IA (Texp(—ia[\))_l >

where H A 1s a self-adjoint extension of H AO-

For the proof, we note that T, ;, ) is a unitary linear operator on L2 ¢ (k€2), with inverse
Texp(fi ak) that maps Cg(ch, C) onto itself. Further, for every f € C0 k2, ©), it follows
that

Texp(iai\) HOOTexp(—iot]\) f

2 [S~(1 8  =\* - o
= Texp(iot]\)W |:k§ (l_ 3_1/!]( - aAk) +¢ €Xp(—lO{A) f

_ (w)? {iexp(mm (l . aAk)zexp(_iaA) +¢3} /.
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Since for every k € {1, 2, 3}

exp(l’a[_\) <l— @ - oeAk> exp zaA

— exp(zaA) (ll B_Ltk — aAk) exp( laA)

-exp(iaA) (l —— agk) exp(—iaA) f
= (exp(ioz[_\) l i exp(—ia[_\) — ot;ik>

. (exp(ioz A) - T exp(—iaA) — aZLc) f

i Juy

1 3 A = 1 dA A >
=t — —o— —aA; —— —a— —aAi ) f,
i Juy ouy

this implies that

Texp(ia[_\) Hoo Texp(—iozl_\) f

[ S~ /1 9 _ .
=(2’;n) |:Z(78_uk_aAk_aAk) +¢:|f=HA()f.

k=1

In particular, if A A 18 a self-adjoint extension of )il A0, then
Texp(—iaA) Ha Texp(iah)
is a self-adjoint extension of ﬁAo. Hence,
Ha = Topian)l Toxp(iait) A Teoxg(iai) ] Texp(—icci) -
Further, if Hisa self-adjoint extension of I-AIO, then
Texia) H (Tog(iai) ™ >
is a self-adjoint extension of A 'A0- Hence,

I:I = Texp(—iou_\) [Texp(ial_\) I:I ( Texp(iou_\))_l] Texp(ial_\) :
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Simple Quantum Systems in 1 Space Dimension

3.1  Auxiliary Results About Perturbations of the Free Hamilton
Operatorin 1D

In Sect. 1.6, we studied perturbations of the free Hamiltonian in n € N* space dimensions.
In the following, we state these results for 1 space dimension again and derive more detailed
information about the domains of the involved operators.

In particular, we showed in Sect. 1.6 that the densely-defined, linear and symmetric oper-
ator

Hyo: C5(R,C) — LE(R)
in Lé(R), defined by
A K2 h?K? 2m
H =——f"+Vf=—o-f"+ 55V ,
V()f m f + f m ( f + 22 f)

forevery f € C&(R, C),where V € L?(R) 4+ L*®(R), is essentially self-adjoint. In addition,
Hyo = H + Ty,

where H is the free Hamiltonian from Sect. 1.4, and Ty denotes the maximal multiplication
operator with V in L%C(R), and

D(ﬁ_vo) = D(H) C Cx(R, ).

Supplementary Information The online version contains supplementary material available at
https://doi.org/10.1007/978-3-031-49078-1_3.
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Also, we showed there that the essentlal spectrum o, (H ) of the free Hamiltonian H and the

essential spectrum, ae(H vo), of H vo coincide and are given by the interval [0, c0):
oe(Hyo) = 0.(H) = [0, 00),
if V is such that there is a sequence Vq, V2, ... in L%C(R”) satisfying

lim ||V, — Voo = 0.
V—>00

In the following, we are going to derive further information on D(I:I ). For this purpose, we
recall from Sect. 1.4 that
A: CO(R C) > L2 c(R), 3.1

defined for every f € C(% (R, C) by
Af = —f”,

is a densely-defined, linear, positive symmetric and essentially self-adjoint operator in
L%C(R), whose closure A has the spectrum o(A) = [0, 00), such that

A+ D7 =B A4 I D R =B A+ DTy

1 2\—1 -1
ZWFI(I_H Dk f
1
= G A+ P77, (3.2)
forevery f € L%(R). Using,
1
F — \ \,
BRI
which implies that
1 1 N

S S ,
o 21+ 2 2°

we arrive at a further representation of (A + 1)~!
R P
A+D f= Je /s

for every f € L2 ¢ (R). Subsequently, we arrived at the following Sobolev inequality

Iflleo <t A+ D fll2 <er (IAfI2 4+ 11f12) (3.3)
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for every f € D(A). In the following, we add to the analysis from Sect. 1.6. Since

A+D ' f=—5FAU+DE,

1
(2 )1/2
for every f € L([Z:(R), see (3.2), and

1 idr
1+id%" 1+idg

e LL(R),

it follows that
A+D7'felgeCuo@®O)NCIR,C)NLER) : ¢ € Cx(R, C) N LA(R)},

where it is used that for every f € L{(R) such thatidg- f € L{(R), it follows the differen-
tiability of F) f and that (F} f)’ = Fi(—i.idgr- f). Hence, we arrive at the following result,
concerning the regularity or “smoothness” of the members of the domain of A.

D(A) C {f e CY(R,C) N Coo(R,C) N LAM) : f’ € Coo(R, C) N LA(R)}.

Here it has been used that for every f € Lé:(R) such that idg- f € L(IC(R), it follows the
differentiability of F; f and that (Fy f)’ = Fi(—i.idr- f). Further, we conclude that

L, 1 .. (F2g) o (—idg)
mm+n1mm=n7=Fuﬂmm—7:ET—m
= |F; ! (i idg) dgu\ Mh——MA+DM+D gl

| -
<FlAA+D mu+§MA+D1Mz

as well as that

(F29) o (—idRr)

A+ D79 o = Fy (—i.id
II(( ) D Mo = II\/— 1 (—i.idg) [Tid lloo
I . (F29) o (—idr) idg
< id
mll [T Il \/— 1 i@ ll2 - lIgll2
1 idr - - _1
F 1 d2 l2- 1A+ DA+ 1D gl

1 idgr
< — AA+1 +I(A+1
TS |——— T d2 2 (1A ( )Ll +1IC ) 'gll2)
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for every g € L%C(R), where Hoelder’s inequality has been used, and finally the Sobolev
inequalities

Il < 5 (AFl2+1£112) s 1 oo <2 (1A fll2 4 11f112) » (3.4)

N =

for every f € D(A), where

I
= ——= |l——l2-
2T en”? i

We show an auxiliary result needed for the proof of Lemma3.1.3 that is necessary to deal
with perturbations of H by piecewise continuous potentials.

Lemma 3.1.1 If f € C'([0, 00), C) N L((0, 00)) is such that f' € L{((0, 00)), then
lim f(x) =0, f(0)= —/ fdv'. (3.5)
X—> 00 0

Ifg € C'((—00,0],C) N LE((—00,0)) is such that g’ € LE((—o0, 0)), then

0
lim_g(x) =0, g(0) = f g'dv'. (3.6)

—00
Proof For the proof, let such f, g be given, then
! 1 0 1
f(x)=f(0)+/O fldv, g(y)=g(0)—/ g'dv,
y
for x > 0 and y < 0. Hence, it follows the existence of
aty = lim f(x), a— := lim g(x).
X—>00 X—>—00
If a; # 0, there is xg > 0 such that | f(x)| > |a|/2 for all x > x¢. Hence,

x 1 lay|
A [fldv > T(X—XO)

for every x € [xg, 00), which contradicts the existence of

lim/ | fldv'.4
X—> 00 O

If a_ # 0, there is xg < 0 such that |g(x)| = |a—]|/2 for all x < x¢. Hence,
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f lgldv' —|(xo—X)

for every x € (—o0, xg], which contradicts the existence of

0
lim / lgldv'.4
x—>—00 J,

Hence, it follows the validity of (3.5) and (3.6). O

Lemma 3.1.2 (A core for A)

D:={feC*ROCNLER): f', f" € LAR)}
is a core for A. In particular, )
Af =—f",
forevery f € D.
Proof For the proof, we define Ag: D — X in X := Lé(R) by
Aof =—f",

for every f € D. The operator Ay is densely-defined, since C3°(R, C) C D. Further, with
the help of Lemma3.1.1, it follows that

laogh == [ 7 g"a' == [ (79 = g Ta' = [ 779 av
=([omsravt) = twlanns = aosion

forall f, g € D and hence that Ag is symmetric. Hence Ag is a symmetric linear extension
of A. Since, A is essentially self-adjoint, this implies that Ag = A. O

The following Lemma provides the information needed for dealing with perturbations of
H by piecewise continuous potentials.

Lemma 3.1.3 The subspace D of X := L%C(R), defined by

={f e C'R,C)NX: fleX, f ispiecewiseCzsuchthatf” € X},
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is contained in D(A), and

forevery f € D.

Proof For f € D,thereisn € Nsuchthatn > 2anday,...,a, € Rsatisfyinga; < --- <
a, as well as such that

f|(_00,d|) € Cz((_OO7 a]]v C)? cer f|(an,oo) € CZ([an’ OO), (C)

In particular, it follows with the help of Lemma 3.1.1 and for g € D(Aq), where Ay is defined
as in the proof of Lemma3.1.2, that

(flAog)y = — / frg"dv!
R

n—1
:—/ f*g//dvl_Z/ f*g”dvl—/ f*g”dvl
(=o0,a1) k=17 (@k-ary1) (an,00)

n—1
:/( )[f'*g/—(f*g’)/]dvl—i-z [f/*g/_(f*g/)/]dvl
—o0.d1 k=1

(ak,ar+1)

+/( 1% = (g 1!

n—1
:/ f’*g/dvl—i—Z/ f’*g/dvl—i—/ f/*g’dvl
(=00,a1) k=1 Y (@k-ar+1)

(an,00)
n—1
— [*@ng’ (@) = Y _[f @)y (@) — f*a)g (@)
k=1

+ f*(an)g’ (an)

n—1
:/ f/*g/dvl-i-Z/ f/*g/dv1+/ f/*g/dvl
(—00,a1) k=1 Y @:axs1) (an,00)

n—1
o DRCAC I TR B IR (T e I
(—00,ar) k=17 (@k-ar+1)

+/( 1G9 = g1t

n—1
:—/ f//*gdvl_Z/ f”*gdvl—/ f//*dvl
(=00,a1) k=1 " (@-ak+1) (an,00)
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n—1
+ £ (@aga) + Y _Lf *(arDglac) — £ @) g(@)]
k=1
— f™(@n)g(an)
n—1
- _ f”*gdv]— f f”*gdv] _/ f”*dvl
/(—00,01) ; (ax.ar+1) (an,00)
= (_f//|9>2'

As a consequence, f € D(Afj) and Aff = —f". Since
Al = (A = A* = A,

this implies that f € D(A)and Af = —f". O

3.2  Quantum Tunneling

We consider the densely-defined, linear and symmetric operator
Hy: C3(R,C) — LA(R)

in Lé(R), defined by1

2,2 2,2

A hek hek
Hyf =——— "4+ V, e v
of o I+ Vo (X(=o0,—11 + X(1.00)) f m

(_f// + V f) ,
for every f € Cé (R, C), where Vy > 0 has the dimension of an energy,

Vi=a (X(—oo,—l] + X[l‘oo)) )
and
2mVy
Q=7
is dimensionless. Since Vj (X(—oo,—l] + X[l,oo)) € L*(R), I:Io is essentially self-adjoint
(Figs.3.1 and 3.2).

No physical potential exhibits such an abrupt or sudden change. In reality, a smoother
change in potentials is to be expected. For example, free electrons in a metal experience
a smooth change of potential near the metal surface. On the other hand, the use of this
idealized potential simplifies the mathematical treatment, and its results are applicable to
actual cases, as an indication of the physical situation.

>0

' We note that V; ()((,Oo,,l] + )([1,00)) coincides with the classical potential function only up to a
scale factor. The classical potential function is given by Vg (X(—oo,— 1]+ X[t oo)).
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Fig.3.1 Graphof V AV

(04

-5 -3 -10 1 3 5

Fig.3.2 Graphs of :5((1‘,,1), tan A V-
s(9,4),s(18,-),5(27,-), s(36, -),
s(45, -), coming from the top
(blue, left to right), where

s(a, A) = /(a/\) — 1 for
every A > 0, and the crossing 2

graph of

([0, 00) — R, A — tan(+/X)) ]

(black). The abscissas of the

intersections are the

eigenvalues of Ay 0 2 - A

5, 2 4

[3%]
e

3

In the following, we are going to determine the spectrum a(ﬁ ) of the closure H of ﬁo.
In a first step, we note that
o(H) C [0, 00),

as consequence of the positivity of the free Hamiltonian in 1-space dimension and the
positivity of V. In this, we use Theorem 12.5.4 from the Appendix. In a second step, we
note, see Sect. 3.1, that the essential spectrum o.(H — V) of H — Vj is given by

oo (H — Vo) = [0, 00).

As a consequence,
o(H —Vp) =1[0,00)YUoq(H — Vo),

where ad(ﬁ — Vp) denotes the discrete spectrum of H— Vo, consisting of isolated points
in o(H — V) that are eigenvalues of finite multiplicity. As a consequence,

o(H) = [Vo, 00) Uaa(H) , (3.7)



3.2 Quantum Tunneling

93

Table 3.1 Discrete eigenvalues A of Ay and corresponding discrete eigenvalues € of H, for a =

9, 18,27,36 and 45

o 9 18 27 36 45
A 1.369 1.606 1.729 1.808 1.865
13.455 14.990 15.887 16.500
42.515
e/Vo=XAa [0.152 0.089 0.064 0.050 0.041
0.747 0.555 0.441 0.367
0.945

where o4(H) denotes the discrete spectrum of H, which we are going to determine in the
following. For this purpose, we use Lemma3.1.3 from Sect. 3.1. For simplicity of notation,
we apply the process to the closure Ay of the symmetric and essentially self-adjoint DLO
Ay : C3(R, C) — LZ(R), given by

Ay f = —f// + V£,
for every f € Cg(R, C).? Hence,
a(Ay) = [, 00) Ugg(Ay),

where o4 (Ay) denotes the discrete spectrum of Ay.For X € [0, a), it is straightforward to
find a candidate for a corresponding eigenvector satisfying f € C'(R, C) ﬂLé(R), fe
L%(R) and such that f is piecewise C? with f” € Lé(R). Such candidate is given by

e(IH)Va=X ifu<—1
Va—=X sin| (14u)v/X
~ cos[(1+u)ﬁ]+ Sm\[a | if—1<u<0 .
f) = Va=xsin[(-1+wvX] ’ (3.8)
cos[(—1+u)ﬁ]— - if0<u<l
e-1va=2 ifu>1

foreveryu € R, but f € CY(R, C) if and only if A > 0 and

tan(v/ ) = /% ~ 1 (3.9)

For every value of o, there is at least 1 corresponding eigenvalue of Ay in [0, o).
Rounded to 3 decimal places, we arrive to the Table 3.1 where the last line of the table gives
the corresponding eigenvalues € of H. We note that the energies in [0, Vp) are classically

2 T : A g _ h2k% 3
The operator H is a multiple of Ay, H = =5~ Ay.

m
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Fig.3.3 Graph of the absolute squares of the “tunneling” eigenfunction corresponding to & = 9 and
the “tunneling” eigenfunctions corresponding to o = 18

forbidden energies. Classical particles would be confined to the interval [—1, 1]. On the
other hand, a “quantum particle” can penetrate or “tunnel through” the potential barrier,
indicated by an exponential decay of the square of the eigenfunction beyond the ends of
[—1, 1] (Fig.3.3).

Penetration of a potential barrier has no analog in classical mechanics. It has been
observed in many situations, e.g., in trigonal pyramidal shaped molecule of ammonia, NH3,
with 3 hydrogen atoms situated on an equilateral triangle plane and the position of the nitro-
gen atom tunneling between 2 positions of lowest energy, in “field electron emission” from
material surfaces under the influence of strong electric fields and the emission of a-particles,
composite particles consisting of two protons and two neutrons, from nuclei by tunneling
through the atomic shell (Fig.3.4).

Still the question remains, whether all the discrete eigenfunctions of Ay are of the
form (3.8). Indeed, this is the case. For the proof, we need to investigate the regularity
or “smoothness” of the eigenfunctions of Ay. If ) is an eigenvalue of Ay and f € D(Ay)
a corresponding eigenfunction, we note that f € D(Ay) implies according to Sect.3.1 that
f € CHR,C) N Cxo(R, C) N LA(R) such that f’ € Coo(R, C) N LZ(R), then

M =Avf=Af+Vf=@A+Df+V -1,
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Fig.3.4 Trigonal pyramidal
shaped molecule of ammonia,
with 2 positions of lowest
energy of the Nitrogen atom,
relative to the plane determined
the hydrogen atoms

where A is the closure of the operator A, defined by (3.1) in Sect. 3.1, and hence
_ 1
f@=TA+DTA+A= V[ = Sl 1+ A= V) f1@w)

Z%[e—“/ eﬁ[(l—i—)\—V)f](ﬁ)dﬁ—i-e”/ e‘ﬁ[(l—i-)\—V)f](ﬁ)dﬁ]

—00

for every u € R. Therefore
Q)

= % [ef e[+ XN— V) @) di —e“/u L1+ N — V)f](ﬁ)dﬁ} ,
for every u € R, and

@) = f) —[A+A=V)flw),

foreveryu € R\ {—1, 1}.In particular, f is piecewise C2, with possible jumps in the second
derivative only in {—1, 1}, such that f” € L%C(R).

Finally, it might be asked, whether the non-vanishing of the potential Vo (X (—co,—1] +
X[1,00)) at infinity is somehow responsible for the tunneling effect. It is easy to see that this
is not the case, since the potential well —Vj x(—1,1) vanishes at infinity, the operators H and
H — Vj share the same ei genvectors. If ¢ is a discrete eigenvalue of H and f acorresponding
eigenvector, then € — V (< 0) is a discrete eigenvalue of H — Vo and f a corresponding
eigenvector.

3.3 Potential Wells and Potential Barriers

We consider the densely-defined, linear and symmetric operator

Hy: C}(R,C) — LA(R)
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—a a

Fig.3.5 Graph of V if & > 0 and a < 0, respectively

in Lé(R), defined by?

A W2 K2 W2 k2
a e 1% _ _ N o en 1% ’
of m M+ Voxr—aaf m ( fo+ f)

for every f € Cg(R, C), where a > 0 is dimensionless, Vy € R* has the dimension of an

energy,
V.= A X[—a,al»
and
2mVy x
o=
h2K2

is dimensionless (Fig.3.5).
Since Vo X[—a.a] € L= (R), Hy is essentially self-adjoint. In a second step, we note, see
Sect. 3.1, that the essential spectrum o, (H) of the closure H of Hy is given by

o.(H) = [0, 00).

As a consequence,
o(H) = [0, 00)Uoy(H),

where od(FAI ) denotes the discrete spectrum of H. Further, as a consequence of partial
integration, see Lemma 1.2.1, and since Vj X[—a.4] = V0, ﬁo is semi-bounded from below
with the lower bound V{y. Hence the closure H of I:IO is semi-bounded from below with the
lower bound V), too, implying that the spectrum o(H) of H satisfies

3 We note that V X[—a,a] coincides with the classical potential function only up to a scale factor.

The classical potential function is given by Vo X{_,-14 x-14]-
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o(H) C [V, 0),

where we use Theorem 12.5.4 from the Appendix. Hence, we arrive at the following result.

The Spectrum a(ﬁ ) of H

5 If Vy > 0, then
o(H) = [0, 00).

Further, the discrete spectrum oq(H) of H is empty
oa(H) = ¢.

= If Vy < 0, then
o(H) = [0, 00) Uaa(H),

and
oqa(H) C [V, 0).

In the following, we are going to calculate the resolvent of H. For simplicity of notation,
we apply the process to the closure Ay of the symmetric and essentially self-adjoint DLO
Ay : C2(R,C) — LL(R), given by

Avfi=—f"+Vf,
forevery f € C%(R, C).* Hence, the spectrum o(Ay) of Ay satisfies

¢  ifa>0

o(Ay) =[0,00)Uoq(Ay), ga(Ay) = _ ,
Cle,0) ifaa<O
where o4(Ay) denotes the discrete spectrum of Ay.
For the construction of the resolvent for AV, let A € C\[0, 0c0). Also, for the case that
a < A < 0, we define

Va=-X=iVA—a,

and in the following we understand implicitly the use of the holomorphic extension of
sinh/idc for the case that A = o. Then f); : R — C, where f);(u) is defined for every
u € Rby

4 T : A g _ h2k% 3
The operator H is a multiple of Ay, H = =5~ Ay.
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eV —Auta) ifu < —a

cosh[Va = X (u + @] + YAomYa A o) ifu € (—a.al

[cosh(2av/a — X) + %]
o COSh[\/ -\ (u — a)]

+[va — X sinhQav/a — X)) + /=X coshRav/a — \)]
sinh[V=X (u—a)]
NEY

ifu>a,

is continuously differentiable, piecewise C? with bounded second order derivatives, such
that
— fu@ + V=N fu@) =0,

forevery u € (—oo, —a) U (—a, a) U (a, o0) and square integrable close to —oo. The same
istrue for f), : R — C, where f), (1) := fy(—u) forevery u € R, butinstead being square
integrable close to —oo, f), is square integrable close to co. Further, the Wronski determinant
of f\; and f), is given by

(W, o)1) = fu) fr, () — frw) fru)

—_ |:2«/—)\cosh(2a\/a A+ j__zi sinh(2av/o — )\)} ,
—

for every u € R. From Lemma3.1.3 and since Ay has no non-real eigenvalues, it follows
that

W(fa, i) #0,

for all non-real \. Further, for non-real A, f); satisfies an estimate of the form
| fu)] < € eReW=Du, (3.10)
foreveryu € R, were C is some positive number. As a consequence, f), satisfies the estimate
| far ()] < C ™ RW=Du, (3.11)

for every u € R. We define the continuous function G : R — C by
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G, i) = 1 {f»(u)fmm i < u

=W D] | fu@) @) u<i’

for all (u, it) € R2. We note for u € R that

/ IGA(u,ﬁ)Idﬁ=/ IGA(u,ﬁ)Idﬁ-i-/ |G, )| dit

—00 —00

2 u
< c [eRe(ﬂ)u / eRe(H)ﬁ dii
IW(far, o)l —o0

+6Re(ﬁ)u /Oo e—Re(ﬁ)ﬁdﬁ}
. 2c 1
W (fus )l Re(v/=X)

and for u € R that

9] u oo
/ |GA(u, u)| du =/ IGA(u,ﬁ)Idqu[ |G (u, u)| du
—00 —00 it

2 u
< c [eRe(ﬂ)ﬁ / eRe(ﬁ)u du
IW(far, o)l —o0

+ eRe(ﬂ)ﬁ /oo e—Re(m)uduj|

¢ 1
W (fus )l Re(vV=X)'

Hence the function G induces a bounded linear integral operator Int(G ») on L%(R), with
kernel function G y. In particular, the operator norm ||Int(G y)|| satisfies

2C2 1
W (fxi, fr)l Re(vV=X)

Further for 1 € Co(R, C), the corresponding function / : R — C, defined by

Int(G ) <

h(u) := [Int(G\)h1(u)
_ 1
T =W )]

for every u € R, satisfies heClR,C)N Lé(R), h e L%(R) and is piecewise C? with
h" € L%(R). Further,

|:f)\r(u)/ fAz(ft)h(ﬁ)dﬁ-l-fAl(u)/ f)\r(b_‘)h(ﬁ)d’z},

—h' 4+ (V=Nh=h.
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Hence according to Lemma3.1.3, h € D(Ay) and
(Ay =N h = h.

The latter implies that, (Ay — M) ~'h = Int(G \)h and, since Cy(R, C) is dense in Lé(R)
that

(Ay — V)~ =Int(G)).

3.3.1 Eigenvalues of H for Vy < 0

In the following, we try to find eigenvalues \ of Ay in the half-open interval
(e, 0).

Our main focus in the following is going to show that there is always such an eigenvalue,
that the number of eigenvalues is finite and to give an estimate of the number of eigenvalues
in terms of the parameters that are present in the potential.

For this purpose, we look for a non-trivial f € C I(R,C)N L(Z:(R) such that

Fli=o0.—a) € C*((—=00, —al, C), fl(-a.a) € C*([—a,al, C),
Flia.co) € C*(la, 00), C)

and such that

—f" ) = Af(u)=0 ifu < —a,
—f )+ (=N fu)=0 if —a <u <a,
—f )= Afu)=0 ifa < u.

In the following, we define
Y1 :=+v=A>0, 12 :=+vA—acel0,c),
where
co:=+—a>0.
‘We note that
712+’)/§=—)\+)\—a=—a=cg.

Then
Ajenuta) ifu < —a,
f@) = {sin[v(u+a)+ 5] if —a<u<a, (3.12)
Aze n(uta) ifa <u,
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where A, A3, B € RS are such that

Ay =sinf3, y1A; =2 c0sf3,
sin(2y2a + B) = Aze™ "%, v, cos(2yaa + B) = —y1Aze .

Note that this implies that v, 7 0. The latter system is equivalent to the system

Ay =sinf8, Az =sin(2ya + Be*ne,
Y1 8in 3 = y2cos 3, 72 co8(2v2a + ) = —v1 sin(2y2a + ), (3.13)

which itself is equivalent to the system
Ay =sinf3, Az =sin(2va + B)e’ne,

0= 2 cos 3 — n sin § = sin|:arcsin<£> - ﬁ:| ,
o

co co

0= 2 cos(2ya + B) + n sin(2y2a + ) = sin|:272a + (8 + arcsin (2>} ,
(<] 0 €0

where it has been used that

cosx = v 1 — sin%x

for every x € [0, m/2]. Also, we note that

2 <.
co

Hence (3.13) is equivalent to the system
A| =sin 3, Az =sin(2yaa + B)e*M?,

0= arcsin(ﬁ) +nim, B42va=— arcsin(ﬂ) + npm,
co o

where n1, ny € Z, which itself is equivalent to the system
A| =sin3, Az =sin(2ya + B)e*Ne,

g = arcsin(2> +nmm, 2v2a = (np —ny)mW — 2arcsin(2) ,
€0 o

where n1, ny € Z. Hence there is a function f of the required type if and only if

2va = nmw — 2arcsin<2> ,
€0

3 Note that there is no loss of generality in considering only real-valued f. For complex-valued also
the corresponding real and imaginary parts, Re f and Im f, respectively, satisfy the requirements.
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for some n € N*. For n € N*, we consider the auxiliary functions Ay, Ay : (0, co) = R
defined by

h1(72) :=2avy;, hy(y) =nm — 2arcsin<£> )
o]

forevery v, € (0, ¢p). The function h is strictly increasing, whereas A, is strictly decreasing.
Hence there is at most one > € (0, co) such that 21 (y2) = ha(~2). Further,

Ranh; = (0, 2acp), Ranhy = (mr — 2arcsin(2> , nﬂ)
co
and hence, taking into account that
nmw — 2arcsin<2> > 0,

€0

h1(72) = ha(72) for y2 € (0, ¢p) if and only if
(n — m < 2acy,

As a consequence, if N € N is the largest number satisfying
2a
N <14+ —/l|qf
™

then there are precisely N values of A € [«, 0) for which there are corresponding f of
the required type. Since N is the largest such element of N, we conclude that N > 1, i.e.,
indicating that Ay always has an eigenvalue, and that

2a
N—-1<—]a] <N.
T

Again, the question remains, whether all the discrete eigenfunctions of Ay are of the form
(3.12). Indeed, this is the case. If \ is an eigenvalue of Ay and f € D(Ay) a corresponding
eigenfunction, we note that f € D(Ay) implies according to Sect.3.1 that f € C'(R, C) N
Coo(R, C) N LZ(R) suchthat f’ € Coo(R, C) N LZ(R). In addition, it follows as in Sect. 3.2
that f is in particular piecewise C2, with possible jumps in the second derivative only in
{—a,a}, such that f" € LL(R).

Hence, we arrive at the following result.

The Eigenvalues of H in Vo, 0)if Vy <O

If Vo < 0, then (Vp, 0) contains at least 1 eigenvalue. Further, the number N € N* of
eigenvalues in (Vp, 0) satisfies
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N1 2a [2m|Vy| <N
—l<—/—— <N.
T h2K2

Finally, Vj is not an eigenvalue.”

@ Assaid above, the length a corresponding to a in the classical potential is givenby a = ar~L.

The introduction of a into this inequality, leads to the scale independent inequality

2a [2m|Vy|
N—-1<— <
T K2

3.3.2 Motionin a”“d-Function” Potential

On first sight, the concept of a “d-function” does not appear of any use for quantum theory.®
A §-function is supposed to have its support in 1-point. Now, every subset of R", n € N*,
containing countably many points, is a set of Lebesgue measure 0. Hence, a é-function on
R” is a.e. equal to the function of value 0 on R”, and the equivalence class in L%C(R")
corresponding to the §-function is given by 0-vector of that space. Therefore multiplication
of an element of L%(R") by the J-function can only lead to the 0-vector of that space, and
the corresponding multiplication operator is the 0 operator on that space.

On the other hand, the d-function has a proper definition in distribution theory, and in this
context, the §-distribution can be represented as a limit of functions (regular distributions).
For instance, if n = 1, the §-distribution and the negative J-distribution are limits of the
sequence of step functions

1 1
. X[—VJ/]) and (__ X[—VJ/]) )
<2V veN* 2v veN*

respectively, for v — 0o, where we note that the corresponding sequence of integrals over
R is constant of value 1 and —1, respectively (Fig.3.6).

Hence, it might be asked if the operators AVa for a — 0+ approach in some sense a
densely-defined, linear and self-adjoint operator Ags in L%(R), where § € R* and

B
Vo i= z X[—-a,al»

6 Operators in the resolvent of operators, induced by formal partial differential operators D, are
usually integral operators. The corresponding kernel functions K can be interpreted as solutions of
inhomogeneous PDE with a §-distribution inhomogeneity. On the other hand, there are usually more
direct ways for obtaining these kernel functions, without involving the theory of distributions.
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Fig.3.6 Graphs of 21—1/ X[-v,v] and —2—11/ X[-v,p forv=1,...,5

for every a > 0. Indeed, this is the case. This follows from the fact that for every non-real A
lim (Ay, =N 7'f =Int(K)) f.
a—0+

for every f € L%(R), where for every non-real A as well as for every A < 0 such that
2V=X+ 3 #0, Ky : R? — C is the continuous function defined by

1 fx-)fy@) i <u

TN e — :
M = S8 Vo f @) u < i

the continuous functions fy; : R — C and f), : R — C are defined by

() = /™M + B X (0,00 () Smh% __A“)
Ny sinh(v/—A u)

() :=e"

= [0 X (—00,0) (1) T

for every u € R, as well as
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Int(K») f
B R—C
=\ s [ [ @) £ @) din 4 F ) [ @) f (@) dit]

_ R—C
i o KO u, @) f@)di)

for every f € Lé(R). The proof of this fact is left to the reader.

Exercise 5

For every non-real )\, show that
lim (Ay, =) ~'f =Int(Ky) f,
a—0+

for every f € Lé(R).

For later use in an equivalent definition of Ags in Sect.3.3.2.1, we note that fy;, fy; are
continuous, C2 on (—00, 0) and (0, 00), with derivatives that have continuous extensions to
the boundaries of these intervals. In addition, fi|(—c0,0), fAr|(0,00) and their derivatives are
L?. Further, they satisfy the characteristic jump condition

T f/ _ 1 f/ _ li f ,
Pl it = W i) B Lim £y (u)

lim f) — lim f} = [ lim fy,(u).
uirng )\r(u) uil})lf )‘r(u) /6 ugl%) A (u)

Since, in analogy to the estimates (3.10), (3.11) for f); and f),, fy; and f),, satisfy

IRy B\ _reon
Ifx ()] < (1 + —) RV and [fy ()] < [ 1+ ——= ) e” R,
V=Al V=2l

respectively, for every u € R, and hence the function K induces a bounded linear inte-
gral operator Int(K ) on L% (R), with kernel function K. In particular, the operator norm
Int(K )|l satisfies
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2
2(1+ A
ITnt(K )| < (+25) .
2/—X + B Re(v/—N)
Further,
far)f), (u) — £, @)y ()
= [eﬁu + B X(0,00) (1) W]

N VA B X(=00,0) () cosh(v/—Xu)]
— [V eV + B X(0.00) () cosh(v/ —Au)]

J=N sinh(v/—A u)

NS

eV T — B X(—00,0) ()
= —2V=\
— BX(—o00.0) e M cosh(v =X 1) + B X(—00.0)0)eY ¥ sinh(v/=X )
— B X000 (W)e ™M sinh(v=X 1) — B X(0,00) e ™ TN cosh(v=A 1)
= =2V = B X(=00,0) ) = BX(0,00 ) = =2V =D+ ) #0,

for every u € R*, and, for f € Lé(R) and almost all # € R, that

(nt(K ) f1(u)

= ; -f (u)/u fu@) f@)diu+f (u)/oof (ﬁ)f(ﬁ)dﬁ-
_2«/—_)\+ﬂ_/\r _OO/\I pY) , Ar _a
[Int(K ) £1'(u)

= ﬁ _f&r('l) /_L;O fa (@) f (@) dit 4 £, (u) /uoo far (@) f (i) dﬁ_ .
(Int(K) f1" ()

— ; -f” (u) /“ fu@) f@)du + 5, (u) fwf (t) f(L_t)dL_t-
_2 _)\+ﬁ_/\, - bY) bV , Ar |

1 / /
+ m [Fx GoOfy, () — £y, )by ()] f ()

= —AlInt(K) f1(u) — f(u).

Hence, for f € LZ(R) and almost all u € R (Fig.3.7),

—[Int(K)) £1" (@) — A [Int(K ) f1(w) = f ).
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Fig.3.7 Graphs of the continuous extension of (C\R — R, A — (1/|24/—X + J]), for the case of a

delta function barrier 8 = 1 and the case of a delta function well 5 = —1. The former is everywhere
continuous on C, whereas the latter is continuous on C\ {—1/4} and singular at A\ = —1/4

The latter implies that Int(K ) is injective and, since
[Int(K))1" = Int(K ),
it follows from Theorem 12.4.7 in the Appendix that

{0} = ker Int(K \«) = ker [Int(K))]* = (RanInt(K )",

i.e., the range of Int(K))) is dense in Lé(R). Hence, it follows from Theorem VIII.22 of
Vol. I of [60] that the operators AVE for a — 04 converge in the strong resolvent sense to
a self-adjoint operator Ags in L%(R). As a consequence, we obtain that

(Ags — N7 = Int(K)),

for every non-real A. In the following, if not stated otherwise, we assume that ) is non-real.
After some calculation, we arrive at a representation (Ags — \) ~1 that connects the resolvent
of Ags to the resolvent of the closure A of the negative second order derivative A, see (1.29)

1
A Nl fm VA
(Ags =N f 2—_)\+ﬁ[e * f]
B

o (e k[P f = (P, f) o (—id
+2«/—_/\(2«/—_/\+6){X(0’ ) (e #[Prf — (P f) o (~idr)])

F Xooy - (VM s [PLf = (PLf) o (—ian)},
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where

Prf = X©.00) [+ P = X(=00,0) " [

Hence, for every non-real A and f € Lé(R), we have

2V=A -
U == = e S A=W (3.14)
s S .
00 - (A — X\ P f— (P o (—id
T 37 X0 A= VTR = (B f) o (—id)]

+ X(—00,0) - (A = NP f = (Pif) o (—idr)]1},

where

Prf = X©.00) s P = X(=00.0) " [

‘We note that the latter representation implies that the domain D (A gs) of Ags and D(A) of A
differ because the domain of A ¢ contains functions that are not continuously differentiable
in u = 0, whereas all elements in the domain of A are continuously differentiable, see
Sect.3.1.

In particular, Ags is not a relatively bounded perturbation of A.

Further, it follows from (3.14) that
(Aps—N'g=(A-N""g, (3.15)

for every g € Lé(R) that is a.e. antisymmetric. If f € D(A) is antisymmetric, then (A —
A) f is also antisymmetric. Hence, in this case f € D(Ags),

(Ags =N A =Nf=fF=As—N"(Ags = NS,

and Agsf = Af.
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If f € D(A) is antisymmetric, then f € D(Ags) and Agsf = Af.

We note that this indicates a kind of semi-transparency of the d-potential. From (3.15) and
Corollary 12.9.11, it follows that the time-evolution generated by Ags coincides with the
“free” time evolution generated by A, for data that are antisymmetric. In addition, from
(3.15) it follows that [0, co) is part of the spectrum o (Ags)

a(Ags) D [0, 00).

For the proof, let A € [0, 00), ¢ a non-trivial antisymmetric element of C 3 (R, C). We define
forv € N*, ff € C3(R, C) by

1
flfl:(u) = m V_l/ztp(u/u) e:l:l[u

for every u € R. It follows for v € N* that

+2
I3 =

<Aff><u>
) “%:” v v ) F 2 VN ) 4+ Mgt ) | T
2
=R [ i) £ 2VR ) | A w,
2

/Iso(u/l/)l du= /I(p(u)| du—1.

||2 I3

for every u € R. Hence,

1A =N fE] <

1 172 172
Il 7 (/ |<p”(u/u)|2du> + 2V (/ |<,0’(u/u)|2du)
llella R
1
= —— (Ve + 27 VN6 )
llell2
As a consequence, || £ |2 = 1 for every v € N* and

lim [[(A =\ fE=0. (3.16)
V—> 00

We note that £, and f, are antisymmetric for A = 0. For A # 0 and v € N*, it follows that
f,F — f, is antisymmetric and that
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A= £ 13 = _l/lw(u/V)l sin®(v A u) du
- f|g0(u/u)| [1 —cos(2v/Au)]du

” B /Iw(u)l [1 — cosvVAvu)ldu
2

2
= |:||g0||2 /cos(z«/qu) . |<p(u)|2dui|.
|| I|2 R

Since, |¢|* € LE(R), it follows that

lim | cos@vVAvu)-|p@)|>du =0

V—>00 R

and hence that

lim [ £F = £ lla=+2>0.
V—>0Q
Therefore, we conclude from (3.16), the fact that
Aps(fF = 1,) = AU = 1,0,
for every v € N*, and Theorem 12.5.3 that
[0, 00) C a(Aps)-

In the following, we are going to use the following convolution products. If Re(a) > 0 and
Re(b) > 0, then

2 —b — .
cally b1t e (ae™ M =beme ) ifa # b

e 1 9
T +alyeall ifa=»b

{e—a| |« [(X(0.00) — X(=00,0)) * e b I]}(u)
a22—ab2 (efb\u\ _ e*a"") ifa #bandu > 0
s (eP — ) ifa # bandu < 0
|u|e—a\u| ifa=bandu >0

—|u| e~alul ifa=bandu <0

Hence, if b # +/—, then

(Ags =N le™]
1

- 2b) e VA — (B4 2v/=X)e P11,
(ﬁ+2\/—_/\)(>\+b2)[(ﬁ+ )e B+ Je "1
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In particular, if 5 < 0 and b = |(3]/2, then

1wy

e 2
B ’
)‘+T

(Ags—Nle™ 51T =—

. Bl . ) . 2
i.e., e” 2 I'lis an eigenvector of (Ags — A)~! to the eigenvalue —(\ + %)_1.

. 181 . . . . 2
Therefore, if 3 < 0, then e~ 2 | is an eigenfunction of A 46 to the eigenvalue —ﬂ—

For the normalization of this eigenfunction, we note that (Fig. 3.8)

By i)l/z
lle 2 (|ﬁ| .

3.3.2.1 An Equivalent Definition of Ag;
We observe for non-real A as well as for every A < O such that 2/—A+ 3 # 0 and g €
Co(R, C) that

lim [Int(K\)g](u) = / fAz(u)g(u)dqu/ fAr(u)g(u)du}

ZJ_ 6[

lim [Int(K)g] (u) =

0 00
ﬁ [—(v A+ 03) /_Oo fx @) ga) du + V=X /(; () g(i) dﬁ:| ;

Fig.3.8 Graph of the exp( — | u | )/2
probability distribution

corresponding to the A
normalized eigenfunction of

A 36 above, for the case 1 /2

B=—1
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lim [Int(Ky)g] (1) =
u—0+

0 oo
—ZJ—_1)\+/8 [—«/—A ];wal(ﬁ)g(ﬁ)dﬁ+(V—A+ﬂ)/(; fA,(L_t)g(zZ)dIZ:|,

and hence that
ugrng[Int(KA)g]/(u) - uglg_[lnt(KA)g]/(u) = ﬁL}i_IH)[Int(KA)g](M)-

This observation opens an equivalent more direct definition of Ags. For this purpose, we
define the linear subspace D(Ags0) of Lé(]R) by
D(Ags0) ={f € CR,C):

flo.) € €310, 00), ©) N LE((0, 00))

A (flo.00) s (Flo.00) " € LE((0, 00)

A fliso.0) € C2((=00, 01, €) N LE (=00, 0))

A (fli=00,0) s (fl(=00,0) " € LE((=00,0))

AL Jim ffo] = [ lim f'a] =810 )

and the linear map Agso : D(Agso) — L%C(R) by
Apsof = —f",

for every f € D(Agso). We note that D(Agso) is dense in L%C(R), since containing the
subspace

{(fi+ f: fi e C3(=00,0),C) A f2 € C2((0, 00), C)},

where the wedge symbol denotes the extension of a function to a function on R, assuming the
value O in the complement of the domain of the original function. The latter space is dense
in L%(R), since C%((—oo, 0), C) is dense in Lé((—oo, 0)) and C%((O, 00), C) is dense in
L%C((O, 00)). Further, if f, g € D(Ags0), then it follows from Lemma3.1.1 that

(flAosg) = — / F*wg" () du (3.17)
0 o)

=— / F*w)g" W) du — /O F*w)g" W) du
0 00

_ f LY — £ 1) du — fo [(f*gY — £ 1) du

= £*(0) - ([ugl&g’(u)] - [ugnél_ g’(u)]) + /_oo g () du
=(f'1g')+ Bf*(0)g©0) = [(d'If)+ 59*(0)f(0)]* = (Aosgl f).
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Hence, Agso is a densely-defined, linear and symmetric operator in Lé(]R). Further, for
non-real A as well as for every A\ < O such that 2./—XA + § # 0 and g € Cy(R, C)

Int(K»)g € D(Agso), (3.18)

and
(Agso — MNInt(Ky)g = g. (3.19)

Hence, it follows from Theorem 12.4.9 that A g4 is essentially self-adjoint. Further, for every
non-real \, (Axso — \)~! and Int(K ), where A )50 denotes the closure of A 480, coincide
on a dense subspace of Lé(R), and hence

(Agso — M)~ =Tnt(K)).
The latter implies that
Agso = Ags.

Also, for every A < 0 such that 2/—X + 3 # 0, since (3.18) and (3.19) are true for every g
from the dense subspace Co(R, C), and since Int(K)) € L(Lé(]R), L%C(R)), it follows from
Lemma 12.4.8 that’

0(Ags) N{A < 0: 24/ =X+ 3 # 0} = ¢,

and
(Agso — N~ =Int(K ),

for non-real \ as well as for every A < 0 such that 24/—X 4+ 8 7# 0. Summarizing the infor-
mation about o (A gs), we arrive at the following statements.

B If 3> 0, then o'(Ags) = [0, 00).
5 If 3 <0, then o(A ;) = [0, 00) U {— 57},

The physical Hamilton operator H corresponding to Ags is given by

o h2K?
H= o Ao

where Ve
f= e © R

7 We note for [ > 0, the subsequent result can also be obtained from (3.17), since the latter implies
that A s is positive. Hence, it follows from Theorem 12.5.4 that A g5 is positive and that o (Ags) C
[0, 00).
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and Vy € R* has the dimension of an energy.® Hence the spectrum of o(H) of H is given
by

1= If V) > 0, then o(H) = [0, 00).
1= If V) <0, then o(H) = [0, c0) U {— o (57 V0)?).

Exercise 6

Calculate the resonances of H for Vo > 0,and use Remark 12.9.12 and contour integration
to obtain an estimate for the corresponding time evolution operators.

3.4  Weyl’s Limit Point/Limit Circle Criterion

Weyl’s criterion is an appropriate tool for the determination of the deficiency indices
dim( [Ran(A + D)T*) . dim( [Ran(A - DT*),

of symmetric DLO’s A that are induced by formal second order ordinary differential oper-
ators, called Sturm-Liouville operators. In these cases, the deficiency indices coincide and
are both either equal to 0, 1 or 2, respectively. If the deficiency indices are both equal to 0,
A is essentially self-adjoint. If the deficiency indices are both equal to n € {1, 2}, to every
element of the unitary group

U(m):={U eGL(n xn,C):U*=U""}

in n dimensions there corresponds precisely 1 densely-defined, linear and self-adjoint exten-
sion of A. Such extensions of A corresponding to different elements of U (n) are different.”

Definition 3.4.1 (Weyl’s Limit Point/Limit Circle Cases) Let a e RU{—oc}, b e RU
{400} be such that a < b, J := (a, b), p € C'(J,R) such that p > 0 and g € C(J, R).
Further, let Df,’ 4 be the ordinary linear differential operator, defined by

D2, = (CZ(J,(C) S CU.O. [ —(p-f)+q- f). (3.20)

8 We note that the “potential” V{ 6 present in H coincides with the classical potential function only
up to a scale factor. The classical potential function is given by kol Voo. The latter “d-function” has
the dimension 1/length.

91f Aj and A; are (densely-defined, linear and) self-adjoint extensions of A corresponding to different
elements of U (n), then neither Ay D A1 nor A| D Aj. In this context, it needs to be remembered
that DSLO’s have no proper (densely-defined, linear and) symmetric extensions.
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We say that
D2 iso l?m%t p91nt type at a (at b) ’
P4 limit circle type at a (at b)

if there is (¢, z) € J x C

and f € ker(D2 , — 2) such that x, , f & L2(J) (X f & L2(J)))
such that x, ,f € Lé(J)(X[L-,;,)f € L%(J)) forall f e ker(Dqu -2

We arrive at the following

Theorem 3.4.2 Leta,b, J, p,q and Df,, q a8 in Definition 3.4.1. In addition, we define the
modified Wronskian determinant W for D?,, q by

W= ((Cl(J, O) = C(J.C), w,v) > p- (uv — z/v)) .

Then
(i) by

. (cg(J, C) — L%(J))
0= fr D2, f ’

there is defined a densely-defined, linear and symmetric operator in L2C(J ),
(ii) foreveryz € C\(R x {0}):

[Ran (Ag — 2)]* = {v € ker(Df,’q - z*) N L%(J)} ,
(iii) the deficiency indices of Ay are both equal to

0 ifo,’q is of limit point type at a and b,
1 ifthe types of D[%’q differ at a and b,
2 ifDlz,’q is of limit circle type at a and b,

(iv) Ag is essentially self-adjoint if and only ifD[%’q is of the limit point type at a and b. If
this is the case, then

(Ao—2) ' f

J—->C
e [0 [ rmdr +n© [ @ ]

J—C
- (z > fJG(t,T)f(T)dT)’ (3-21)
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for every L2C (J), where

—ury(Nu(r) a<t<t

G = | THm®
—ui(Dur(r) t<7<b

anduy, uy are existing elements 0jker<D[27yq — z) satisfying W (uy, u2)(c) = 1, u; ’(a B

€ L%C((a, c]) and u2|[c b € L%([c, b)), for some c € J.

The proof will not be given here, see [42], [60] Vol. II.

3.4.1 The Free Hamiltonian in 1 Space Dimension, a Simple Application

According to Theorem 3.4.2, by

_(CR,C) > LA([®)
AO T ( f — _f// ) ’

there is defined a densely-defined, linear and symmetric operator in Lé(R). For A € C\
[0, 00), the C2-solutions of the differential equation

— =N ==L = (V=N)?f1=0,
are given by the linear combinations of f1, f» € C 2(R, C), defined by
fiw) ==Y fou) = eV

forevery u € R, where ,/ : C\(—o0, 0] — Cis the principal branch of the complex square
root function. Since f; is not L2 in a neighborhood of 4+-00 and f; is not L2 in a neighborhood
of —oo, Ay is essentially self-adjoint.

The free Hamiltonian H in 1-space dimension is given by

A

H:=¢ A_(),
where Ag denotes the closure of Ag, and

h2K?
go 1= ——.
2m

Further, the Wronski determinant of f; and f; is given by

(W(f1, [)Iw) = fi(u) fl(u) — f; ) fr(u)
— o xeV eV AU _ x/—_)\e‘/j‘“eﬂ/j‘" = —2V=)\,
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for every u € R, and for every A € C\R

(Ao =) f

1
_ R—C
e s A [ i@ f @) di + fiGw) [ fr@) f @) di]

_ R—C
S\t RGO\ u,n) f@ydua)’
for every f € L% (R), where
GO i) = —— fr(u)fz(lf) i<
W fiw) fr@) u <
1 6_‘/?’\”6«/?/\12 i<u e—ﬂ|u_,;|
2\/ _A e\/j)\uefx/j)\ﬁ U< i - 3 —_A s

forall u,u € R.

Hence for A e C\R and f € Lé(R),

[(Ao — A)'flaw)

= 2«/1__A |:e_‘/j‘” /_;e‘mﬁf(ﬁ)dﬂ—i—e*/j‘”/uooe_ _Wf(ﬁ)dﬁ}
(,,ﬂn

for almost all # € R.

3.5 Further Results About the Hamilton Operator of the Harmonic
Oscillator

The harmonic oscillator has already been studied in detail in [7]. There, we defined the
Hamiltonian H of the system by an explicitly given self-adjoint extension of the densely-

defined, linear and symmetric operator Hy, given by

I-Alof:hw<—f”+%u2f),
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for every f € Do, where u denotes the identical function on R and the Schwartz space Dy
is defined by

Dy :={feC®R,C)NX: fPeX Au"f e X, foreveryn € N},

where X := L%C(]R). In the following, we are going to show that Hy is indeed essentially
self-adjoint. More generally, we have the following result.

The operator Hy and the densely-defined, linear and symmetric operator # :
C3(R,C) — LA(R) in L% (R), defined by

1
HHof = hw(—f”—i— Zuzf>,
forevery f € Cg (R, ©), are essentially self-adjoint and

H = Hy = #,.

According to Weyl’s limit point criterion, for the proof that the densely-defined, linear and
symmetric operator in L%(R), o, s essentially self-adjoint, it is sufficient to show that the
ordinary linear differential operator D, ,2 4. defined by (3.20), where J = R, 1g denotes
the constant function of value 1 on R and u denotes the identical function on R, is of
limit point type at =00. For this purpose, we investigate the solutions f € C2(R, C) of the
ordinary differential equation

” 1 u? _0
—f +<§+Z)f— .

The latter differential equation has the solution f € C2(R, C), defined by
Flu) = e,

for every u € R, which is neither L? at —oo nor L? at co. Hence, D, g.u?/4 1s of limit point
type at £00.

For the proof that the closure of # coincides with H, we note that it follows from the
results of Sects. 1.2 and 1.4 that the closure of the densely-defined, linear and symmetric
operator #oo : C3°(R, C) — L%(R) in L%C(R), defined by

Hoo f = hw <—f” + %uzf> :
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for every f € C(‘)><> (R, ©), is an extension of ﬁo as well as that the closure of Fty is an
extension of #y. As a consequence,

Hoo D Ho D Ho, oo D Ho,
implying that )
5@00 B} I:IO D 3@0, 3_500 D 3_60.

Since # is in particular self-adjoint, we conclude that Foo = Ho as well as that I:IO is in
particular essentially self-adjoint with Ho = #. Finally, since Hisa self-adjoint extension
of ﬁo, it follows that H is a self-adjoint extension of H o and hence that A= Fo.

3.6  Motion in a Repulsive Poschl-Teller Potential and Resonances

We define the Hamiltonian of the system as the closure of the densely-defined, linear
operator in L%C(R), Hy : Cg(R, C) — L%C(R), defined by

N e, u K2 . Uo

forevery f € Cg (R, C), where u denotes the identical function on R, the classical potential
V is the Poschl-Teller potential [58], defined by

Vig) = —2
D= cosh?(kq)’
for every g € R, and
_2mVy
Vo=t

is dimensionless. Here Vo > 0 and x~! > 0 are the maximal value and the “width” of
V, respectively. Since Uy cosh™2(u) € L®(R), it follows from the Rellich-Kato theorem,
Theorem 1.6.1, that Ag : C3(R, C) — LZ(R), defined by

Uy

Aof =—f"+
of ! cosh?

/s (3.24)

forevery f € C(% (R, ©), is a densely-defined, linear, symmetric and essentially self-adjoint
operator in X := L%(R). Further, as a consequence of partial integration, see Lemma1.2.1,
and the positivity of Up- cosh™2, A is positive. Hence the closure A of Ay is positive, too,
implying that the spectrum o (A) of A satisfies

o(A) C [0, 00),
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where we use Theorem 12.5.4 from the Appendix. In a further step, we note, see Sect. 3.1,
that the essential spectrum o, (A) is given by

0.(A) = [0, 00).

Hence, we conclude that
a(A) = [0, 00)

and therefore also that the discrete spectrum of A, consisting of isolated points in o (A) that
are eigenvalues of finite multiplicity, is empty. The same applies to the spectrum o (H) of
H, in particular,

o(H) = [0, 00),

where H denotes the closure of ﬁo.

3.6.1 Calculation of the Resolvent and the Resonances of A

In the next step, we are going to calculate the resolvent of A, using the results of Sect. 3.4.
For this purpose, we introduce the linear differential operator

U
Dy, Uycosh—? ‘= <C2(R, C)— CR,C), fr—> —f"+ COS‘;@ . f> ,

where 1R denotes the constant function of value 1 on R and consider the solutions of the
ordinary differential equation

(DIR,UO cosh™2 + M2> f = I:DIR,UO cosh™2 — (_/“LZ)] f =0, (3.25)

where ;. € C. We note that the map pr := (C — C, u — —p?) is a covering of C with
branch point 0. For every A € C*, the fiber pr~'(\) over ) contains exactly 2 elements,
whereas pr~!(0) = {0}. Moreover, pr maps the open right half-plane, (0, o0) x R, biholo-
morphically onto the slized plane C \ [0, co) (Fig.3.9).

Further, if g € C?(R, C) is a solution of the hypergeometric differential equation

v(l —v)g" + (1 +p—2v)g" — Upg = 0,

where v denotes the identical function on R, then f € C 2(R, C), defined by

1
f) = €W9<m> s

for every u € R, is a solution of (3.25). Hence f;, f; € Cz(R, C), defined by
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= Re(y) » Re(A)

Fig.3.9 Grid lines inside the covering space and corresponding projections onto the base (“spectral’)
space under pr

fi(u) ;= e - F l—al+al+ ;
I M 2 ’2 ’ /~‘L91+e_2u I

(1 1 1
= [2 cosh(u)] “F(E—a—i-,u,i—i-a-f-,u,l-i‘/l»m)v

1

_ _ 1 1
frw) == fi(-u) =e W'F<§—a,§+a,1+ﬂ,m>

—67“”1:“] a1+a1+ 1 !
- P T A Tl

for every u € R, where [56] (15.8.1) has been used, and where

,/%—Uo for Uy <
a =
i\JUp— % for Uy >

are solutions (3.25). Here F : C3 x U;(0) — Cisthe holomorphic extension of the function

FNERNTS

((C2 x (C\ (=N)) x U;(0) - C, (a,b,c,z) — F(a,b,c,2)/T(c)),

where the hypergeometric function (Gauss series) F and the Gamma function I' are defined
according to [1] and 1/T denotes the extension of (C\ (—=N) — C,c+ 1/T'(¢)) to an
entire analytic function. In particular, if u = —n, forn € N*, then according to [56] (15.2.3.5)

fiu) =e ™. F 1—oz l—i—a 1—n ;
) - 2 ’2 ’ 71—{—6_2“

1 1
= — _+a 1 1 —1
(2 )n(2 )n a+n’_+a+n,n+1, _ ’
Fl - — 1 e—2u

2" n! cosh” (u) 2 2
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for every u € R.

We note that for p € (0, 00) x R, f; is L? at —oo and fris L? at co. In particular,
via Weyl’s limit point / limit circle criterion, this fact provides another independent
proof that Ay is essentially self-adjoint.

In a first step towards the calculation of the resolvent of A, we are going to calculate the
Wronski determinant W ( f;, f;) of fj and f;.. For this purpose, we introduce the parameters

1

1
a::z—a,bzzz—ka:l—a,c::l—i—u. (3.26)

According to (15.8.4) of [56], if z € U1(0) \ (—1, 0], then
sin(w(c — a — b))

™

F(a,b,c,z)

= F(a,b, b— 11—
Fle—a(c_p [ @batb=c+ 2)

(1 Z)c—a—b _
= F(c- — —a— 1.1=2).
@F®) (c—a,c—b,c—a—b+1, 2)

As a consequence, it follows that

sin(w(c — a — b))

F(a,b,c,1—72)
™
1 _
= F ,b, b_ 11
Fe—ale_p @batrb=ctla
Zcfafb B
- = _F(c—ac—bc—a—b+1,
T @ ®) (c—a,c c—a +1,2)
1 _
= F ,b, b_ lv
Fc_ale_p  @batrb=ctla
1 c—a—>b 1—c
- 1-— ‘Fl-b,1—a,c—a—->b+1,2),
F(a)l"(b)z ( 7) ( a,c—a +1,z2)

where we used (15.8.1) of [56]. Hence if ¢ — (a + b) = p ¢ Z, then

F(a,b,c,1—2)
_ w/sin(m(c —a —Db)
I'(c —a)T'(c —b)
mw/sin(mw(c —a — b))

c—a—b l—c 1
— 1-— Fl-b,1—a,c—a—b+1,2).
T @ ®) Z 1-2) ( a,c—a +1,2)

Fa,ba+b—c+1,2)
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In particular, since
a+b=1, c¢7Z,

we have

Zl—c a- Z)C_a_bﬁ'(a, b,c,1—2)

B 7/ sin(7c)

T T(c—-al(c—b)
w/sin(we) -
WF(a,b,c, 2).

A=) P F1—a, 1= 5,2 —¢,2)

According to (15.10.2), (15.10.3) and (15.8.1) of [56], since none of the numbers ¢ and
¢ — (a + b) is an integer, and if a — b = —2a is no integer, the latter only excludes the case
that Uy = 1/4, then g1, g2 defined by

g1(z) = F(a,b,c,2),
p@)=7z2"Fla—c+1l,b—c+1,2—¢,2)
=0 =) PF(1—a,1—b,2—c,2),

for every z € U1(0) \ (—1, 0], satisfy the hypergeometric differential equation
2(1 = 2)gj(2) + [c — (a+ b+ 1)zlg(z) — abg;(z) =0,
j €{1,2}, as well as

(W (g1, 92)1(2) = g1(2)95(2) — 91(2)92(2)
1—c sin(mc)

_ —c _ \c—a—b—1
= Tore—9 7z (1—-2) ;

¢ a- Z)c—u—b—l —

for every z € U1(0) \ (—1, 0]. Hence,

1
(c —a)T'(c —b)

[W(g1,93)1(2) = — T 77— Z)c—a—b—l’

where
03(2) ==z (1 =) PF(a,b,c, 1 - 2),

for every z € U1(0) \ (—1, 0]. We note that sincea + b = 1



124 3 Simple Quantum Systems in 1 Space Dimension

1
-— plc—D
fru) =" g3 (m)

(1w 1 1—c 1 c—1 _ 1
=e _ l— — Fla,b,c,1 — ———
1 +e2u 1 +e 20 1 +e2u
1\ e T 1
_ =1
HC u<1+e_2u> (1+e-2u> F(a,b,c,l—l+e_2u)

=l up=20c=Dup (g p e 1 — —1
14 e 2u

e "DUF (a boe, 1~ H%) = fr(w),
for every u € R. Also, defining f; : R — C by
OE e“—l)“gl(%) = fi(uw),
14 e—2u
for every u € R, it follows that

(W(f1, 1) = fiw) f) = f(w) fo@)

_5 eZcu W 1
= m[ (91&3)](@)
2 eZcu c—=2
T Te—al(c—b) (1+ e2u)2<1+e—2u) [ <1+e—2”>i|
e (=) (F=)
" T(c—al(c—b) (1+e2”)2 1+ e 2 + e~2u
2 2 e \¢
~ " T—al(c—b) (1—}—e2“)2 (1—}—62“) <1+e 2“) <1+62“>
2
T T—al(c—b) (1+e2u)2 <1+e2u> - F(c—a)F(c—b)

2
Fr(3+a+p)(—a+mu)

As a consequence, using analytic extension, we arrive at the following result:
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The Wronski determinant W ( f;, f) of f; and f; is given by

(W (fi, )@ = fiCw) f; @) — f/ @) fr ()
2

Tlt+a+pTl—a+p)’

for every u € R. In particular, f; and f, are linearly independent, if and only if

pr(A) = {u . mt}.

neN

where for eachn € N,

_ 1 N 1
W, = — n—i—z—a s My = — n—}—z—i—a o

Since 0 < Re(a) < 1/2,
r(A) C (—o0,0) x R.

The elements of »(A) are called resonances of A (Fig.3.10).

We note that the functions f;~ and f,~, corresponding to y,,, for n € N, satisfy

_ —n+l—au _ (1 1 1 1
fl(”)=e< : )F(E_ +a— ,m>

@ 2 2
1
— 230 ogh Yu) Fl—n, 20 — +a n, ——s-
14 e
1
P 1 1 1
= l—cosh"+7_"‘(u)F —n,2a—n, -+ a—n, T o
F(§+a—n) 2 14 e—2u
Im( ) Im( )
A A
0.2 . L] . . L] . 0.2
0.1 0.1
__; LI 0_5- LI 1_3. L I .—l = Re(u) _7 5 =3 =] = Re(y)
-0.1 -0.1
=-0.2 . . ® . . e« =02

Fig. 3.10 List plot of y, (blue) and ,u;l" (red) for n =1 to 6. The left drawing corresponds to
Up = 21/100 < 1/4, and the right corresponds to Uy = 29/100 > 1/4
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= —12n+%7a cosh"+%_0‘(u) —1(% — %n
FG+a-—n) (3 +a—n),
F<—n 200 —n l—}-oz—n ;)
’ 2 1 4 e2u
G -a, . TG—a+mTG+a-—n) _
B (%+a—n>nfl o= rG—a)r'( +a) frw

B sin(m(3 — a))
sin(r(3 — a+n))

fr @) = =D f7 @),

for every u € R, where (15.8.1) and (15.8.7) of [56] have been used. Further, we note that
the functions f,* and £, corresponding to 4", for n € N, satisfy

fl(u)_e< ) .F(E—a,i—i—a,i—a—n,m
_ 1 1
= pntita cosh"+%+“(u) Fl-n,—2a—n,-—a—n, ————
2 14 e 24
2n+%+a 1 1
=0 cosh"""%‘m(u) F<—n, 20 —n,— —a—n, —2>
I'(z —a—n) 2 1 4 e—2u
2n+%+a 1 + «
= 1—cosh"+%+a(u) 1(2—)'1
r(—a—n G —a-n),

F(—n,—Za—n,%—a—n,ﬁ)

. (%—I—a)n n _F(%—a—n)f‘(%—koz—l—n)

T A YT T A ord o
sin(7 (3 + @)

~ sin(r( + o +n))

f )

S = =D" frw,

forevery u € R, where again (15.8.1) and (15.8.7) of [56] have been used. As a consequence,
we arrive at the following result:

The functions f;~ and fl+, corresponding to the resonances y;,; and i, respectively,
where n € N, satisfy

_ 1 1
fiw=1[2 cosh(u)]"+%_a F(—n, 200 — n, 3 +a—n, m) ,
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_ 1 1
fifw =12 cosh(u) "2 +e F(—n, —2a —n, S o= m) ,

()= D" W), fH(—uw) = D" W),

for every u € R. In particular, these so called resonance modes grow exponentially
at —oo and +o00 and therefore are no elements of L%C(R).

From Theorem 3.4.2, it follows for 1 € (0, 00) x R* that
R~ f=A+pH7 ' f = % F(% +a +u> F(% —a +u>
_ < R—C )
ws fr@) U i) f@dv+ fiw) [ f ) f(v)dv

_ R—C
~ \u g K(p,u,v) f(v)dv)’

forevery f € Lé(R), where K € (C\r(A)) x R2 — C is defined by

K, u,v) = 1F<%+Q+M)F<l—a+u) {fr(u)fl(v) v<u

2 2 Sl fr(v) u<v
1 /1 1
=3t reru)r(z-aru)er
17"%—a,%—ka,1+u,ﬁ>ﬁ(%—a,%+a,1+%ﬁ vsu
F %—a,%—i—oz,l-i-,u,lﬂ%zu)F(%_O"%"'O"l""“’ﬁ w=v

forevery p € C\r(A)andallu, v € R.Itfollows from Theorem 12.9.31 that X is continuous
and for f, g € Cé (R, C), by differentiation under the integral sign, that R, r : C\r(A) —
C, defined by

Ry, r () := /RZ g W)K (u, u, v) f (v) dudv,

for every p € C\r(A), is a holomorphic extension of ((0,00) x R* —» C, >
{glA + =" f).

The resonances of A, which coincide with the zeros of the Wronskian determinant func-
tion W(f;, f,), are poles of Ry ;. These poles are simple for the case o # 0 and second
order for the case o = 0. It should be noted that in fact these resonances depend not only
on the operator A, but also on the choice of a dense subspace of Lé(R). 10 This subspace is

101t can be shown that A and the closure of the negative second order derivative (1.29), are unitarily
equivalent, but the analogous analysis shows that the latter operator, for the same subspace, has no
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the space where the data for the Schrodinger equation are going to be taken from, here the
space of complex-valued C>-functions on the real line with compact support.

3.6.2 Calculation of the Functional Calculus for A

For the calculation of the Functional Calculus for A, we use Stone’s formula, Theo-
rem 12.9.8 (ii).

Theorem 3.6.1 The following is true.

(i) For f,g € Cg(]R, O), by hy y(\) :=0, for every A < 0, and

hpg(N) = b / [K(—i N, v> — K(i«/X, “, v)] - F*u)g(v) dudv,
21 JRre2
forevery X > 0, there is defined a continuous complex-valued function hy 4 : R — C.
In particular, if f = g, then hy 4 is positive real-valued.
(ii) The spectrum o(A) = [0, 00) of A is purely absolutely continuous.
(iii) For k € Ug ([0, 00))

11

(Flk(A)g) = /R ROy (N d,

forall f, g€ C(%(R, C), where k denotes the extension of k to a function on R that
vanishes on (—o0, 0).

Proof For the proof, let f, g € Cg(R, C). We note that by
FOu, ) = [K(=ivA,u,0) = K (iVA 0, 0) |- g ),

for every (A, u,v) € [0, c0) X R2, there is defined a continuous function F : [0, 00) X
R? — C. Hence, if \ € [0, 00) and Ap, A, ... is a sequence in [0, co) that is conver-
gent to A, then F(Aq, -), (A2, ), ... is a sequence of continuous complex-valued functions
with a compact support contained in supp(f) x supp(g) that is everywhere on R? point-
wise convergent to §(J\, -) and whose component functions are dominated by the integrable
function

sup [N, u, v)] | Xsupp(f) xsupp(g)»
(N,u,v)eBR(AN)xsupp(f)xsupp(g)

resonances. On the other hand, using the results of this Section, a dense subspace of the domain of
that operator can be given that leads to resonances.

1 The latter means that every set of Lebesgue measure O is also a set of measure O for every spectral
measure of A. In particular, as a consequence, A has no eigenvalues.
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where R > 0is such that A\, € Bg(\), for every v € N*. Hence, it follows from Lebesgue’s

dominated convergence that i ¢ , is well-defined as well as continuous on [0, c0). Since

h 4 is continuous on (—o0, 0) and since i ¢ 4(0) = 0, it follows that 4 ¢ 4 is continuous.
According to Stone’s formula, Theorem 12.9.8 (ii), for «, 5 € R such that o < (3 and

>0,
< [arctan( (id[0,00) — )) - arctan(é (id0,00) —B)>:|(A)g>

>n|~

1

—/ (fIIRA+ie) — R\ —ie)lg)dA

271 Jqo

1 ﬂ

%/ fl R( [V—O+ie) ) — R(—=[y/—(\ —ig)] )] >

%/ {/ [K(/=0F 19 0) ~ K== 9.1 0)]
~f*(u)g(v)dudv}d/\

_ [K(\/—()\ Fio).u.v)— K(J=(h—ie).u, v)]

27 [04,[7’]><]R2

- fFw)g(v) d\dudv,

where we used Fubini’s theorem and that the integrand of the last integral is a continuous
function with a compact support. Also, we use that G : (R x (0, 00)) x R — C and
_: (R x (=00, 0)) x R? — C, defined by

G\ u,v) = KW=Xu,v)f*wg),
for all (\, u, v) € (R x (0, 00)) x R? and
G_(\u,v) = K& =X\ u,v) f*ug),

forall (\, u, v) € (R x (—o0, 0)) x R?, respectively, have an extension to continuous func-
tions on the closed upper half-plane and closed lower half-plane, respectively. Further, for
A € R, it follows that

VO Eie) = (Wmﬂ NEi VR 2 - (- »)

and hence that

. . FivA ifA>=0
lim /—(\ £ ig) Al=A Al+A) = .
lim /= (V£ (\/| [—AFiVIAT+2) {m o




130 3 Simple Quantum Systems in 1 Space Dimension

Hence it follows from the spectral theorem, Theorem 12.6.4, see Remark 12.9.9, and
Lebesgue’s dominated convergence theorem that

% <f I [(mﬁ) |[0,oo))(A) + (X[a,mho,oo))(A)] g)
. - X[, 81(A) X10,00) (A) [K(—i\/x, u,v) — KV, u, v)] ) g(v)
dMdudv

- A; N1 - g g (V) dA.

where Fubini’s theorem has been used. With the help of the spectral theorem, Theo-
rem 12.6.4, we conclude further that

1
S = Vlggo ) [(X(a,a+},)|[o,oo))(A) + (X[a,a+5]|[o,oo)>(A)]

1
= 5 (Xtwatlgp, o)) )

and with the help of Lebesgue’s dominated convergence theorem that

lim /Rx[a,a%]@).hf,g(A)dxzo,

V—>00

implying that
(71 (il .0y ) (A)g) = 0.

Hence, we conclude that

(71 (o) W5) = [ o0y,

as well as that
Yr(J) = A@XJ(/\) “hy (N dA,

for every bounded interval J of R, where 1)y denotes the spectral measure corresponding to
A and f. Since h ¢ s is continuous, the latter also implies that / ¢ is positive real-valued.
Further, from the Radon-Nikodym theorems, it follows that v ¢ is absolutely continuous
with respect to the Lebesgue measure on R and, for every k € U ([0, 00)), since according
to the spectral theorem, Theorem 12.6.4, k is v ¢-integrable such that

(flk(A) f) = /R/%dzz)f,

that k / 7. f is Lebesgue measurable such that
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(flk(A) f) = /R kO by rN) dA.

Since the latter is true forevery f € Cg (R, C), with the help of the polarization identities for
C-Sesquilinear forms on complex vector spaces, see Theorem 12.3.3 (ii) in the Appendix,
this implies that

(flk(A)g) =[R/€(>\)hf,g(>\)d>\,

forall f, g € Cg (R, C). Finally, since for every f € Cg(R, C), ¥ ¢ is absolutely continuous
with respect to the Lebesgue measure on R and since C&(R, C) is dense in L%C(]R), the
closed subspace of Lé(R), consisting of elements whose spectral measures are absolutely
continuous with respect to the Lebesgue measure on R, coincides with L%C(R), and hence
the spectrum o (A) = [0, 0o) of A is purely absolutely continuous. O

Exercise 7 (Motion in an attractive Pdschl-Teller potential)}

Show that Hy : C2(R, C) — LZ(R), defined by

2

i fv(s)r= e [— (L f]

fof = -
of 2m 2m cosh?(u)

forevery f € Cg(R, C), where u denotes the identical function on R, the classical poten-
tial V is the attractive Poschl-Teller potential [58], defined by

Vo

N = )

for every ¢ € R, where V > 0, x > 0 has the dimension /! and

_ 2mVy

Uo = B2 12

is dimensionless, is essentially self-adjoint. In addition, determine the spectrum of this
operator.
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[Exercise 8 (Motion in a Rosen—Morse potential)}

Show that ﬁo : Cg(R, C) —» Lé(R), defined by
A~ h2 K2 u
Hf =——f"+ V(-
of 2m F (/{) f
h2K2

- {—f” + [Um tanh(u) — &] f} ,

2m cosh?(u)
forevery f € Cé (R, C), is the Rosen—Morse potential [64], defined by

Voo

\% := Vo tanh(kg) — ———,
(@) o1 tanh(kq) cosh2(ng)

for every g € R, where V1 € R*, Viip € R, k > 0 has the dimension I~V and

2m V1 ) 2mViy

o= T Y g

are dimensionless, is essentially self-adjoint. In addition, determine the spectrum of this
operator.
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Motion in a Central Force Field

Frequently, the Hamiltonians in quantum mechanics are representations of formal! partial
differential operators, restricted to an open subset 2 of R”, n € N*, with singular coefficients,
i.e., either the coefficients of the principal part of the operator vanish “on” the boundary of
Q or the potential is unbounded. For instance, in the case of the harmonic oscillator, the
potential is unbounded. Also in the case of an electron in the electric field of an atomic
nucleus, the so called “Coulomb-potential” is unbounded.? In such cases, the domain of the
Hamiltonian is not a priori clear, but has to determined, if necessary, employing additional
physical boundary conditions.

Supplementary Information The online version contains supplementary material available at
https://doi.org/10.1007/978-3-031-49078-1_4.

I'In operator theory, the term “formal” indicates that the operator in question does not come together
with a representation (function) space and a natural domain in that space, both crucial in determin-
ing the spectral properties of the later operator. The domain of a DSLO is critical. Neither proper
extensions nor proper restrictions of a DSLO are self-adjoint. In this sense, domains of DSLO are
“maximal.” So, strictly speaking, a formal partial differential operator (“PDO”) alone is of little sig-
nificance in operator theory. This has to be seen in the context that the “operators” considered in the
vast majority of quantum theory text books are formal PDOs.

2 Such cases are rarely considered in the theory of partial differential equations. The fact of having
singular coefficients complicates the analysis of these operators and lead to development of an area of
operator theory studying extensions of operators, like von Neumann’s extension theory of (densely-
defined, linear and) symmetric operators in Hilbert spaces.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 133
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In these cases, the determination of the corresponding Hamiltonian starts with a prelim-
inary Hamiltonian ﬁo, defined on a “minimal domain” Dy, like in the case of the harmonic
oscillator.> Such “preliminary Hamiltonians” are densely-defined, linear and symmetric. In
the next step, the self-adjoint extensions of Hy are studied. If there is such an extension,*
such extensions are restrictions of the adjoint operator I:IS‘ of Hy. If there is only 1 such
extension, i.e., I:IO is essentially self-adjoint, like in the case of the harmonic oscillator, then
the Hamiltonian of the system is given by the closure of Hy which is equal to I-Alék If not,
additional physical boundary conditions are needed that, on the one hand, should be trivially
satisfied by the elements of Dy and, on the other hand, restrict the domain of I—?é‘. In this
case, the physical Hamiltonian is a proper restriction of 1:16".

In a position representation, the minimal Hamiltonian for a particle subject to a central
potential V o | | that might be singular in the origin, where V : (0, co) — R s a continuous
function, is given by

G — cg(ﬂ%{z@—w%(w)
fro=BEAf+WolD-f)

where we assume that (Vo | |)- f € Lé(ﬂ@), for every f € Cé(R3, ©).

With the help of Lemma 1.2.1, it follows that the operator Hy is densely-defined, linear
and symmetric. In the following, we are going to use the spherical symmetry of the system to
define the Hamiltonian as a direct sum of a countable number of Sturm—Liouville operators.
For this, in a first step, we change the representation, using a unitary transformation U
induced by spherical coordinates.

4.1 A Change of Representation Induced by Introduction of
Spherical Coordinates

We repeat the steps from Sect. 2.4. First, we note the following Lemma.

Lemma 4.1.1 (Transformation of the Laplace Operator in 3 Dimensions into Spherical
Coordinates) For this, let @ C R\ ({0} x {0} x R) be non-empty and open. In addition, let
Qpn C R3 be a non-empty open subset such

9(&25pn) = 2,

3 The domain is chosen “minimal,” in order not to miss the physical extension.

4 Preliminary Hamiltonians that have no self-adjoint extensions are easy to construct, but are usually
of no physical relevance. On the other hand, frequently, preliminary Hamiltonians are semi-bounded
from below, i.e, <f|1-}0f> = v (flf) forevery f € D(ﬁo) and some real v. In these cases, there is

always a self-adjoint extension of ﬁo. One such extension is the so called “Friedrichs Extension.”
Often, it turns out that the “physical” extension coincides with the latter extension.
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where g € C®(R3, R?) is defined by
g(u, 0, p) := (usin(f) cos(yp), u sin(0) sin(y), u cos(d))

forall (u, 0, p) € R3. Finally, let f € C*(Q2, R). Then

0? 2
(Af) g, 0, ) = —f( 0, 30)+——f(u "))
1 *f 2f
m[ (M 9 )—l—sm (9) 302 (M 9 (p)
+ sin(6) cos(6) f(u 0, @)} 4.1)

forall (u, 0, p) € Qpp, where f € Cz(Qsph, R) is defined by
Fu,0,0) :=(fog)u,b,p) = f(usin(@) cos(p), u sin(h) sin(p), u cos(d))

forall (u,0, ) € Qspp.

The proof of this Lemma is left to the reader.

Exercise 9

I Prove Lemmad4.1.1.

Further, we define U : LZ(RY) — LZ(Q, u?sin()) by (2.7), where Q := (0, 00) x
(0, m) X (—m, ). As a consequence of Lemma4.1.1, UHyU ! is given by

URU™'f
P2 (0> 20 1 0? ) 0
Z_W{ﬁ—i_;%—i_m[@2+Sm(0)_sm(9)_:|}f

+V@f,

for every f € Cg(Q, C).

4.2 Reductionof UHyU™!

In the next step, we are going to use the spherical symmetry of the system to decompose
into a countable number of densely-defined, linear, symmetric Sturm—Liouville operators.
The basis for the reduction is Lemma?2.2.2. We define, X := Lé(Q, u? sin(9)), for every
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((, m) € 9 a corresponding linear isometry Uy, : Lé(l, u?) —> X, where I := (0, 00), by
(2.11) and the corresponding closed subspace X/, of X as the range of Uy,,. Further, we
define the dense subspaces Dy, of X, by

Dim = Urpy C(%(Iv (C),
forall (£, m) € 9. Forevery ({,m) € dand f € Cé([, C), it follows that

UI:IOU_lf QYrm

m2k2 ( 52 N 2 0 + 1 9% +sin(0) 0 sin(0) 0 Fev,
=" om | ou? u ou 9.2 1 o St an m
2m | Ou?  u Ou  u?sin®(9) [ 02 90 a0 t
+ V(u)f ® Yrm
W r? v, 2 ((C+1)  2mVu)
=T om » o Y m
2m {f+uf |: u? + R2 k2 :|f}®f
Gl 2 (C+1) 2mV )
I {_ (W i ;f/) + [ pa el } f}  Yom € Xon

where we used that

1 g N AR
- m {6_@2 + [51n(0) %] } Yim = [([ + 1) “Yem.

We note that the latter “invariance” is due the “spherical symmetry” of Hp. This is going to
explained in more detail in a separate chapter on symmetries.

4.3  Analysis of the Reduced Operators

The final step in the application of Lemma?2.2.2 consists in the analysis of the reduced
operators that are unitarily equivalent to the, densely-defined, linear and symmetric, Sturm—
Liouville operators Hy,, : C&(I ,0) — L%(I , uz), defined by

Reduced Operators
. K2k 1,5, v [CC+1)  2mVu)
Hpp f = m {_M_Z (u f) + |: %) + 7212 :|f} >

for every f € C%(I , C), where u denotes the the identity function on /7, for all (£, m) € J.
For this purpose, after applying another unitary transformation U to H,,, we are going
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to use Weyl’s Limit Point/Limit Circle Criterion given below. The unitary transformation
U : LI, u?) — LL(I) is given by

Uf :=uf,

for every f € Lé(l). Then, UPAIf,nU" is given by
G U 5 2 K2 1T ,/(rY ’+ [ +1) N 2mV@w)] f
m = —— |U - -
t 2m u? u u? h2k2 u

72 K2 1 A\ T+ 2mvw] f
- e (- 5)) [ T

2R () 2mv<u)] f}

<

1 /
= R 2

_ WPR? 1f”+ (C+1) 2mV@)] f
T 2m u u? h2 K2 u

2.2
_ o PR {_f,,+ [r(r+ b, 2mV(u)i| f}

2m u? h2K2

u

for every f € Cg(l, C) and hence UI-AI[,,ZU’1 : Cg(l, C) —» L%(l) is given by

Transformed Reduced Operators

3.
UH U f = il {—f“+ [f([+ 1) N 2mV(u):| f} |

2m u? 2 K2

for every f € Cg(I,C).

4.4 Motion in a Coulomb Field

4.4.1 An Application of Weyl’s Criterion

In the following, we apply Weyl’s Limit Point/Limit Circle Criterion to the case of an electron
in the Coulomb field of an nucleus containing Z protons. In this case,

Ze’k

)

V =
u

where e > 0 denotes the charge of an electron. Then, for (I, m) € ¢
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N h?K? v A
UHl’mu_lf = 2_ |:_f” + (_; + u_z) f] ’

m
for every f € Cg(l, C), where

2mZe?
= A:=C0(+1).
v T ¢+1

In a first step, we analyze the asymptotic of the solutions of

f”+<>\+g—%>f:0, 42)

at 0, where A > 0. In order to allow a direct application of Theorem 12.8.1, we use instead
of f the auxiliary function g := f o (—idR), which satisfies the differential equation

A
g//+()\_ﬁ__2)g:0,
u u
where now u denotes the identical function on (—o00, 0). In the next step, we define g; := g/u,
/!
g1 1 1 —1 0 0 a1
=|— . 4.3
(92> [—u<—A 0>+(V—/\u0 92)’ @3
1 -1 0 0
Ao = Al = .
0 (—A O)’ ! (V—)\u())

An application of Theorem 12.8.1 to (4.3) gives the existence of linearly independent solu-
tions fi, f» € C2(1,C) of (4.2) and Ry, R, € C' (1, C?) such that

g2 :=¢'. Then

where

fi=u' A+ Ri), f{=u" V(0 + R,

fr=uT A+ Ry). fy=u" (L +1+ Ry),

lim Ry (u)| = lim |Ra(u)| = 0. (4.4)
u—0 u—0

The details of this application are left to the reader.

Use Theorem 12.8.1 to show that for every non-real A
lim (Ay, = N7 'f =Int(K)) £,
a—0+

forevery f € Lé(R).
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Asymptotic of the Solutions of (4.2) at 0

We note in the case { = 0 that f] and f> are both square integrable close to 0, whereas
in all other cases f is not square integrable close to 0.

In a second step, we analyze the asymptotic of the solutions of (4.2) at co. For this purpose,
we reparametrize f, with the help of an auxiliary function A, such that the resulting equation
for f o h allows the application of Theorem 12.8.1. The function # is defined by

ho— (+I/>+V tanh u
=, ju-\u \ )\-aran ut

v
A
v A v ak
= u-(u—l—X)—Hn ;(/u—i—x—i-«/ﬁ) : 4.5)
Then
v/A v/A
W =,14+—", = .
u 2u3/2\fu + (/N
Since

hO)=0, h > 1,

h is a strictly increasing C 2-diffeomorphism from 0, co) onto (0, 0o). In addition, if & :
(0, 00) — Ris such that k|c o) is integrable, then it follows that k - |1’| |[C’Oo) is integrable,
since |A’| is bounded measurable. Hence, it follows from Lebesgue’s change of variable
fomula that k o 2! |[,(c).c0) is integrable and that

o0 o0
/ k-|h’|dv1=/ koh™'dv',
c h(c)

Further,
g:=foh!
satisfies
f:goh, f/= (g/oh)-h/, ”:(g//Oh)~h/2+(g/Oh)-hN
and, since

=(g//oh).h/2+(g/oh).h”—l—()\—l-g—uA—2>(goh),
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it follows that

oz(g”oh)JrhT/;(g’oh)+A h%/z_u%(goh)

z(g/foh)+:%;(gfoh)+A'(Hﬁ)_‘%(gom

:(g”oh)—%%(g/oh)—}—)\.(1+h?)_lj\_z(goh)

= (g" o)~ —— 3/2<g/oh)+(x— A”ﬁi)(gom
2u2 (1+42) L+52

and hence that

) /u? AJu?
g” - —(V/ )/u 3 oh~! g/ + |:/\ — (—/Z/)\) oh_1:| g=0.
2(1+ ”/A) 1+ =2

Tu
Using the definitions

2 A 2
pe (A
21+ 42 T+5°

u

we arrive at the system

() = [(50) = G2)] () = a0 (7).
an (50 2= ()

where

(4.6)

We note that a|[c,o0) and b|[¢, o) are integrable for ¢ > 0. Hence, Theorem 12.8.1is applicable
to (4.6) and gives the existence of linearly independent solutions f3, f4 € C 2(I,C) of (4.2)

and R3, Ry € C! (1, (Cz) such that

f3=exp(iv/’Ah) - (1 + R31)., ff =exp(ivAh) - (iVA- 1/ + Rz),

fa =exp(—iv/Ah) - (14 Rap), ff =exp(—iv/Ah) - (—iv/A- I + Ry),

lim |R3(u)| = lim |Ra(u)| = 0.
u—> 00 u—>0o0

The details of this application are left to the reader.

4.7)
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Use Theorem 12.8.1 to show that there are linearly independent solutions f3, f1 €
C2(1,C) of (4.2) and R3, R4 € C' (I, C?) such that (4.7) is satisfied.

141

Asymptotic of the Solutions of (4.2) at co

We note that in all cases f3 and f4 are both not square integrable close to co.

From the results on the asymptotic of the solutions of (4.2) at 0 and oo, we conclude the
following.

Extension Properties of the Reduced Operators

For the case that { = m = 0, the reduced operator ﬁ[m, i.e., the purely radial operator
Hoo is not essentially self-adjoint, with deficiency indices equal to 1. In all other cases,
f]gm is essentially self-adjoint and hence the corresponding self-adjoint extension is
given by HF

lm*

Since I;Vp,,, is essentially self-adjoint for (£, m) € 9\{(0, 0)}, the corresponding self-
adjoint extension is given by its adjoint H . From the general theory for Sturm—Liouville
operators, see e.g. [80]), it follows that the following is true.

A Larger Core for IQ;;H, (¢, m) € 9\{(0, 0)}

Dy = {f eCXU,O)NLEU) : —f" + (—5 - Az) fe Lé([)}
u

u

defines a core for (UI-AI[,,ZU_I)* — UH U,

(m

For f € D¢y, (u}}l'mu_l)*f is given by

2,2
(UHp U f = hz—” [—f” + (—5 + %) f} :
m u u
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Later, we are going to show that the eigenvectors of I:I[’j”, (¢, m) € 9\{(0, 0)}, are ele-
ments of Dyp,.

4.4.2 Extensions of the Purely Radial Operator Hyo

For an application of Lemma?2.2.2, solely the radial operator Hoo needs to be extended,
such that the extended operator is in addition essentially self-adjoint. This is done in the
following for the equivalent operator Agy : Cg(l ,0) — L%C(I ), defined by

Awf =—f"— g 1.

for every f € Cé([ , C), where \ > 0, by using a method which can be found in [41]. This
method has the technical advantage over the von Neumann extension theory that it does not
presuppose a detailed knowledge of the deficiency subspaces of Agg. For the application of
this method, we let 7 denote the canonical projection of D(A(,) onto the quotient space
D(A},)/D(Ano) and define () : (D(A},)/D(Ag))*> — C by

(f + D(A). g + D(Ao)) == i (Al f19), — (f1AG09),) -

forall f, g € D(A(,), where (| )2 denotes the scalar product of Lé (J). Since both deficiency
indices of Ago are equal to 1, D(A,)/D(Ago) is a 2-dimensional complex vector space and
(, ) defines an inner product (i.e., a nondegenerate symmetric sesquilinear form) of signature
(1, 1) on D(AG,)/D(Ago). A subspace D of D(A,) “is” the domain of a linear self-adjoint
extension of A if and only if (D) is a maximal null space of (D(Aéo)/D(Aoo), (, M, 1e.,
iff the equality

m(D) = {f + D(Aoo) € D(Ag)/D(Ag) : {f + D(Aco), g + D(Ago)) =0,
forall g € D}

is valid. Hence, given an orthonormal basis fi + D(Aq), f» + D(Ago) of
(D(AGp)/D(Aoo), (. ), ie.,

(fi + D(Ao0), fx + D(Ag0)) = njk »
for j, k € {1, 2}, where:
m=1,m=-1,n2=m1=0,

constructed below, the domains of linear self-adjoint extensions of Agg can be seen to be
given by the sequence (?g) se(o,r) of pairwise different subspaces of D(A(,), where

Dy = (f € D) i (Ao + 7 1)1 f) = (i + €27 falazos) ) = 00,
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for 8 € [0, 7). By the general theory for Sturm—Liouville operators (see, e.g., [80]),
Do:={f:feCXUI.C)NLAU) and — f" — = f € LA(I)}
u

defines a core for Ay, and for f € Dy the corresponding A, f is given by

14

Asof =—f"—=f.
u
Hence for f, g € Dy,

(f + D(Ag), g+ D(Aw)) :=i (Al flg), — (f1A%9)y)

Y N (TR PR ) | P

i[) (_f*//g+f*g//) du = i/O (_f*/g+ f*g/)/du

. */—/*/d.
l/O (f*9' — f™g) du

‘We note that
gr:=h-[1 —vuln(u)], g := hu,

where h € C*°(I, R) is an otherwise arbitrary auxiliary function which is equal to 1 on
(0, 1/4] and is equal to 0 on [3/4, co) (such a function is of course easy to construct), are
linearly independent elements of Dy satisfying

(g1 + D(Aw0), g1 + D(A00)) = (g2 + D(Aq0), g2 + D(Ago)) = 0,
(g1 + D(A), g2 + D(An)) = —i, (g2 + D(Aoo), g1 + D(Ag)) = i.

As a consequence, defining

V2 . V2 .
fi= 7(91 +ig), foi= - @ —ig) = f1,
we obtain

(fi + D(Ag), fi + D(Aw)) = 1, (f>+ D(Aw), f>+ D(A)) = —1,
(fi + D(Ag), >+ D(Awo)) = (f2 + D(Aq), fi + D(Ag)) =0,

ie., fi+ D (Aw). f» + D (Aoo) is an orthonormal basis of (D(Ay,)/D(Ag), (. ). (In
particular, it follows that both f] and f, are not contained in the domain of Ago.) Hence by
(A% lD4) gefo,m it is given a sequence of pairwise different linear self-adjoint extensions of
ASO which includes all linear self-adjoint extension of Agg. Furthermore, for any 3 € [0, 7)
the subspace “g N Dp and CD/ﬁ defined below are cores for Aj,|p,. We note that
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g N Dy
- {f e C2(1,C) N LA : —f”—gf e LA(I)

. . > f N,
and 31_13% {[COS(ﬁ)gl + sin(3) g2 ] [Cos(ﬁ)gl n Sm(ﬂ)gz} }(u) = 0},

for 3 € [0, ). and D, (C Dp N Dy) is given by
D}y == C§(J. C) + Clcos(B)g1 + sin(B)ga] - (4.8)
We note that for § = 7/2 that
cos() g1 + sin(B)gs = hu.
As a consequence,
Drp N Dy =
{f e C*(1,C)N LA : —f" — Sf e LE(I) A L}ii%uz(u”f)’(u) = 0} ,

D =C5(J,C) + C.hu.

The Appropriate Essentially Self-Adjoint Extension of Hoo

The extension U Hope U~" of UHoo U™, given by

R h2 2
Ul U™ 1= = (=== f)
2m u
forevery f € CXI,0)n L%(I) such that
n_Yire LA(1) and lim u?(u™" ) (u) = 0, 4.9)
u u—0

is essentially self-adjoint.

We note that the back transformation of hu gives
U™ hu = h.

Further,
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1
Uph =U —F—= (ho] ).
47

Jan

where, see above, i € C*°(I, R) is an otherwise arbitrary auxiliary function which is equal
to 1 on (0, 1/4] and is equal to 0 on [3/4, 00). As a consequence,

1
—— (ho||) € C}R?, C).
LY 0

In the following, we define
Dyo := C}(J, C) + C.hu.

From the previous analysis, we conclude that we cannot use Lemma2.2.2, to conclude the
essential self-adjointness of H for the case of an electron in the Coulomb field of an nucleus
containing Z protons. For this reason, like in Sect. 1.6, we extend the minimal Hamiltonian
I:IO in this case to Hj : Cg(R", C) —» Lé(R“) in L%C(]R”), defined by

A h2 K2 Ze’k h2K?2 v
Hf=———Af- f= “Af——1f], (4.10)
2m | 2m | |
for every f € Cé(Rn, C), where
2mZe*
V=
A2k

is dimensionless. Then ﬁl is densely-defined, since Cg(R”, C) is a dense subspace of
Lé (R™). Further, as a consequence of the linearity ofA differentiation and outer multiplication
of complex-valued functions by complex numbers, H is linear. As a consequence of “partial
integration,” H | is symmetric, see Lemma 1.2.1. In Sect. 1.6, we already proved that A 118
essentially self-adjoint. On the other hand, our previous analysis gives an independent proof
of this fact. For this purpose, we use Lemma?2.2.2, where A = UI:I1 y-1s Then,

(Xfm)([',m)eg

gives a decomposition of X = Lé(Q, u? sin(#)) into pairwise orthogonal subspaces. Fur-
ther, the restrictions of A to the dense subspaces UrmU Dy, (€, m) € 9 of Xy, densely-
defined, linear, symmetric and essentially self-adjoint operators in X,,,,. Hence it follows
from Lemma2.2.2 that A is essentially self-adjoint. Further, we note that in Sect. 1.6, we

proved that the essential spectrum ae(ﬁ 1) of the closure of H 1 coincides with the essential
spectrum of the free Hamiltonian, i.e., that

5 We mention that in the definition of A we suppress a “trivial” unitary transformation. Strictly
speaking, in the definition of A the unitary transformation U should be replaced by the unitary
transformation U VR_31\ o Similar is true for the operator U I:IOU ~Labove. Also there a trivial unitary
transformation is suppressed.
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The Essential Spectrum of I-:I 1

oo (H1) = [0, 00). @.11)

4.4.3 Eigenvalues of ﬁ(’,"(,e and ﬁ;‘m for (£, m) € I\{(0, 0)}

In the next step, we are going to find the eigenvalues and corresponding eigenstates of I-AI(’f0 .
and H 7, for (C,m) € 9\{(0, 0)}. For this purpose, we analyze the solutions of the equation

f”+<—02+5—£>f—0 (4.12)
u u? - ’

where o € (0, 00) x R. The parameter —o> may be regarded as a spectral parameter. *7

Using the ansatz
[y =u"te"g2ou),

where g is a twice complex differentiable function, defined on open subset of C, we arrive
at the equation

v

2ou ¢ Qou) + [2(C + 1) — 20u] ¢ Qou) — [(f +1- 5

| 9o =0,
which is of the form of Kummer’s equation. Hence, see [1, 56], solutions are given by

fi= uf+‘e—<’“M((r +1)— zi 20+ 1), 20u>
ag
= uf“e”"M((r D)+ 21 200+ 1), —ZUu)
g
_ —((+1)
= (20) MZ%!H_%(ZO'M) s
fr= u”'e*auU((f -2 20+, 2ou)
20
= Qo) VW, . 1Qou), (4.13)
20° 2

where the Whittaker functions M and U are defined according to [1]. If

6 We note that, as a consequence, -2 ¢ C\ ([0, 00) x {0}). On the other hand, according to the
asymptotic analysis in Sect.4.4.1, there are no eigenvalues in the interval (0, co), where the below
shown fact is used that eigenfunctions are C°°. That 0 is no eigenvalue will be proved later.

70Of course, since the operators in question are self-adjoint, there are no non-real spectral values
which include eigenvalues. On the other hand, considering the cases that —o? is non-real does not
involve more effort. In addition, we are going to need later the solutions of (4.12) corresponding to
non-real values of —o2.
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v
C+1)——¢-N,
20
these solutions are linearly independent, with Wronskian determinant given by

B QR +1))
Qo)CHDI((C+1) — %)

Wi, )= fifr— fifa=

We note that for (£, m) € 9 \{(0, 0)}, f1 is L? close to 0, and, according to [1] 13.5.2, f> is
L? close to 0o, but not L close to 0, see [1] 13.5.6, if (¢ + 1) — (v/(20)) ¢ —N. Further
forl =m =0, fiis L? close to 0 and, according to [1] 13.5.2, f> is L2 close to 0o,

/
42 (ﬂ)
u
2 —ou v v v
= oule [—M(l— —,2,2uo—)+(1 —-) M(z— —,3,2u0)] )
20 20 20

for u — 0, whereas f>, see [1] 13.5.7, is L2 close to 0,if 1 — (v/Qo)) ¢ —N, but
I
(%)
u
_ 2 —ou _ i _ i —uo _ i ]
= —ou‘e [U(l 20,2,2u0)+2(1 20)8 U(Z 20,3,2u0)

v 1 20
S (Er ) P —
20/ T2 — %) I —5)

for u — 0, see [1] 13.5.6 and 13.5.7, if 1 — (v/(20)) ¢ —N, i.e., f is in the domain of
UHope U™ close to 0, but f is not in the domain of U Hope U™ close to 0,if 1 — (v/(20)) ¢
—N.

In a first step, we investigate the regularity or “smoothness” of eigenfunctions, i.e., how
“smooth” eigenfunctions are, if existent. For this purpose, we use Theorem3.4.2 (iv). In
addition, we choose ¢ = (1 + i)/+/2suchthat o> = i Then f; and f, satisfy the assumptions
of Theorem 3.4.2 (iv), where

D}, = (cz(z, C)—CU, 0O, f——f"+ (—5 + %) f) :
5 u u

Hence, the resolvent of the operator A, corresponding to Df,, g 18 given by (3.21). If A'is
an eigenvalue of Ay, and f a corresponding eigenvector, then

(Atm + 0 f =0+ f

and hence
f=0+DAm+a)'f.
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Hence, f is continuous. Reiterating this argument, it follows that f is C°°. This argument
can be used for (£, m) € 9\{(0, 0)}. For { = m = 0, this argument applies, too, since it is
easy to show that also in this case (AE‘;O +02)~!, where Aéo is the closure of the extension
Ao of the corresponding Apg, with a domain whose elements satisfy (4.9), is given by
(3.21), too. Corresponding details are left to the reader.

Show that (ASO +02)~!, where A&) is the closure of the extension Aoo of the corre-
sponding Ao, with a domain whose elements satisfy (4.9), is given by (3.21).

In the next step, we show that O is no eigenvalue. For this purpose, we need to analyze

the solutions of
” v A _
[+ P f=0. 4.14)
Using the ansatz

F) = Vi g/vu)

into (4.2), where g is a twice differentiable function on I, we arrive at the equation

Q) g v ) + 2v/vu g (2v/vu)
+ Vo) — (42 + 40 + 1)) g2/ou) = 0,

which is of the type of a Bessel equation. Hence, linearly independent solutions are given
by
[=VudunQVvu) , fa=Vu Y1 2Vvu) .

According to [1, 56], these are not square integrable, and hence 0 is no eigenvalue.
For the final step, we return to (4.13). Since, see [1] 13.1.4, except when

C+1)— = =0,-1,-2,...
20

(polynomial cases), for Re(2ou) > 0,

vy ree+1 v 1
~ (20-)—5—(1+1) Q@+ )V) w2 ! |:1 +0 ( >i| i
|—>o00 re+1- %) 2|o|u

fi(w) "

2m

it follows that —o? is an eigenvalue of % PAI(;"Oe and 722 I-AI;’;7Z for (£, m) € 9\{(0, 0)},
respectively, if and only if

C+1) Y =
20 "

for some n € N and hence if and only if
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Table 4.1 Table of generalized Laguerre polynomials, where x > 0. For fixed { € N, n runs through
the natural numbers from ' + 1 to oo

LD ) (=0 [=1 (=2 (=3
n=1 1 2—x 1 (6—6x+x2) | 1(24—36x+ 1242 —x3)
n=2 N/A 1 4—x 1 (20 — 10x + x2)

n=3 N/A N/A 1 6—x

n=4 N/A N/A N/A 1

v
c=——.
2(n+C+1)

As a consequence, the set of eigenvalues Up(fl(;‘oe) of ﬁ(;koe and the set of eigenvalues
op(H} ) of Hy,, for (€, m) € 9\{(0, 0)}, respectively, is given by

m

Eigenvalues of A}, and H, for (¢, m) € 9\{(0,0)}

4
N me 1
JP(H(;ﬁoe):—Zzﬁ' {”—23126{1,2,---}},
4
A me 1
O'p(H;’km):—Zzz—hz' {n—zﬂe{[‘+1,[+2,}},

for every (£, m) € 9\{(0, 0)},

with corresponding eigenfunctions

fi(u) = u"“e—%M(H 1—n,200+1), ﬂ)
n

-1
_ n+/( (41 —ze o Qr+1) (VU
= (2[_,[_ 1) Tue Ln—([-‘rl)(;) ’

and the L,(Zz_[?a)]) are generalized Laguerre polynomials, the latter defined according to [1,
56], i.e., consists of infinitely simple eigenvalues, for every { € N (Table4.1).

We note that in the case of the hydrogen atom m is the mass of an electron and e the
elementary charge. Then®

8 Here ¢ denotes the speed of light in vacuum, and 2 /(hc) is the so called fine structure constant.
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4

me

212

2\ 2 2
:(6_) M 136V,
he

2

As a consequence, we have the following relation between the principal quantum number 7,
and the orbital angular momentum quantum number” ¢ as displayed in Table 4.2

Relationship between the Principal Quantum Number » and the Orbital Angular
Momentum Quantum Number (.

Table 4.2 Relation between the principal quantum number » and the orbital angular momentum
quantum number (. For fixed £, » runs from ' + 1 to oo

(=0]|n|1]2]|3]4
(=1 n: 21314
(=21 n: 314
(=3 | n: 4

Another way of displaying this relationship is as follows (Table4.3):

Principal Relationship between the Principal Quantum Number 7, the Orbital
Angular Momentum Quantum Number { and Magnetic Quantum Number .

Table 4.3 For every n € N*, ( runs from O to » — 1 and for every (' € N*, m runs from —( to (.

In spectroscopy, the letters s, p,d, f, g, ...

correspondto /' =0, 1,2, 3,4, ..., respectively

p

d

n=1

m=0

f=1i

/TN

m=—1

m=10

m=1

(=

m=10

f=1

/TN

m=—1

m=0

m=1

m=-2 m=-1

C=2

m=10

9 The quantum number m is called the magnetic quantum number.

TR

m=1

m=2
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Hence for every n € N*, the corresponding energy level

E =_—72_" me* . i
" 2h2 n?

is degenerate of the order

n—1 n—1

Z(21+1)—2Z[+n—22[+n—2

2

12+n=12

In spectroscopy, the corresponding eigenstates are designated by the non-vanishing natural
number n, followed by a letter (s, p, d, f, g, ...) indicating the value of (. The quantum number
m is not mentioned. Thus the ground state is a s state, the first-excited state is four-fold
degenerate and contains one 2s state and three 2p states; the second-excited state is nine-fold

degenerate and contains one 3s state, three 3p states and five 3d states; and so forth.

4.4.4 Corresponding Normalized Eigenfunctions

Eigenvectors of the Hamiltonian H in the Position Representation

With the help of Lemma 12.9.29, we arrive at the following family of normalized
eigenfunctions (e¢mn) (¢, m,n)edx{+1,0+2,...} of the Hamiltonian H, where for every

Comn) eI x{L+1,0+2, ...}, ermn: R3\({(0,0)} x R) — C, defined by

e(mn (W)

¢ —m)! [12 —(+ D] sv\3
\/_ @+ C+m)!  nn+0)! <;>

. viul\' o= @141 v|u| .y u3 up +iuy \"
n n=(+D\ |ul luy +ius|)

for every u = (uy, up, u3) € ]R3\({(0, 0)} x R), where

2mZe?
Vi= ————,

Rk

the associated Legendre polynomials of the first kind P;” are defined according to

Lemma?2.4.2 and the generalized Laguerre polynomials L&D

ing to [1, 56], is a normalized eigenvector of H corresponding to the eigenvalue

P N DY LN |
v 2R2  n? he 2 2

n—((+1 Are defined accord-
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In the following, we choose the scale &

hZ

implying that

For the case of the hydrogen atom, Z = 1, m is the mass of an electron and e the elementary
charge. Then'? « is the inverse of the so called “Bohr radius” ag, defined by

hZ 2\~ ! h o
ag 1= — = <€—> — ~0.53-1071m = 0.53A.
me hc mc

We note that for every ({,m,n) e I x {{ + 1,0 +2,...},

Uermn)(u, 0, ®)

_ v\ [n—=(C+ D] rvuN' _wu 41y (VU
= \/(Z) —2,2(12 I [’)' (7) e 2n Ln—(l’-l—l)(?) Yl’m(e’ 90) )

for all (u, 0, p) € (0, 00) x (0, 7) X (—m, 7).

Further, we note that all eigenvectors are axially symmetric, i.e., rotational symmetric
around the u3-axis. Indeed, this is due to our decomposition and not a physical feature. It is
not difficult to give a decomposition that singles out any given axis through the origin and
that leads to eigenvectors of H that are axially symmetric around that axis.

Probability Distributions Associated with the Eigenvectors of the Hamiltonian
H and Position Measurement

Using the scale (4.15), the probability distribution corresponding to the position mea-
surement of the particle and the state C*.e;,,,, is given by

2
I ermn (W) |

C—m)! [n—C+D] (22
(f—i—m)!. n(n+10)! <_>

Zju|\* ~2zl [ ey (2Z10] ? prf 13 :
. 2 e n—(+1) n ' l |ll| ’

for every u = (u1, up, u3) € R3\{(0, 0, 0)} (Figs.4.1 and 4.2).

1
=—-20+1)-
87r( +1)

n

h2

—— is called the
me

109f 15 is the mass of an electron and e the elementary charge, the quantity ag :=

“Bohr radius” and % is the reduced Compton wavelength of the electron.
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To facilitate the interpretation of the graphics of some of the orbitals of the hydrogen atom
later on, we give the following reminder. If the particle is in the state C*.e/pp, ! for some
(C,m,n)ed x{{+1,0472,...}, the probability of finding the position of the particle to
belong to the interval /1 x I x I3 in physical space, where

I = lagr™ " s,

ap € R, by € R, ar < by are dimensionless, for every k € {1, 2, 3}, is given by

/ lecnn (W) % durdusdus
[a1,b1]x[az2,b2]x[a3,b3]

3 2
= / K |ermn (K X)|” dx1dx2dx3,
I xIpx1I3

where x = (x1, x2, x3) € R? are points in physical space. As we already know, in a posi-
tion representation, the coordinates u1, u;, u3 of points u = (ug, uz, #3) in the domains

of functions belonging to the representation space can be interpreted as numbers whose

multiplication by the unit of length x~! lead to a point x'u = (s~ 'u1, K~ 'ua, K~ 'u3) in

physical space. In the case of a hydrogen atom, x~! is given by the Bohr radius ay.

4.4.5 Continuous Spectrum of ﬁ(;"()e and ﬁ;‘m for (¢, m) € 9\{(0, 0)}

For A > 0, we showed in Sect.4.4.1 the existence of corresponding linearly independent
solutions f € C?(1,C) and R € C(I, C?) of
v A
—f”+<——+—2>f—>\f=0
u u
such that
f =expvVAh) - (1+Ry), f =exp(ivAh) - (ivVA-h + Ry),
lim |R(u)| = 0.
u—o0

‘We note that, since
lim |R(u)| =0,
u—>o0

there is ug > 1 such that

If@) =1+ Riu)| >

9

N =

! The analogous is true for any other state C*. f, where f € L%(H@) is such that || f]l» = 1.
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0.0}

Fig. 4.1 Contour plots of the restrictions to the u, u3-plane of the probability distributions corre-
sponding to 1s, 25, 2p, 3p and 3d states. Relatively darker colors indicate relatively higher proba-
bilities. The complete distribution is obtained by rotation around the u3-axis
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0.5 —

Uz /%
P

D:/O/

Fig.4.2 Region plots of the probability distributions corresponding to 1s, 2s, 2p, 3 p and 3d states of
the hydrogen atom and probabilities larger than 0.1, 0.0005, 0.003, 0.001 and 0.0001, respectively
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for u > ug. Further, let ¢ € Cg(] , ©) be non-trivial and such that

supp(¢) C [ug, 00).

We define for 4 € N*, f,, € Cg(l, C) by

fu= u1/2w<z>~f.

7
Then
2 —1 u 2 Y w\ | 2
Ifullz=p"" el =) - f] =n ol = )| 1f@] du
K 2 0 M
> o [T w\ [ 2 2
<Crp e\ = )| du=C%llels,
0 1%
where C ¢ > 0 is such that
|f)] < Cy.
for every u > ug. We note that
] (P ] ([ lel)?
1full3 = p 1/ ’s@(—) Af@) P du > (4p) ‘/ ’so(—) du =",
0 7 0 7 4
and hence that
1 2
<_7
I fullz Nl

for every . € N*. In addition, let Cs» > 0 such that
|f' ()] < Cyr.

for every u > 1. We note that such C ;s > 0 exists, in particular, since

v
h/ < 1 )
() <, /1+ 3

for every u > 1. Hence, it follows that

f”+< v A>f A 2 /(u>f/ 1 ”(”)f
_ _r.a _ —__= J® — (L
1 u Tuz)e p Ma/zw " 1572 "

and
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[ (e ia) o,

2 u 1 u
< (") F| + — //(7)
o ¢ G 1 (),
12 ) 12
2 | (u 2 72 1 /-oo //(”)
22| Jo 7 (M) T w52 o 17\
- 1/2 2 1/2
2Cf’ o u 2 Cf o0 u
<=L U d ~r niu d
p3/2 _/0 v (u)‘ M} e [/o v (u)‘ u}

2C
=— ¢ ||2+ 2 el
H H

As a consequence,

=0.

li " v A A\
00 —fut T Ju=Au ,
Therefore, we conclude from Theorem 12.5.3 that
(A, D (0,00, a(A},) D (0,00)

and, since spectra of DSLO are closed subsets of R, that
a(Hgy.) D [0, 00), o(H},) D [0, 00),

for every (£, m) € 9\{(0, 0)}.

4.4.6 The Spectrum of ﬁ(;"()e and ﬁ;‘m for (¢, m) € 9\ {(0, 0)}

Summarizing our results concerning the spectra of the reduced operators, we have that

4
N ) me 11
o(Hy,) D —Z L5l {1, 79 } U [0, 00),
o2 ]! ! U0, 00)
g (m 2h2 ([,+])2’ ([,+2)2, , .

for every (£, m) € 9\{(0, 0)}. In the following, we are going to show that these sets related
by inclusion signs are actually equal.
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The Spectra of 1:15‘0 . and H*

(m

for (£, m) € 9\{(0, 0)}

are given by

a(ﬁéo):—zzm—é‘{l 11 ...}U[O o) (4.16)
e 2h2 ) 47 91 ) )
a(ﬁ?)::-ZZZEi{ ! l ...}U[Ocm)

{m 202 | (C+ 12 (L +2)2° P

for every (£, m) € 9\ {(0, 0)}.

For this purpose, we go back to the Hamiltonian I-;I 1, see (4.10), from Sec_t.4.4.2._It
follows from Theorem 12.9.5 in the Apppendix, that the set of eigenvalues o, (Hp) of H,
is given by

(I-:I)—G sze4 1 1
p A (G EA A )R

Since o (H)) is a discrete set, consisting of simple eigenvalues, it follows that the discrete
spectrum ad(l-} 1) of H | coincides with ap(I:I 1). Since the essential spectrum ae(bA{ 1) of

H\is given by [0, 00), see (4.11), it follows that the spectrum o(Hy) of Hy is given by

The Spectrum 0(15 1) of b;I 1

is given by

_ 00 4
A o me 1 1
J(Hl)—[o,oo)ug) e {(z’+1)2’ (l’+2)2""}' 4.17)

Finally, via Theorem 12.9.5, the latter implies (4.16).
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The reduced operators, corresponding to the distance of the particle from the origin
coincide with the maximal multiplication operator with the function

1.
T = —ld[,
K

and the reduced operators, corresponding to the component of the velocity of the particle
tangential to concentric circles around the axis {0} x {0} x R, are given by the maximal
multiplication operators with the function
T hr 1
=m— —,
m id;

where m € Z. Calculate the expectation values of these operators in the states correspond-
ing to the eigenfunction e/, , ((, m,n) € I x {{ + 1, + 2, ...}, and compare the latter
to the speed of light.




®

Check for
updates

Motion in an Axially-Symmetric Force Field

In a position representation, the minimal Hamiltonian for a particle subject to an axially-
symmetric potential V o ( u% + u% , u3), where for every k € {1, 2, 3} the corresponding

uy denotes the projection of R3 onto the kth coordinate and V : (0,00) x R — R is a
continuous function, is given by

P C3(R3, C) — LL(R?)
T\ — B2 At Vo Jud+ud un] f)

where we assume that [V o (\/u? +u}, u3)]- f € LL(R?), forevery f € C{(R?, C).

With the help of Lemma 1.2.1, it follows that the operator Hy is densely-defined, linear
and symmetric. In the following, we are going to use the axial symmetry of the system to
define the Hamiltonian as a direct sum of a countable number of densely-defined, linear and
symmetric operators. For this, in a first step, we change the representation, using a unitary
transformation U induced by cylindrical coordinates.

Supplementary Information The online version contains supplementary material available at
https://doi.org/10.1007/978-3-031-49078-1_5.
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5.1 A Change of Representation Induced by Introduction
of Cylindrical Coordinates

First, we note the following Lemmas, whose proof is left to the reader.

Lemma 5.11 (Transformation of the Laplace Operator into Cylindrical Coordinates) For
this, let @ € R3 \ ({0} x {0} x R) be non-empty and open. In addition, let Qey1 C R3 be a
non-empty open subset such

g(Qcyl) =Q,

where g € C®(R3, R?) is defined by
g(u, ¢, z) == (ucos(p), usin(p), z)

forall (u, ¢, z) € R3. Finally, let f € C*(Q2, R). Then

0 f 10f 2F
(Af)(g(u, ,2)) = W(M v, 2)+ . a(u, ©,2) + 2 8_902(”’ ©,2)
2 f
+8—Z2(M,Q0, 7) ;.1

orall (u,p,z) € cvl,were_e cvl» is defined by
forall ) € Qeyt, where f € C2(Qy, R) is defined b

fu, 0,2) = (f 0 g)(u, p,2) = fucos(p), usin(yp), z)

forall (u,p,z) € Qeyl.

I Prove Lemma5.11.

Lemma 5.12 (Transformation of f,go into Cylindrical Coordinates) For this, let 2 C R3
be non-empty and open. In addition, let Qpp C R3 be a non-empty open subset such

g(Qsph) =Q,
where g € C®(R?, R3) is defined by
gu, @, 2) == (ucos(p), usin(yp), z) ,

Sforall (u, ¢, z) € Qypp. Finally, let [ € CI(Q, R). Then

0 0 of
<u18_l:t}; —uz 8_uf1>(g(u’ @7 Z)) == é(u’ QO, Z) ) (52)
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forall (u, ¢, ) € Qpn, where f € CH(Qpn, R) is defined by

fu, @, 2) = (f og)(u, p,2) = f(ucos(p), usin(yp), ) ,

forall (u, p, 2) € Qph.

The map ¢ induces the unitary transformation
U:LARY - LA(Q,u) ,
where Q2 := (0, c0) x (—m, m) x R, defined by

Uf = fogla, (5.3)

forevery f € Lé(]l@). The inverse U ™! of U is given by
U™l i=folgl)™

forevery f € Lé(Q, u), where (glq)~! : R3\Z — Qs given by

1 ( u%-{—u%,arccos(ul/ u%-l—u%),ug) if up >0
(gle)™ () =

( u%—}—u%,—arccos(ul/ u%—i—u%),m) ifur, <0

forallu = (u1, uz, uz) € R3\Z.Here, Z := (—00, 0] x {0} x Ris aclosed Lebesgue zero
set. The proof that U is indeed a unitary linear transformation is mainly an application of
Lebesgue’s change of variable formula and is left to the reader.

| Show that U is a unitary linear transformation.

As a consequence of Lemma5.11, it follows that U HoU ™ is given by

UHU™'f = -
m

Re* (0 10 1 0 9% 2m
2ttt o T V| f
Ou uou u? 0y 0z K
Pr? (1 0 0 N 1 92 N 97 m Vo)) f
= |-—u—+=-—+=—— 55V
2m \u Ou  Ou u? 0p* 972  h*k? < ’

forevery f € Cg (R, C), where u, ¢, z denote the coordinate projections of R* onto the 1st,
2nd and 3rd component, respectively.
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5.2 Reduction of ro

We decompose X = Lé(Q, u) into subspaces X ,,, m € Z, using that

1 im.id,
—— "M i m e 72
2T

is a Hilbert basis for L%(—W, m), see Lemma?2.4.2. For this purpose, we use the following
notation:

I:=0,00), J:=(—m,m)
and for each f € L%C(I x R, u), where u denotes the projection of I x R onto the 1st

component, and each g € Lé(] ), the corresponding f ® g € X is defined by

(f @9, p,2) = fu,z)-gp)),

for all (u, z) from the domain of f and all ¢ from the domain of g.
For every m € Z, the space X,, is then given by the range of the linear isometry U, :
L%(I x R, u) — X, defined by

1 .
Unf=—F® elm.ld_/ s 5.4)
f T f (

forall f € LA(I x R, u).

The fact that U,, is isometric is not difficult to prove by using Fubini’s theorem. The
pairwise orthogonality of the subspaces X, of X forallm € Z follows from the orthogonality
of the family

( 1 einz.idj> )
\% 2m meZ

Finally, the fact that the span of the union of all X,,,, m € Z, is dense in X is a consequence
of the completeness of the previous family in L%(J ).

The corresponding sequence of dense subspaces @,,, of X,,, needed for an application of
Lemma?2.2.2, is chosen as follows:

@nz = Unzc(%(l X R’ (C) ,
for every m € Z. That these spaces are also subspaces of
DWHU™") = U(C;(®,C))

follows from the fact that for every f € Cg(l x R, C), we have that
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1 -
Un ), ¢,2) = —— (f @ ™) (u, ¢, 2)

V2r
— L f(l/t Z) einz<,9 _ L f(u Z) (eip)nz
V2 V2

1 f(lucos(p) +iusin(p)l, z)
- J2r |lucos(p) + iusin(p)|™
= h(ucos(p), usin(p), z) = (Uh)(u, ¢, 2) ,

[u cos(p) + iu sin(p)]™

for every (u, ¢, z7) € , where h : R3 — C is defined by

I f(ui +iuzl, u3)
S2r o lur iug|™

for every u = (u1, uz, u3) € R3. We note that & € Cg(ﬂ@, O).

h(ui, uz, uz) == (uy +iux)™

Further, for every m € Z and f € C(%(I x R, C), it follows that

UI:IOUfl(f ® eil72.id])

h2 K2 1 0 0 m? 2m Vi) + o2 rle imidy
= — -=u=——-— - == V(u, — e'mids
2m ulOu Ou u? h2k2 ¢ 072

where u and z denote the projection of / x R onto the 1st and 2nd component,
respectively.

5.3  Motion of a Charged Particle in a Homogeneous Magnetic Field

As an example of the motion of a particle subject to an axisymmetric force field, we consider
the motion of a charged particle with charge ¢ # 0, in a constant magnetic field in the
direction of the 3rd coordinate axis, using the notation from Sect. 2.10. In particular, 2 = R3,
p=0, ; = 6, and

> 1
d(x1,x2,x3) =0, A(xy, x2,x3) = 3 "(=Bx2, Bx1,0) ,

for every (x1, x2, x3) € R3, where B # 0 has the dimension (m/I)'/?/t. Then
V-A=0, AA=0,

and hence (2.27) and (2.28) are satisfied. Further, from (2.26), it follows that
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E=0,B=VxA='0,0,B),

i.e., there is no electric field, but only a constant magnetic field in the direction of the 3rd
coordinate axis.

In classical physics, the kinetic energy of the particle as well as the component of the
velocity of the particle into the direction of the magnetic field are constants of motion. The
Lorentz force exerted on the particle by the magnetic field forces the particle into a helical
motion around an axis through the point

0) + 7€ 15(0). x2(0) — € 4,(0). 0
<X1()+q—Bv2( ), x2( )_q_BUI( ), )

that is parallel to the 3rd coordinate axis. Here x1(0), x2(0) and v;(0), v2(0) are the compo-
nents of the position and initial velocity, respectively, of the particle in the direction of the
Ist and 2nd coordinate axis. The distance of the motion to this axis is given by

Jv20) +v2(0) J—; :

the frequency of the circular motion, given by the projection of the motion into the coordinate
plane spanned by the 1st and 2nd coordinate axis, by

g8
w = —
mc

) (5.5)

and the rotation in this plane is clockwise if ¢ B > 0 and counterclockwise if g B < 0. Since
E =0, the energy density ¢ of the electromagnetic field is constant, given by

€= L B? .

8m

Hence, the energy content of the electromagnetic field is infinite, which is not physical. On
the classical level, this idealization does not create problems, since the motion orthogonal
to the magnetic field stays bounded, whereas the motion parallel to the magnetic field is
free, i.e., particles never “sense” the infinite extension of the magnetic field. Similar is true
for quantum mechanics, since the spectrum of the Hamilton operator corresponding to the
system is bounded from below. More precisely, the lowest possible energy is given %h times
the frequency of the classical circular motion (5.5),

1
— hw,
2

Equation (5.16), signaling absorption of energy from the magnetic field. For an electron
subject to a magnetic field of 100 G, the strength of standard magnets that, e.g., are attached
to fridges,
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1
5 hw~0.58-10%eV .

The situation is different for an electromagnetic field, solely due to constant electric field,
that causes unbounded motion, i.e., particles do sense the infinite extension of such a field.
Indeed, in this case the spectrum of the Hamilton operator corresponding to the quantum
mechanical system is not bounded from below, which is not physical, since opening the
possibility of extraction of an infinite amount of energy from the system. For this reason,
the associated quantum system is not considered in this book.

In quantum mechanics, a candidate for a minimal Hamiltonian

Hyo : C3(R3,C) — LER?) ,

of the physical system is given by

A B 2 B 282
H()()fz(K) I:—A—a— —( —up,uy,0)- V+ 2(u1+u2)i|f

2m K2q 44
(hr)? aB 1 . o’B* 5,
= “A—— . L - i
2m Kk2q h 0+ 4rtq? wy+uy) | f
forevery f € Cé(]l@, C), where
2
q
=—>0
Q= >

Then, for every m € Z and f € Cg(l x R, C), it follows that

UﬁOOU_l(f ®eiln.idj)

h2K2 10 0 m? 2 9% .
- . — y — _ - —___2 im.idy
2m |:( u@uu6u+u2+ﬂu 072 mﬁ)f]@e ’

where B
aB 1 q

T 2x2q 4 7%
2m

£0

is dimensionless and u# and z denote the projection of / x R onto the 1st and 2nd
component, respectively.

In the following, we are going to follow a different approach for the definition of the
Hamilton operator of the system that uses an orthogonal decomposition of X := L2 (2, u).

For this purpose, in a first step, we are going to find a Hilbert basis of elgenfunctlons of,
(if m = 0, an appropriate extension of), the densely-defined, linear and symmetric Sturm—
Liouville operator
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C3(I) — L4(1,u)

=\ pe sy + (B )]

where u denotes the identical function on /. For this purpose, we use the Hilbert space
isomorphism V' : LZ(I, u) — LZ(1), defined by
Vfw=ul?f,
for every f € Lé(l, u). The inverse V! : L%C(I) — L%C(I, u) is given by
vilf=uT2r
forevery f € Lé(]). Then S, := VS, V! Cg(l, C) — L%C(I) is given by

m2_1

é’mfz—f"—i-( u21+52u2>f’

for every f € C3(1, C) (Fig.5.1).

5.3.1 Construction of a Hilbert Basis of Lé 0, 00)

For the construction of the Hilbert basis (e;,,),en of L%(I ), we note that &, is induced by
the linear differential operator

2
lR,(/722—£>u’2+62u2

2_1

u

where 1; denotes the constant function of value 1 on I and u denotes the identical function
on/.
In the following, we consider the solutions of the ordinary differential equation

2 —
(Dlw('nz—i)wwzuz B A) f=0. (5.6)

where A € C. For this purpose, we note that if g € C 2(I , C) is a solution of the confluent
hypergeometric differential equation

Im| + 1 A
2 41|

vg" () + (Iml +1 =) g'(v) — ( )g(v) =0, (5.7
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3u?

u—e o 4
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1 2 3 !
-8
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Fig.5.1 Graphs of the potentials of &, for m = 0 and m = 1. In both cases 5 = 1

forevery v € R, then f € Cz(l, C), defined by
B2

F) = e g(p1u) |

for every u € I, is a solution of (5.6).
Hence for A\ = 2(|m| + 1)|3], such that

[m| +1 A
2 41| ’
two linearly independent solutions of (5.7) are given by g1, g2 : I — R, defined by

v v

e
g() =1, g):= /;de )

for every v € I, and hence two linearly independent solutions of (5.6) are given by f1, f2 :
I — R, defined by

2
181> ev

| Blu
fi(u) == u|nz|+%€*T , )= fi (u)/ de ,
1 v

for every u € I. We note for |u| > 1/4/|0| that

Blu*  pv p 1Blu*  pv s 1 Wvd B _
, plml+1 V| = 1 plml+1 v/(|6|u2)|m|+l 1 e v_(|ﬁ|u2)|m|+l

and hence that

2
B2 el — e 1

o) > u+Ee _ - =
f2 wi=zu e (|5|u2)|nz|+l - |ﬁ||m|+1 u

_(\nzH-%)(e 5 —el_T) )

Therefore, fi is L? at 0o, whereas f> is not L? at oo. Hence, we arrive at the following
result.
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The differential operator D>

is of limit point type at oo.
1R, (1722 ) —245%2 P P

Further, we note for m # 0 and |u| < 1/4/]0] that

WW eV eV 1 dv
T 2\—|m| _
‘/ vl ' /Iﬁl 2yl v= /Iﬁluz vlm+L ;| [(|B|u ) ]

and hence that

181

u2 1
] > a3 ey 1]

_ |6|\m\u|m|+%) e~

181u?
2

1
- - 5—|m]|
1B (u

Therefore, fi is L* at 0, whereas f> is not L? at 0. As a consequence, the following is true.

If m # 0, then D>

IR, (1712 1) 24522 is of limit point type at 0.

Even further, we note for m = 0 and |u| < 1/4/]0] that

1Blu* v Ly I d
/ e =/ e—dv<e~/ D e ln(Bd)]
1 v |Blu2 v |Blu2 Y

and hence that

| fw)| < eu?|In(Blu)] e~

Therefore, f1 and f> are both L? at 0. Hence, we arrive at the following result.

If m = 0, then D? is of limit circle type at 0.
IR, (mz_,> 24 62,2

Summarizing the previous, we conclude that the following is true.
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The ordinary differential operator

2
1R, (mz— %)u*z—&-ﬂzuz

is of limit circle type at O, if m = 0, is of limit point type at 0, if m 7 0, and is of limit
point type at co. As a consequence, &), is essentially self-adjoint for m # 0, whereas
the deficiency indices of &y are equal to 1.

In particular, since &), is essentially self-adjoint if m # 0, the corresponding self-adjoint
extension is given by its adjoint & . from the general theory for Sturm-Liouville operators

(see, e.g., [80]), it follows that the following is true.

A Larger Core for &, if m # 0

The subspace
w2 — 1
Dy :=3feC*U,CONLEUI) : —f"+ | —52 + %> |- f e L&)
u
of L%(I) is a core for cS_’m. For every f € D,,,

2 1
- m°— 7
Smf=—f"+ (74 +52”2) - f .

Later, we are going to show that the eigenvectors of é’_,,z, m # 0, are elements of Dy,,.

In the following, we are going to construct the self-adjoint extensions of 8o, by using
the method described in Sect.4.4.2. For the application of this method, we let m denote
the canonical projection of D (&) onto the quotient space D(S)/ D(So) and define (, ) :
(D(83)/D(80))* — Cby

(f + D(S0), g+ D(S0)) =i (S flg), — (FIS5a),) »

forall f, g € D(85), where (| )2 denotes the scalar product of L%C(J ). Since both deficiency
indices of &y are equal to 1, D(S8)/D(S) is a 2-dimensional complex vector space and (, )
defines an inner product (i.e., a nondegenerate symmetric sesquilinear form) of signature
(1,1) on D(85)/D(Sp). A subspace D of D(Sy) “is” the domain of a linear self-adjoint
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extension of & if and only if (D) is a maximal null space of (D(Sg)/D(So), (, ), 1.e., iff
the equality

m(D) = {f + D(So) € D(S3)/D(S0) : (f + D(S0), g + D(S0)) =0,
forall g € D}

is valid. Hence, given an orthonormal basis f1 + D(Sy), fr+ D(Sp) of (D(SH)/ D(So),
( K ))’ i'e" _ _
(fj + D(S0), fi + D(S0)) = njk »

for j, k € {1, 2}, where:
m=1,m=-1,n2=m1=0,

constructed below, the domains of linear self-adjoint extensions of $p can be seen to be
given by the sequence (D )~c[o,) of pairwise different subspaces of D(S}), where

D, = {f € DS i (S5 + e IS~ (h+HT IS ) ) =0

for v € [0, ). By the general theory for Sturm—Liouville operators (see, e.g., [80]),

Do:=1{f:feCU,CNLAD and — f"+  —— + 822 f € L2(D)}
4y?

defines a core for &5, and for f € Dy the corresponding 8 f is given by

1
86"f=—f”+<—m+ﬁzu2>f.

Hence for f, g € Do,
(f +D(S0). g+ D(So)) := i (S5 flg), — (F1559),)
:i/(; (f*g' — f*g) du .

‘We note that

g1 == —hu'/? In(u) , g := hu'/? ,

where h € C*°(I, R) is an otherwise arbitrary auxiliary function which is equal to 1 on
(0, 1/4] and is equal to 0 on [3/4, oo) (such a function is of course easy to construct), are
linearly independent elements of Dy satisfying

(g1 + D(S0), g1 + D(S0)) = (g2 + D(So), g2 + D(Sp)) =0,
(g1 + D(S0), 92 + D(S0)) = —i , (g2 + D(So), g1 + D(Sp)) =i .
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As a consequence, defining

V2 . V2 .
fri=—-(itig). fi=—(g1-ig)= i
we obtain

(fi + DSo), fi + DS0)) =1, (f2+ D(So), fo+ D(Sp)) = -1,
(fi + D(S0), f2+ D(S0)) = (f» + D(So), f1 + D(Sp)) =0,

ie., fi + D (So), f2 + D (So) is an orthonormal basis of (D(Sg)/D(So). (,)). (In par-
ticular, it follows that both f| and f, are not contained in the domain of $p.) Hence by
(Sg D, )vel0,m) it is given a sequence of pairwise different linear self-adjoint extensions of
8¢ which includes all linear self-adjoint extension of &y. Furthermore, for any v € [0, 7)
the subspace 0, N Dy and @fy defined below are cores for &g - We note that

D~ N Dy

= {f e C*(I,C)N LA : —f" + (—L +52u2) f e L&)

4y?

‘ . 2 f ' _
and Jl_r)r}) {[COS(’Y)QI + sin(y)g2] [COS g1 + sin (7)92} }(u) = 0} ,

for v € [0, ). and D! (C D, N Dy) is given by
D! = C5(J,©) + Cleos(mg1 +sin(7)ga]. (5.8)
We note that for v = /2 that
cos(y)g1 + sin(y)g = hu'/? .
As a consequence,

DrpN Dy =

{f eCXI,O)NLAU): —f" + (—L +[32u2> feLi)

4y?
A Jim o w2 ) = 0} ,
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The Appropriate Essentially Self-Adjoint Extension of Sy

The extension 8o, of 8y, given by
1
Soef = —f"+ (——2 + ﬁzuz) f.
4u
for every f € C*(1, C) N LA(I) such that
f 4M2 u f C
and lim u - w2 w =0, (5.9)
u—

is essentially self-adjoint.

For later use, we note the following.

The Corresponding Extension of S

The corresponding extension Sp, of Sp is given by
1
Soef === @f"' + Fu’f
for every f € C*(1,C) N LA(1, u) such that

— é (uf’) + f*u*f € L&(I, u) and lirrb uf' w) =0 . (5.10)

In the following, we study the regularity or smoothness of the eigenfunctions of S, for
m # 0 and Sp,. For this purpose, we consider the case that A\ = —2(|m| + 1)|/], such that

[m| 4+ 1 A |+ 1
—— =|m .
2 4181

Then, two linearly independent solutions g1, g» € C>(I, C) of (5.7) are given by
o
gl(U) — ev , 92(0) — ev / w7(|nz\+1)efw dw ,
v

for every v € R. Hence two linearly independent solutions of (5.6) are given by fi, f2 :
I — R, defined by
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110 | Lo [

fiw) :=u"F 2T | fHru) = —ﬂ ut2e 2 / p= UMD = gy
2 |Flu?

for every u € I. We note that

181>

|/6||nz| : oo
| folu)] = 2 mi+d f o=+ =0 gy
2 1812

Elks 1182 *©
< T w22 (|ﬂ|u2)_(|’"|+l) / e Vdv
131u?
|m| Blu2
_ |5|2 u|m|+%e‘3‘2 (|ﬂ|u2)_(lmH_l)e_lﬁluz
|m| B2 Blu2
_ 18] |ﬂ|7(|nz|+1)u7(|nz\+%)ef% — Lu*(lmH%)e*%
2 2181

forevery u € I.Hence, f] is L?at0and fris L? at co. In addition, the Wronski determinant
W(f1, f2) of f1 and f> is constant of value 1:

W(fi, L) =hHh—fikh=1.

We define for every h € Cy(I, C) a corresponding function Kh : I — C by

Kh(u) := — [fz(u)/o Si)hv)dv + fi (u)/ fz(v)h(v)dv}

) / . (5.11)
I
for every u € I, where
G, (u,v) = —Lwfitv) O<v<u ’
_fl(u)fZ(U) u<v

for almost all (u, v) € I2. We note that Kh € C%(I, C) such that

D? , ~X)Kh=nh
IR,<I722—1)M*2+“32142

and that

—fi(w) fooo f2(v)h(v)dv for sufficiently small u € 1

Kh =
) {—fz(u) fooo Ffih@)dv for sufficiently large u € I

In particular, Kh € L(%:(I) and if m = 0, then
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lim u - (u™'?Kh) =0,
u—0

simce

. —1/2 £/ . 18>, . 5 18w?

Iim u - (u fiYy =limu-(e 2 ) =|0limu“e 2 =0,
u—0 u—0 u—0

i.e., Kh is in the domain of Sp.. Further, if

— 2 _
h= (DIR,(mz—i>M2+ﬁzu2 A) f ’

where f € C 3 (1, ©), then it follows from partial integration that Kh has a compact support.
Hence, Kh — f € C%(I, C). Since,

2
(DlR,(ﬂzz—i>”2+ﬂ2“2 - )\> (Kh — f) =0,

it follows that Kh = f. Continuing, we note that for u, v € [ satisfying0 < v < u

1 —(Im+3), Im|+1 _ g g
IGm(u, )| =[f2)]-[fi(W)] < 25" T e R
and for u, v € I satisfying u < v that
1 i 3y 182 |82
|Gm@u, )| =[fi@)]-1/2)] < mu"’”*fv‘(""‘*f)eTe‘T

Hence it follows for u € I that

00 u 00
/ |Gy (u, v)ldU:/ |Gy (1, U)|dv+/ |G (u, v)| dv
0 0

u

1
< R—
218

1 1 et [ 3y _ 182
+ —— e v+ =5 gy
u

2181

L ~tmitd / oyt gy 4 L i / X D g
— U v v — U v v
S 28 0 21] ;

_ 1 1 n 1
218 \|ml + % |m|+3

and for v € [ that

_ 3y _ 1Bkt U 11802
u (\nz|+2)e 5 v\nzH-Ze T dv
0

N
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o0 v o0
/ |G (u, v)| du =/ IGm(u,v)Idu—i-/ |G (u, v)|du
0 0 v

1 3y 1 [P 1 182
<— (|nz|+2)e 5 u\172\+2e T du
2|58 0
1182 [ 3y _ 16lu?
4+ — v|nz|+2e 5 / U (\m\+2)e 7 du
218 v

1 —(|nz|+§) Y |nz|—|—l 1 |nz|—',—l * —(|m|+§)
<—v 2 u 2du+ —v 2 u 2’ du
218] 0 2|81 v

_ 1 1 N 1
2181 \ |m| + % |m| + % '

Hence the function G,, induces a bounded linear integral operator Int(G,,) on L% ),

with kernel function G,. In particular, the operator norm ||Int(G,,)|| satisfies

1 1 1
Int(G )|l € = + :
mE 21| |m|+% |m|+%

From the previous, it follows in particular that

:(Sm —NIntGp)h=h ifm#0 ’ 512

(Soe — N Int(Go) h = h
for every h € Co(I, C). Since Cy(I, C) is dense in LZC(I), Int(G,,) is a bounded linear
operator on L2C (1), and §;,, — X for m # 0 as well as Sy, — A are closed, the latter implies
that (5.12) is true forevery h € L2C (1).Hence, $,, — Aform # 0and 8o, — A are surjective.

According to Theorem 12.4.7, the latter implies that é_’m — A for m # 0 and c§()e — )\ are
injective and hence as whole bijective. Summarizing, we have the following result.

Inverses of S, — \ for m # 0 and Soe — A

The value A = —2(|m| + 1)| 3| form # 0and A = —2|3| is contained in the resolvent
set of &y, if m # 0 and Sy, respectively. In particular,

(C§m - >\)71 = Int(Gm) P

for m # 0, and
(Soe — N~ = Int(Gy) .

As aconsequence, if § = c§m form #Qor$ = c§oe, then the domain D (&) of § is given
by
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D(S) =Ran(S —\) € C(I,C)N LE() .

Hence, if 1 € R is an eigenvalue of & and f a corresponding eigenfunction, then f €
C2(I, ©), since f satisfies the “integral equation”

f=@—=MNS-N"f.

Regularity of the eigenfunctions of S, for m # 0 and Soe

If A € Risaneigenvalue of cS_’,n form # Oor cS_’oe and f acorresponding eigenfunction,
then f € C2(1,C) N LA(I).

A solution of (5.6) that is regular at the origin is given by

1 _ | Im| + 1 A 2
filu) == u"F2e72 M(— — ——, m|+1,|Blu" ) ,
2 4181
for every u € I. In particular for m = 0,
-1/2 N _\3\142 (1 A 2
u i)y =e T M| 5 — — L I|Blu") ,
2 4B

for every u € I, and hence
limu- @ "2 f1)w)=0.
u—0

If
m| + 1 A

2 4161

a condition that is equivalent to the condition that

A ¢ [2(Im| + 1) +4N] B ,

it follows from (13.1.4) of [1] that

fri = g (5 atn) LU D 5 g) 2 ooy )
N

for u — 00. We conclude that f| € D(S,,) for m #0or f1 € D(So,) if and only if
A€ 2(lm|+ 1) +4N]|5] .

Further, if
An = [2(Im| + 1) +4n] 0] ,
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Table 5.1 Table of generalized Laguerre polynomials, where x > 0

leml(x) n=0 |n=1 n=72 n=3

ml=0 |1 1—x %(2—4x+x2) %(6—18x+9x2—x3>
ml=1 11 2-x | 1(6—6x+x?) 1 (24365 + 1262 - %)
ml=2 |1 3_x %(12—8x+x2) %(60—60x+15x2—x3>
ml=3 |1 4—x %(20—10x+x2) %(120—90x+18x2—x3>

for some n € N, then ), is an eigenvalue of S, for m # 0 or Soe and f1 1s a corresponding
eigenfunction. We note that in this case
n! 181u?

. L
fiw = o, e Lo
n

for every u € I, where the generalized Laguerre polynomials

(L/zml)(|m|,1z)eN2

are defined according to [1] 22.5.54. Indeed, for every m € Z, the corresponding family of
functions

|m|+ 4 _ 1o |m| 2
W2 e L (1 B1u?) (5.13)

neN

is dense in L%C(I ). This follows from Theorem 5.7.1 in [75]. The details of the proof are left
to the reader.

| Using Theorem 5.7.1 in [75], show that the family (5.13) is dense in L%(I).

Hence, we arrive at the following result (Table5.1).

For every m, a Hilbert basis of eigenfunctions (e,;),eN of cS_’m for m # 0 and CS_)()e is
given by
2n!

2! |m|+1 172 |m|+l _|/3|u2 |m| 2
m|ﬁ| u zem 2 L"(IB8u7) ,

emn (1) = [
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for every u € I, satisfying
Semn = [2(Im| + 1) + 4n] |8l emn

and

-1 2n! |m|+1 0 |m| _ 182 |m| 2
V™ enn) () = m|5| u™e” 2 LM(|Blu’) .

forevery u € I.

Here, [1] 22.2.12 is used for normalization. As a consequence, the spectrum o (&) of
S =8, form#0orS = S, is purely discrete and given by (Figs.5.2, 5.3, 5.4,5.5,5.6
and Table5.2)

o(S) ={[2(|m| + 1) +4n] || : n € N}.

u(Vv : K’-::n}:j{“ | u [_\': I €01 |"“' J
A A

1 1

k “ /\/\ “
00 1 2 3 Dﬂ' 1 2 3 4

Fig.5.2 Graphs of u |V~ 'ep,|?(u) for (m, n) = (0,0) and (m, n) = (0, 1), where § = 1.

u (v K’\'::'}pi“ ) u(V : ‘-‘Hjl.‘i“ J
A A

1 1

M “ /—\ )
00 1 2 3 4 5 00 1 2 3

Fig.5.3 Graphs of u |V ™ e [? () for (m, n) = (0,2) and (m, n) = (1,0), where § = &
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181

u(V ' (‘;.'Il:j{u )

1

u(v! en)’(u )
A

1

/\/L u /\/\/\ u
00 1 2 3 4 5 DU' 1 2 3 4 5

Fig.5.4 Graphs of u |V ~'ep, |2 () for (m, n) = (1, 1) and (m, n) = (1,2), where 8 = }

Y ' (‘__J”};a{“ )

1

u (v exn)’(u )
A

1

/L “ /\/\ “
00 1 2 3 4 5 DU' 1 2 3 4 5

Fig.5.5 Graphs of u |V ™ 'es[? () for (m, n) = (2,0) and (m, n) = (2, 1), where 3 = %

Fig.5.6 Graph of
u |V_1enm|2(u) for

(m, n) = (2,2), where 8 = %

u (V" e)(u)

W2
Table 5.2 Table of the functions u |V_lem,z|2(u) -e 2 for m and n from O to 2, where 3 = %

1. u?
ulV="empl“(u) -e2

n=20 n=1 n=2
m=20 u u (u2—2)2 u (u4—8u2+8)2
= 1 o4
2 2
m=1 % 'fz (u2 — 4) % (u4 —12u% + 24)
2 2
m=2 % g; (u2 — 6) 3832 <u4 —16u? + 48)
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5.3.2 Synthesis and Properties of the Hamilton Operator H of the
System

As aresult of Sect.5.3.1, it follows that the family

1 .
(emn Q — eimids (5.14)

V2w )(m,iz)EZXN

is a Hilbert basis of L2(I x J). We decompose X = Lé(Q, u) into subspaces X ,p,, (m, 1) €
Z x N. For every (m, n) € Z x N, the space X,,, is then given by the range of the linear
isometry Upy,, : Lé(R) — X, defined by

1
2T

forevery f € Lé (R). The fact that U,,, is isometric is not difficult to prove by using Fubini’s
theorem. The pairwise orthogonality of the subspaces X,,, of X for all (m,n) € Z x N
follows from the orthogonality of the family (5.14). Finally, the fact that the span of the
union of all X,,,, (m,n) € Z x N, is dense in X is a consequence of the completeness
of the family in (5.14). We note that the functions e,,,, (m, n) € Z x N, do not have a
compact support. The corresponding sequence of dense subspaces @, of X,,,, needed for
an application of Lemma?2.2.5, is chosen as follows:

U f = (V_lemn) ® eimids Qf, (5.15)

D 1= Uﬂlﬂcg(Rv C) s

for every m € Z. Taking into account that for every (m, n) € Z x N

1 8 Bl 1 82 5 5 82 2/3 o i eim.id_/
<_Ea_u”a_u_ﬁa_¢2+5”_a_12_7%)(v emn) ® o ® f
im.idy
= Vﬁlem,z @ —Q{—F"+2(m|Fm+1)+4n s
( )® = {=r"+02a4m ¥ )+ 401181 f}

for every f € Cg (R, C), where the minus sign in Fm applies if § > 0 and the plus sign
appliesif 3 < 0, we define the densely-defined, linear, symmetric and essentially self-adjoint
operator Ay : Dimp —> X in Xy by

A U f —A (V—le ) ® Leim.idj ® f
mn YmnJ = Amn mn
2T
im.idy

= (Ve ® = {—=f"+120ml Fm+ 1) +4n] 181 f} .

for every f € C%(R, C). Finally, we define the subspace @ < X by
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n
D = ij: neNand fj € D), forevery j e{l,...,n}¢ ,
j=0

where ¢ : N — Z x Nis a bijection, and A : © — X by
n n
AY fi=Y Aui i
j=0 Jj=0

wheren € Nand f; € @;,forevery j € {0, ..., n}. Then, it follows from Lemma2.2.5 that
A is a densely-defined, linear, symmetric and essentially self-adjoint operator in X and that
every X,,, (m, n) € Z x N, is as closed invariant subspace of the closure A of A. Finally,
we define the Hamilton operator H of the system by

N R2i2 _
H=—U"TAU
2m

and note that it follows from Theorem 2.2.4 that the spectrum o(H)of H is given by closure
of

h?K?

— U 2dmiEm+1)+4n118], 00) .

2m
(m,n)eZxN

Since
[[2(m|Fm+ 1)+ 4n]|3], 00) C [2]8], 00) ,

for every (m, n) € Z x N, this implies that

o(H) = B hw, oo) . (5.16)

5.3.3 Calculation of the Time Evolution Generated by H

The time evolution generated by H is given as follows. It follows from Lemma?2.2.1 for
every (m,n) € Z x N,t € Rand f € L%(R) that
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oA _1 Che? -
Uexp|—i-H)U "Up,f =exp —z%tA Upnf

o> St

2
LA - |
= eXp(-l % [Am/z) (V lenlil) ® = elm‘ld‘/ ® f

! ( 12 (1m| +1>+4]|ﬁ|h”2r)
= X —1 m m 12 —_—
N2 P * 2m

m

. hZ
() o 0+ 09121 | PEEE ) o [enp(ir 5 ) 7

NVIRE
1 i
= expl —= (Im| Fm+ 1+ 2n) wt)
2T p( 2 i
m

() o 0+ )21 [ FEEE | o [exp(~Sr a0 ) 1]

N

where p; and p> denote the coordinate pojections of R? onto the first and second coordinate,
respectively, and (— A1) denotes the closure of the negative of the Laplace operatorin 1-space
dimension, see (1.29), and we choose the length scale

_._ [laBI
=L

The latter leads to

hr?

w 1
w2 M=y

For an electron subject to a magnetic field of 100 G, we have

he? _w 9. —1  —1 -5

— =—-=~088-100s"", k¥ ~257-10"cm .
2m 2

As we already know, in a position representation, the coordinates uy, uz, uz of points

u = (u1, uz, u3) in the domains of functions belonging to the representation space can

be interpreted as numbers whose multiplication by the unit of length x~! lead to a point

k"= (s uy, K 'us, K 'u3) in physical space.
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- Uy o - Us

Ui L)
-2 -2
A e -2
] 0
uy 2 uy 2
uz 4
W2 5 0T
-2 -4
4
z 2
Us @ 120
-2
-2
=d
-4 5
=g 0
0 u 2
th 2 4
u 4 Uz 4
2 2
0 . 0
a4 -2 4 -2
4 4
2 2
us gl U3 0
-2 -2
-4 -4
-4 -4
-2 -2
0 0
u 2 . w2
4

Fig. 5.7 Contour plots of the restrictions to the up,u3-plane and region plots of the
regions corresponding to probabilities larger than 0.0001, of the probability distribution
U exp(=i (t/h) YU (V™ epn) ® @m)~1/2 ™14 @ (20/m) /% exp(—olidg — u30|)1I, for

m=n=0,0=1u30=0,wt =0,1and2aswellasform =0,n=1,0 = 1,u3g =0, wt =0, 1
and 2
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Hence, it follows for every (m,n) € Z x N,t e Rand f € L%C(R) that

PSS B I
[U eXP<—z = H) U 1] (V7en) ® —=¢"V @ f
m

1 J .
=— exp<—l§(|m|:Fm+1+2ﬂ)W) ' { i,
V2T m

i -
(V™ emn) 0 (97 + p§>]/2]} ® [e"p<_§“’[ (_A1)> f]

_ p1+ip2

1 ( i
= expl —= (Im| Fm+2n+ 1)wt> . { —_—
N 2
27 VPt

[(V_lem/z) o (P% + p%)l/Z]} ® [Fz_lTexp(—iwﬂ |2> fl,
2

where (—A1) denotes the closure of the negative of the Laplace operator in 1-space
dimension, see (1.29), and F; : L%(R) — L%C(R) is the Fourier transformation in
1-space dimension.

From (1.24), it follows that

2
RN
e~ 2wt (=41) <7> exp(—olidr —U30|2)

[1 20 }1/2 [ 204 '2}
=|-— exp| ————— |idgp — u ,

T 1+ Qow)’ P T Qo2 R T 10

for every t € R, 0 > 0 and u3p € R. Hence, for every (m,n) €e Z x N, t € R, 0 > 0 and
uszp € R (Fig.5.7)

} |:U6Xp(—i L [:I) U_1:| (V_le )® 1 eimidy
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The Path Integral Approach to Quantum
Mechanics

The following Trotter product formulas, for the proofs see Corollaries 12.9.18, 12.9.20 in the
Appendix, can be considered as providing a mathematical basis for Feynman’s path integral
approach to quantum mechanics, see [29, 30].

Theorem 6.0.1 (Trotter Product Formula for Self-Adjoint Operators) Let (X, {|)) be anon-
trivial complex Hilbert space, A and B densely-defined, linear and self-adjoint operators
in X such that A + B is densely-defined, linear and self-adjoint. Then

lim [e—l (7/k)B ,—i (T/k) A ]kf _ —tT(A+B)f

k— 00

forevery f € X andT € R.

As part of a typical application in quantum mechanics, the operator A would be the
multiple £, ' A of the Hamilton operator of an “unperturbed” system and €9 > 0 has the
dimension of an energy, B a perturbation of that system by a multiplication operator, given
by the multiple g, Py (k=1 - idgs) of the perturbing potential V, and 7 = gt /h. If the system
is in the state f € X at the “time” 7 = 0, then the system reaches the kth approximation,
k € N*, to the state e~i"(A*B) £ at time 7, by free propagation of the state f for the time
7/k, in this way the system arrives at the state ¢~ /K4 £ subsequent propagation of
et (T/OA £ for the time 7/k under the perturbation, in this way the system arrives at the
state e~ (/OB =i (T/DA ¢ “subsequent free propagation of e~ 7/ B i (T/DA £ for the time

Supplementary Information The online version contains supplementary material available at
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T/k, in this way the system arrives at the state e~ (T/RA =i (T/K)B p—i (T/k)Af, and so on,
until reaching the state [ e~ /0B~ (T/DA 1k ¢ We also note that the k-th approximation
is given by an unitary linear operator. For k — oo, we arrive at the state, e "7 (A8) £ of the
system at time 7. This leads to a quite modern view of the scattering process in quantum
theory, applying in particular to quantum field theory.

This process reminds Brownian motion of particles immersed in a fluid and in this way
colliding randomly with the fluid particles. Between the collisions there is free motion. The
“collision” process is described by the perturbing potential. Indeed, such a connection can be
made, through analytic continuation in the time variable ¢. Before making this connection,
we give Trotter product formulas which we are going to use for the derivation of Feynman
path integrals.

Theorem 6.0.2 (Trotter Product Formulas for Semibounded Self-Adjoint Operators) Let
(X, (|)) be a non-trivial complex Hilbert space, A and B semibounded densely-defined,
linear and self-adjoint operators in X, with lower bound | € R and lower bound v, € R,
respectively, and such that A + B is densely-defined, linear and self-adjoint. Further, let
7z € R x (—00,0]. Then

lim e~ (T/RBe=i T/ jk o _ ,=iT2(A+B) £

k— 00

forevery f € X andT € R.

We note that according to Corollary 12.7.2 for every t > 0,z € R x (—00, 0)
A —n/2 . 5 eot
i/ g _ (ria 0 RIVICE DM
e f (m N z f
— (midTz) M2 PG4T 6.1)
for every f € Lé(R"), where H is the free Hamiltonian from Sect. 1.4 and

ot . h2K?
T = 7 , €0 = W .
In addition, we assume that the perturbing potential V is a.e. everywhere defined and bounded
onR". According to the Rellich-Kato theorem 1.6.1, H+ Ty, where Ty, denotes the maximal
multiplication operator on Lé(]R" with V := V(x~! - idg»), is a densely-defined linear and
self-adjoint operatorin L% (R™) thatis semibounded from below and whose domain coincides
with the domain D(I:I ) of H.! Further, according to the functional calculus for maximal
multiplication operators, see Corollary 12.6.9, we have that

' We note that H is positive and 7y, is bounded from below. Hence, the assumptions of Theorem 6.0.2
are satisfied.
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e—i (t/h)Zva — e—i TzV/gof i

forevery f € L%(R”). As a consequence, we obtain

o~ [@/)/R12Ty =i [(z/k)/ﬁ]zﬁf — =i (T2 Ty =i (r/k)zealf?f

gB - (gax f),

fork e N*and f € L%C(R"), where x := Re(z), y := Im(z) < 0 and

ga = (mi 4z7 k)% k] 12/4z7)
= (i 4z7 k) /% k¥ | PG 1PT) =k DI P/ (41PT) ¢ L&(R")

gp 1= eI VI /K _ ix V20 T/k = Iy (TR (V/eo) ¢ poo (R

Using that the Banach space L}C(R”), equipped with the convolution as a multiplication, is
a commutative Banach algebra and using Fubini’s theorem, it follows for f € Lé(R") N
L{(R") and k > 2 that

. . —1 5 k
{I:e—l (T/k)ZTV/EO e—l (T/k)Z&OIHf:I f}(ukJrl)

. . 51k
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for every ux4+1 € R".

Regularized Feynman path integrals

Hence, it follows forevery z € R x (—00,0),¢# > Oand f € L%C(R") N L}C(R”) that

. . 51k
{ [efz [t/k)/R) 2Ty =i [(r/k)/h]zH] f}(u i)

3 [Z 2mih (t/k) ]—""/2

m
i u R)—(Uj /K 2
. / e'ﬁ{% Yia % W‘Zé Y Vs /m))
O
f) (57 duy - dug 6.2)

for every uy+1 € R" and from Theorem 6.0.2 that

k— 00

lim {[e—i [(¢/k)/R1zTy ,—i [(t/k) /D] zﬁ]kf}(uk+1)
= [~ (t/h)z(f?JrTv)f](ukH) , (6.3)

for almost all uz+; € R".

We note that 5
m L1 /k) = (/K)]
2 t/k
is the least (or extremal) action needed for a free classical particle of mass m to move from
the point u; /k to the point u 1)/~ within time ¢ /k. The term

t
= = V(ui1/K)
k
is a correction term that takes into account the presence of the potential V so that

_ 2 g
[(u1+1/'ii/k /R . V(u1/k)

m
2

is an approximation to the least action needed for a classical particle of mass m under the
influence of the potential V to move from the point u;/x to the point u 1)/ within time
t/k. The latter approximation becomes increasingly accurate for k — oo.

Formulas 6.2, 6.3 provide a basis for Feynman’s path integral approach to quantum
mechanics. Formally, the substitution z = 1 into these formulas lead to Feynman’s repre-
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sentation from [29]. Starting from the principle of least action of classical mechanics, he
arrived at the latter formulas. In this, the factor in front of the integral had to be adjusted to
achieve compatibility with Schrodinger’s equation so that the approach is not completely
independent of the standard approach to quantum mechanics.

It is a consequence of the spectral theorem, Theorem 12.6.4, that

. . 51k
lim [67, [(t/k)/B12Ty =i [(t/k) /] ZH] f

z—>1,zeRx (—00,0)

. . 51k
— [e—’ [ /k)/ M Ty ,—i [(z/k)/hm] 7,

for every t > 0, k e N* and f € L%C(R”), providing a unitary linear approximation to
o—i (t/h) (H+Ty)

6.1 A Connection Between the Solutions of the Schréodinger
and the Heat Equation

Finally, we are going to make the connection between the Schrodinger equation and the heat
or diffusion equation. The heat equation,

oT AT

— —a ,

ot
describes the temperature distribution 7', in a homogeneous body occupying the volume €2,
where @ > 0 is the thermal diffusivity” of the body. The equation is a special case of the
differential equation

u'(t) = —Au(t) , (6.4)

t > 0, where a A is a densely-defined, linear and positive self-adjoint operator in a non-
trivial complex Hilbert space X 3 The unique solution to (6.4), see Theorem 4.5.1 of [8] and
Lemma 12.9.15 in the Appendix, for data u(0) from the domain of A, is given by

u(t) = e_’Au(O) ,

for every t > 0, where

2 Thermal diffusivities have the dimension /2/z.

3 The differential equation (6.4) has unique solutions for a considerably larger class of operators A
than the class of linear positive self-adjoint operators in Hilbert spaces, e.g., including non-linear
operators, see [35, 8, 26, 34, 35, 52, 57].
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is the bounded linear operator on X that is associated by the functional calculus of A to the
function
(@A) = C, tre ™y,

where o (A) is the spectrum of A. According to (6.1), we have for every t > 0, z € R x
(—00,0), f € LA(R") that

A -n/2 . 2
i WMz (47”. eot z) SRR ;.

h
and hence for the case z = —i that
~ —n/2 et
e~ t/WA (477 5_7(;[) il Pr(4) ‘f.

As described above, the latter corresponds to the diffusion type equation
4 1 -
u(t) = ~7 Hu(t) , (6.5)

t > 0 associated with the thermal diffusivity

h

o= —".
2m
For instance, for the case of an electron, we have that
h m?
— ~x579-107° — ,
2m S

leading to a thermal diffusivity of an order of magnitude similar to the thermal diffusivities
of metals.

According to Corollary 12.9.16, for f € D(H), the map that associates with every ¢ from
the closed lower half-plane of the complex plane, R x (—o0, 0], the element

o (r/h)ﬁf c Lé(Rn)

is a continuous function whose restriction to the open lower half-plane of the complex plane,
R x (—00, 0), is holomorphic (Fig.6.1).
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Fig.6.1 A connection between Im(t)

the solutions of the T . ) 5 .
Schrodinger and a diffusion >
type equation. Black dots j Re(t)
indicate e /M) H £ for the -1

given value of ¢. Red arrows
indicate analytic continuation

A connection between the solutions of the Schrodinger and a diffusion type equa-
tion

Hence the solution of the Schrodinger equation for ¢ > 0, corresponding to data f
at time 7 = 0 from the domain of H, is given by the boundary values on the positive
real axis, of the analytic extension of the solution, on the purely imaginary axis in the
lower half-plane, to the open lower half-plane of the complex plane, corresponding
to same data, of the equation of diffusion type (6.5).
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Conclusion

The purpose of the book is to introduce the reader to quantum mechanics through the
analysis of basic quantum mechanical systems. As there is no Newtonian mechanics without
Calculus, there is no quantum theory without operator theory. The use of the latter language
is a necessity on the way to achieve physical understanding. Therefore, the book teaches in
detail how to use the methods of operator theory for analyzing quantum mechanical systems,
starting from the determination of the deficiency subspaces of (densely-defined, linear)
symmetric operators in complex Hilbert spaces, for the purpose of arriving at their self-
adjoint extensions, only the latter can be observables of the theory, up to the calculation of the
spectra, spectral measures and functional calculi of observables, including the construction
of the exponential functions of the involved Hamilton operators that solve the problem of
time evolution.

The reader might have noticed that in this book, instead of writing down a formal
Schrodinger equation, the first step in the analysis of a closed quantum mechanical system
consists in the construction of a Hamilton operator H, the generator of the time-evolution
of the system. Only when this is done, it is possible to write down a well-defined abstract
Schrodinger equation. On the other hand, the latter step is redundant, since there are methods
for the construction of the exponential function of )ik , for instance from the resolvent of A s
that solve the problem of the time evolution of the system. Therefore, Schrodinger equa-
tions only appear implicitly in this book. Also, it is not advisable to consider Schrodinger
equations as partial differential equations, since the corresponding unknown is not observ-
able, differently from the unknowns of partial differential equations from classical physics.

Supplementary Information The online version contains supplementary material available at
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196 7 Conclusion

This is relevant because at this point quantum mechanics differs from its early competitor
“wave mechanics.” These 2 theories are incompatible. The mixture of both theories leads
to contradictions.

What is gained from acquiring the methods from operator theory, beyond providing a
clearer understanding of quantum theory? To the opinion of the author, it might prepare for
future physical theories that have to be expected to be even more abstract than quantum the-
ory. Roughly speaking, classical physics, including the theory of general relativity, describe
the macroscopic that is close to our perception. This is reflected by the used mathematical
methods, from calculus, geometry and the field of partial differential equations. Quantum
theories describe a world that can be accessed only by use of special instrumentation. Atomic
radii are of the order 108 cm. Nuclear radii are of the order 10~!3 cm. This inaccessibility
to our natural senses is the quality that makes this world particularly interesting and unsur-
prisingly is accompanied by a greater abstractness of the needed mathematical methods.
Originally, quantum theory provided the first theory of matter. With the advent of quantum
field theory, it turned into a theory of matter and fields, testing also our ideas of space and
time. Ultimately, it has the potential to turn into a theory of “everything.”
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12 Appendix

In the following, we introduce prerequisites for and basics of the language of Op-
erator Theory that can also be found in most textbooks on Functional Analysis
[34, 36, 37,43, 46]. For the convenience of the reader, we also include correspond-
ing proofs, but encourage readers of acquiring a more complete picture, e.g., from
the above cited sources.

12.1 Normed Vector Spaces and Banach
Spaces

Definition 12.1.1. (Normed vector spaces, Banach spaces) Let K € {R,C}. A

pair (X, || [|)

a) is called a normed vector space over K if X is a vector space over K and
| || : X — [0, 00) is map such that

(i) ||f]l=0ifand onlyif f =0 (i.e., | || is positive definite),

@) ||Af]l = |Al||f]| for every f € X and A € K (i.e. , || || is homoge-
neous),
i) ||f+ gl < |IfIl + llgll for all f,g € X (i.e. , || || satisfies triangle

inequalities ).

b) is called a Banach space over K or a K-Banach space if (X, || ||) is a com-
plete normed vector space over K, i.e., if every Cauchy-sequence in X is
convergent to an element of X.

Remark 12.1.2. If K € {R,C}, (X, || ||) and D is a subspace of X, then (D, || |||p)
is a normed vector space, too. Therefore, unless indicated otherwise, we consider
every subspace to be automatically equipped with the corresponding restriction of

Example 12.1.3. (L'-Spaces) Let n € N*, E C R" be non-empty and measur-
able, where v™ denotes the Lebesgue measure in n dimensions. We define

LE(E) :={f : E — C :Re(f),Im(f) are v"-measurable
and [Re(f)|, |Im(f)| are v"-integrable }

and for every f € L (F)

1 = /E fldom
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Then according to Functional Analysis

(L&(E), +, ., | [l1) is a complex Banach space,

where
Le(E) == LE(E)/~

the equivalence relation ~ on L (E) is defined by’
f~g:= f=gae.onkE

for all f,g € LL(E), and L{(FE) is equipped with the operations +,. and the
LY-norm || ||1, defined by

1+ :=[f +4g], MSf]:=[\f],
1L == [l fllx

forall f,g € L{(F) and X € C.

Example 12.1.4. (L*>°-Spaces) Let n € N*, £ C R" be non-empty and measur-
able, where v denotes the Lebesgue measure in n dimensions. We define

LE°(E) :={f: E — R:Re(f),Im(f)are measurable, and there is
C € [0,00) such that | f| < C, a.e. on E'}

and for every f € L& (F)
| flloo :=1nf{C € [0,00) : |f| < C,a.e.on E} .

Then according to Functional Analysis

(LE(E),+,., || lloo) is a complex Banach space,

where
LE(E) =L (E)/~ ,

the equivalence relation ~ on L&°(F) is defined by>

f~g&ef=gae.onkE,

1
2

a.e. stands for almost everywhere, i.e., {x € E : f(x) # g(x)} is set of Lebesgue measure 0.
a.e. stands for almost everywhere, i.e., {x € E : f(x) # g(x)} is set of Lebesgue measure 0.
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forall f,g € L& (E), and L¥(E) is equipped with the operations +,. and the
L°°-norm || || oo, defined by

1+ 19l = [F +gl, AT = [AST
I Moo := 11 f lloo
forall f,g € LZ(F)and X\ € C.

As is standard practice, we are not going to indicate that we are working with
equivalence classes, rather than functions. Normally, this does not lead to compli-
cations, since in applications, usually, the equivalence classes in question, have a
unique distinguished, e.g., continuous, representative, which is the basis for con-
siderations. On the other hand, occasionally, it is necessary to remember this fact.

12.2 Linear Operators in Banach Spaces

12.2.1 Bounded Linear Operators

Definition 12.2.1. Let K € {R,C} and (X, || ||x) and (Y, || ||y) be normed vec-
tor spaces over K. We define the subset L(X,Y) of YX to consist of all linear
continuous maps from X to Y.

Theorem 12.2.2. Let K € {R,C}, (X, || ||x) a non-trivial normed vector space
over K, (Y,|| ||y) a normed vector space over K and A : X — Y be linear.

(i) Then A is continuous if and only if A(S') is bounded.
(i) (L(X,Y), [l flop),
where || [jop : L(X,Y) — [0, 00) is defined by
[Allop := sup{[|[Aflly : f € S}

for every A € L(X,Y), is a normed vector space over K, where L(X,Y) is
equipped with the usual operations of pointwise addition and pointwise scalar mul-
tiplication by elements of K. In particular, if Y is complete, then this space is
complete, too.

Proof. “Part (i)": If A is continuous, there is 6 > 0 such that
[Afly =[JAf = A0lly <1
for all f € Bs(0). Hence it follows for f € S that

1

1
|Aflly = =l1467 ]y < 5
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and that A(S") is bounded. If A(S!) is bounded, it follows for different elements
f,g € X that

1Ag — Aflly = llA(g = NHlly = llg = flix - 1Alg = fIX' (9 = Ny
< [sup{l|Aflly : £ € S} llg — fllx

and hence the continuity of A.
“Part (ii)": Since for A, B € L(X,X),A € Kand f € S*

10f]ly =0,

I(A+ B)flly <[[Aflly +Bflly

<sup{||Aflly : f € '} +sup{||Bflly : f € S},

1A flly = INAflly = A [[Aflly < [Asup{|Aflly : f € 5"},

it follows from (i) that L(X,Y) is a subspace of Y, where the latter is equipped
with the usual operations of pointwise addition and pointwise scalar multiplication
by elements of K. Further, if A € L(X,Y) is such that ||A||op, = 0, then

1A Iy = IFIIx AN - flly < I fllx-0=0

for every f € X \ {0}. The latter implies that Af = Oy for every f € X. If
A =0r(x,y).then ||Allo, =0.If A € L(X,Y) and A € K, then

IA-A) flly = [AAS]ly < [All[Allop
for every f € S* and hence
[AAllop < [AlllAllop -

Also, if A # 0, then

IAf]ly AA) flly < |H/\A”OP

w | B

for every f € S* and hence

[Allop < |H/\AHOp :

|A

Asa consequence,
A Allop = Al Allop -

If A, B € L(X,Y), then
A+ B)flly = [[Af + Bflly <[Aflly +Bflly < | Allop + [ Bllop
for every f € S*. The latter implies that

1A+ Bllop < [|Allop + [|Bllop -
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Hence it follows that (L(X,Y), || |lop) is a normed vector space over K. If Y is
complete, we conclude the completeness of (L(X,Y), || |lop) as follows. For this,
let A;, Ay, ... be Cauchy-sequence in (L(X,Y),| |op). Since for f € X and
ke N*

|Arf — Aiflly = [[(Ax — A flly < || A — Arllop - || fllx

it follows for every f € X that A;f, Asf,... is a Cauchy-sequence and hence
convergent. Hence we can defineamap A : X — Y by

Af = lim Apf .
k— o0
Obviously, A is linear. Further, since

[ Ak llop — [[Atllopl < [[Ax — Aillop

forall k,1 € N*, || A1||op, ||A2|lop; - - - is a Cauchy-sequence in R. Hence the latter
sequence is also convergent. Therefore, we conclude that

[Aflly = || lim Axflly = lim [[Arflly < lim ||Azlop
k— oo k— o0 k— o0

for every f € S! and hence that A € L(X,Y). In the following, let ¢ > 0 and

N € N* such that .

2

for all k,1 € N* such that k,! > N. In addition, let g € S* and ky € N* such that
ko > N and

|Ar — Aillop <

3

I(Ax = A)gly < 2
for k£ € N* such that £ > kq. Then it follows for k¥ € N* such that k¥ > N that
[(Ax — A)glly = [|(Ax — Aky + Ak, — A)glly

€ g

and hence, since g € S! is otherwise arbitrary, that
HAk — AHOp <e€.
As a consequence, Ay, Ay, ... converges in (L(X,Y), || [lop) to A. O

Corollary 12.2.3. Let K € {R,C}, (X,| |l x), (Y,] |ly) be non-trivial normed
vector spaces over K, (Z, | || z) a normed vector space over K and A € L(X,Y),
Be LY, 2).
(1) Then
[Aflly < [ Allopll.fllx

forevery f € X, and
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(ii)
1B o Allop < [|Bllopll Allop -

Proof. “Part (i)’: First we note that, as a consequence of the linearity of A, A0 =
Oy and hence that

0= [0y [y = |40}y <0 = [|Allop 0] x -
Further, for f € X \ {0}, it follows that || f|| ' f € S* and hence that

IAfly = I AR fly = 1= TALFIR fly < IAllopllfllx -

“Part (ii)”: From (i), it follows for f € X with || f||x = 1 that

(B o A)(N)llz = IIBA)lz < [ Bllopl ANy < 1Bllopl Allop

and hence that
1B o Allop < [|Bllopl|Allop -

O]

Remark 12.2.4. In the following, we will call a vector space together with an ad-
ditional bilinear mapping -, usually called "multiplication," an algebra. Further,
if - is associative, the algebra is called associative, if the algebra contains a mul-
tiplicative unit element, the algebra is called with unit element, if the underlying
vector space is normed (with norm | |) and the multiplication satisfies

ja-bf <lal - 0],

for all elements a, b of the algebra, the algebra is called a normed algebra. A com-
plete normed algebra is called a Banach algebra. We note that, as a consequence,
(L(X,X),+,.,0,| llop) is an associative Banach algebra with unit element.

Theorem 12.2.5. (Small Perturbations of the Unit in Associative Banach Alge-
bras with Unit) Let K € {R,C}, (X,+,.,-,| ||) a non-trivial (i.e., 1 # 0,) asso-
ciative Banach algebra over K with unit element 1 and a € X such that |ja| < 1.
Then 1 — a is invertible with inverse given by

(1—a) = Zak
k=0

0 +1

where a¥ := 1, a**! := a - a¥ for every k € N. In addition,
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Proof. First, we conclude by induction the auxiliary result that for £ € N
a"tt=dF . a. (12.1)

Indeed, for kK = 0

and hence the validity of (12.1) with k replaced k£ + 1. Further, for £ € N, we
conclude that

la* [ = fla - a®|| < lla] - [la"|

and hence by induction that
la®|| < flall*

for every k € N*. Since ||a|| < 1, the latter implies that

lim a* =0
k— o0

and that (ak)keN e XNis absolutely summable. Note that here we use the fact that
X is complete. Further,

(1—a)-§n:ak—z Zk+1—1

k=0
n n
(Z“) (=) =3 a*-(1-a) =3 (" —a*)
k=0 k=0
n n
:Zak_ ak+1:1_an+1
k=0

for n € N. Hence, we conclude that
o0 o0
1—a Zak <Za> 1—a =1.
k=0 k=0

Finally, it follows that

(o)

oo o
Za’“ <Y lla* ) <D Jall
k= k=1 k=1

— Ja] - Z lall* = ”“” L.

10 —a)™ =1 =
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Theorem 12.2.6. LetK € {R,C}, (X, +,.,-, ]| ||) anon-trivial (i.e., 1 # 0,) asso-
ciative Banach algebra over K with unit element 1. The set of invertible elements
U is open in X, and the map

Inv:U — X |

for every a € U, defined by

Inv(a) :=a" ',

18 continuous.

Proof. We note that U # (), since 1 € U, and that ||1|| # 0, since according to the
assumptions, 1 # 0. Also, if a € U, then

1l =lla-a™" I < flall - fla™"]] -
Hence [|al| and ||a™?|| are both non-vanishing. Further, if b € Uy /41| (a), then
b=a—(a—b)=a-[1-a'(a—10)]

and
1

la=t

Hence according to Theorem 12.2.5, 1 — a™" - (a — b) and therefore also b are
invertible. Also, if by, ba, ... is a sequence in U that is convergent to a and vy € N*
is such that b, € Uy, (a), for every v € N* satisfying v > vy, then it follows
with the help of Theorem 12.2.5 for such v that

la™" (@ =b)I < lla™ [ [Ib = al| < [la™"| L.

1

o' —a™ [ =lll1—a™" - (a=b)) " -a™t —a™|
<lla™H - I =a™ - (a=b,)] 7" = 1]

- la=" - (a —by)| la= [} - [Ib, — a
< Jla™ -

L—Jla=t-(a=b)] = 1=lla=[- b, —al

and hence that
lim b,' =a™'.
V—r00

12.2.2 Unbounded Operators

Lemma 12.2.7. (Direct sums of Banach and Hilbert spaces)

(i) Let(X,| ||x)and (Y,] |ly) be Banach spaces over K € {R,C} and || ||xxy :
X XY — R be defined by

ICF, D) llxxcy = A/ IFIX + gl

forall (f,g) € X x Y. Then (X x Y, || ||xxy) is a Banach space.
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(i) Let (X, (])x)and (Y, (|)y)beHilbertspaces over K € {R,C}and (| )y, y :
(X x Y)? — K be defined by

(F; (R By = (flMx + {glk)y
forall (f,g),(h,k) € X x Y. Then (X x Y, (]|)x,y) is a Hilbert space.

Proof. ‘(i)’: Obviously, || ||xxy is positive definite and homogeneous. Further,
it follows for (f,g), (h,k) € X x Y by the Cauchy-Schwarz inequality for the
Euclidean scalar product for R? that

1(f,9) + (h B)|%xy = I1f + PlI% + llg + kI3

< (Ifllx + [1R11x)? + (llglly + [1Elv)? = (a +a')* + (b +b")?
=a®+ b +a’?+b'?+2(aa’ +bb)
<a2+62+a’2+b'2+2\/a2+62'\/@’2—1—6’2

= (Va8 Va5 2) = (100 oey + 1B )

where a := || f||x,a’ := ||h]|x, b := ||g]|y, b’ := ||k||y, and hence that

1(f5.9) + (B B)llxsxcy < I(F5 9)llxoey + 11 (B B)[lxcy -

The completeness of (X x Y, || ||xxy) is an obvious consequence of the complete-
ness of X and Y.

‘(ii)’: Obviously, (| )y is a positive definite symmetric bilinear, positive definite
symmetric sesquilinear form, respectively. Further, the induced norm on X x Y
coincides with the norm defined in (i). ]

Definition 12.2.8. (Linear Operators) Let (X, |||x) and (Y, | |ly) be Banach
spaces over K € {R, C}. Then we define

(i) A map A is called a Y-valued linear operator in X if its domain D(A) is a
subspace of X, Ran A C Y and A is linear. If (Y, || ||y) = (X, ]| ||x) such a
map is also called a linear operator in X.

(i) If in addition A is a Y-valued linear operator in X:
a) The graph G(A) of A by
GA)={(f,Af) e X xY :feDA}.

Note that G(A) is a subspace of X x Y.
b) A is densely-defined if D(A) is in particular dense in X.
c) Ais closed if G(A) is a closed subspace of (X X Y, || |xxv)-
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d) A Y-valued linear operator B in X is said to be an extension of A,
symbolically denoted by

ACB or BDOA,

if G(A) C G(B).
e) Ais closable if there is a closed extension. In this case,
N &’
BDA, B closed

is a closed subspace of X xY" which, obviously, is the graph of a unique
Y-valued closed linear extension A of A, called the clos_ure of A. By
definition, every closed extension B of A satisfies B D A.

f) If Ais closed, a core of A is a subspace D of its domain such that the
closure of A|p coincides with A, i.e., if

Ap=A.

Theorem 12.2.9. (Elementary properties of linear operators) Let (X, || [|x), (Y,
|| [ly) be Banach spaces over K € {R,C}, A a Y-valued linear operator in X and
B e L(X,Y).

(i) (D(A),]||a), where || ||a : D(A) — R is defined by

1flla == (£, A Ixxy = /I + I ASIS

for every f € D(A), is a normed vector space. Further, the inclusion ¢4 :
(D(A), ]| ||a) < X is continuous and A € L((D(A), | ||a),Y).

(ii)) A is closed if and only if (D(A), || [|a) is complete.
(iii) If A is closable, then G(A) = G(A).
(iv) (Bounded inverse theorem) If Ais closed and bijective, then A~! € L(Y, X).

(v) (Closed graph theorem) In addition, let D(A) = X. Then A is bounded if
and only if A is closed.

(vi) If Ais closable, then A + B is also closable and

A+B=A+B.

Proof. ‘(i)’: Obviously, (D(A), || ||a) is a normed vector space. Further, because

of
lea flix = I1fllx < A%+ TAFIR = 1 f]la

10
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IAS Iy < A/IFIK + AL = 1 £1la

for every f € D(A), it follows that to € L((D(A), | ||a),X) and A € L((D(A),

4);Y).

‘(ii)": Let A be closed and fo, f1,... a Cauchy sequence in (D(A), || |[a). Then

(fo, Afo), (f1,Af1),... isaCauchy sequence in G(A) and hence by Lemma 12.2.7
along with the closedness of G(A) convergent to some (f, Af) € G(A). This im-

plies that

and

lim ||f, — flla=0".

V—r0Q0
Let (D(A),| ||a) be complete and (f,g) € G(A). Then there is a sequence
(fo, Afo), (f1,Af1),... in G(A) which is convergent to (f, g). Hence
(fo,Afo),(f1,Af1),... is a Cauchy sequence in X x Y. As a consequence,
fos f1,... isa Cauchy sequence in (D(A), || ||a) and therefore convergent to some
h € D(A). In particular,

Jinn (s Afi) = (AR [y =0

and hence (f, g) = (h, Ah) € G(A).
‘(iii)’: Let A be closable. Then the closed graph of every closed extension of A

contains G(A) and hence also G(A) . Therefore G(A) D G(A). This implies in

particular that G(A) is the graph of a map A. Further, D(A) = pr;G(A), where
pr; == (X xY — X,(f,g) — f),is a subspace of X and A is in particular a

linear closed extension of A. Hence A D A and G(A) = G(4) D G(4).
‘(iv)’: Let A be closed and bijective. Then it follows by (ii) that (D(A), || ||a)
is a Banach space and that A € L((D(A),||la),Y). Hence it follows by the
‘bounded inverse theorem theorem’, for e.g. see Theorem III.11 in Vol. I of [34],
that A= € L(Y, (D(A), || ||a)) and by the continuity of ¢s that A= € L(Y, X).
‘(v)’: Let D(A) = X. If Aisbounded and fy, fi,... is some Cauchy sequence in
(X, ]| [|a), it follows by the continuity of ¢4 that fy, f1, ... is a Cauchy sequence in
X and hence convergent to some f € X. Since A is continuous, it follows the con-
vergence of Afy, Af1,... to Af and therefore also the convergence of fy, f1,...
in (X, |||la) to f. Hence (X, ||||a) is complete and A is closed by (ii). If A is
closed, it follows by (ii) that (X, || ||a) is a Banach space and that the bijective X-
valued linear operator ¢4 is continuous. Hence ¢, is closed by the previous part
of the proof. Therefore, the inverse of ¢4 is continuous by (iv) and hence A is
bounded.

‘(vi)’: Let A be closable. In a first step, we prove that A + B is closed. For this,

let (f,g) € G(A+ B). Then there is a sequence fy, f1,... in D(A) which is
convergent to f and such that (A + B) fo, (A+ B)fi, ... is convergent to g. Since
B is continuous, it follows that Afy, Afi,... is convergent to g — Bf. Since A
is closed, it follows that f € D(A) as well as Af = g — Bf and hence that
f € D(A+ B)aswellas (A + B)f = g. Hence A + B is closed, and therefore
A + B is closable such that A + B D A + B. Further, it follows by the previous

11
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part of the proof that A + B— B is a closed extension of A. Hence A+ B—B D A
and therefore also A + B D A + B. Finally, it follows that A+ B= A+ B. [

Theorem 12.2.10. (An application of the closed graph theorem) Let (X, || ||x), (Y,
Illv), (Z,]| ||z) be Banach spaces over K € {R, C}, A a closed bijective Y-valued

linear operator in X and B a closable Z-valued linear operator in X such that
D(B) D D(A). Then there is C € [0, 00) such that

1BEllz < C || Aglly
for all § € D(A) and hence in particular B|p(a)y € L((D(A), | [|a), Z).

Proof. First, it follows by Theorem 12.2.9 (iv) that A=t € L(Y, X). Further, B o
A=Y is a Z-valued linear operator on Y since A~! maps into the domain of B. Let
(n,¢) € G( B o A=1). Then there is a sequence (19, B(A™ 1)), (n1, B(A=tn1)), ...
in G(B o A™1) converging to (1, ¢). In particular,

lim n, =1

vV—r 00

and therefore also
lim A7y, = A1y .

vV—00

Since B is closable, it follows that (A~1n,¢) € G(B) and hence because of
A~'n € D(A) C D(B) that (A7'n,¢) € G(B). Therefore also BA™'n = ¢
and (1,{) € G(B o A™'). Hence B o A~! is in addition closed and therefore by
Theorem 12.2.9 (v) bounded. As a consequence, it follows

IBEllz = (1B o A~ Aglz < O A¢]ly
for every £ € D(A) where C € [0, 00) is some bound for B o A~ O

Example 12.2.11. Apart from the unitary Fourier transform Fs, the text uses a
related linear Fourier transformation which is denoted by F,

F; : LE(R™) — Coo (R, C)

which for every f € L{(R™), is defined by

>

(Fuf)(k) = / ¢ f () du

— 00

for every k € R™. Here, Coo(R™,C) denotes the vector space of continuous
complex-valued functions on the real numbers that vanish at 00, which, equipped
with the norm || ||, defined by

[flloo := sup [f(K)[,
kERn

12
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for every f € Coo(R™, C), is a complex Banach space. In particular,

IF1flloo < [l flloc

for every f € C(R™, C), implying that F; is continuous.

12.2.3 Spectra and Resolvents

Theorem 12.2.12. (Elementary properties of the resolvent) Let (X, || ||x) be a
non-trivial Banach space over K € {R,C} and A a densely-defined closed linear
operator in X.

(i) We define the resolvent set p(A) C K of A by
p(A) :={A € K: A — \is bijective} .

Then p(A) is an open subset of K. Therefore, its complement o(A) :=
K\ p(A), which is called the spectrum of A, is a closed subset of K.

(ii) We define the resolvent R4 : p(A) — L(X, X) of A by
Ra(\):=(A—-X)""

for every A € p(A). Then R4 is continuous, satisfies the first resolvent
formula
Ra(p) = Ra(A) = (b — A) Ra(p)Ra(A) (12.2)

for every A, u € p(A) and the second resolvent formula
Ra(A) — R(A) = Ra(A)(B — A)Rp(}) (12.3)

for every A € p(A) N p(B), where B is some closed linear operator in X
having the same domain as A, i.e., D(B) = D(A).

(iii) Forevery f € X, w € L(X,K), the corresponding function

woRASf

is real-analytic/holomorphic. Here R4 f : p(A) — X isdefined by (R4 f)(\) :=

Ra(N)f.

Proof. Let Ao € p(A). Then A — )\ is a closed densely-defined bijective linear
operator in X and hence R4(X\g) € L(X,X) \ {0}. Then it follows for every

A€ Ur/Ra(r0)(M0)
A=X=[1=(A=X0)-Ra(ho)](A— o)

and therefore, since
1—(A=Xo).-Ra(No)

13
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is bijective as a consequence of
(A = Ao)-Ra(Xo)] <1,

that A — ) is bijective, as a composition of bijective maps, hence A € p(A) and

o

Ra(X) =Y (A= 20)F [Ra(Ao)]* .

k=0

Further, it follows for every f € X, w € L(X, K) that

(wWoRAS)A) =D w ([Ra(X0)"1f) (A= Ao)F
k=0
In addition, if X € Ul/(QHRA()\O)”)()\O), then
IR (A Z A= ol* [RaQo)FF < D IR IRA(N0) I
k=0 k=0
= |[RaQo)lI Y 27" =2[|[Ra()| ,

k=0

i.e., || R4l is bounded in a neighborhood of Ay. Further, for A, . € p(A) and every
f € D(A), it follows that

(A=p)f=A-Nf+A-pf
and hence for every g € X
(A= p)Ra(N)g =g+ A= p)Ra(N)g
The latter implies that
Ra(A) = Ra(p) + (A — p)Ra(p) Ra(})

and hence (12.2). We note that this implies the continuity of R4, since ||R4]|| is
bounded in a neighborhood of every A € p(A). Finally, let B : D(A) — X be
some closed linear operator in X. Then it follows for every 1 € p(A), A € p(B)
and every f € D(A) that

A=) f=A=B)f+B-Nf+A—-n)f
and hence for every g € X that
(A= pu)Rp(N)g=(A-B)Rp(A\)g+g+(A—pu)Rs(N)g
The latter implies that
Rp(A) = Ra(p)(A — B)Rp(A) + Ra(p) + (A — p)Ra(p)Rp(A)
and hence (12.3). ]

14
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12.3 Hilbert Spaces

12.3.1 Elementary Properties

Definition 12.3.1. (K-Sesquilinear forms) Let K € {R, C} and X a vector space
over K.

(i) sis called a K-Sesquilinear form on X if s is a map from X x X to K such
that s(f, -) is linear for every f € X and s(-, g) is linear and anti-linear! for
every g € X if K = R and K = C, respectively.

(ii)) If s is a K-Sesquilinear form on X, we call the function (X — K, f +—
s(f, f)) the quadratic form that is generated by s.

(iii) A K-Sesquilinear form s on X is called symmetric if s(f,g) = s(g, f) and
s(g, f) = (s(f,g))* forall f,g € X if K = R and K = C, respectively,
where * denotes complex conjugation on C.

(iv) sis called a semi-scalar product and scalar product on X if s is a symmetric
K-Sesquilinear form on X such that s(f, f) > 0 for every f € X? and
s(f, f) > O0forevery f € X \ {0}, respectively.

Remark 12.3.2. Note that Definition 12.3.1 (iv) uses that the quadratic forms that
are associated with K-sesquilinear forms are real-valued.

Theorem 12.3.3. (Basic properties of K-Sesquilinear forms) Let K € {R,C},
X a vector space over K and s a K-Sesquilinear form on X. Then

(i) (Parallelogram law)

s(f+g,f+9)+s(f—g,f—9g) =2[s(f, f) +5(g,9)
forall f,g € X.

(i) (Polarization identity for C-Sesquilinear forms) if K = C,

S(,9) =1 [/ +9. £ +9) = s(f — 9.1 — )~ is(f +ig.f +ig)
Vis(f — ig, f ig)]
forall f,g € X.
Proof. "(1)":
s(f+9,f+9)+5(f =9, —9) = s(f, ) + (9, f) + s(f,9) + 5(9,9)

U Te., s(f1 + f2,9) = s(f1,9) + s(f2,9) and s(\f,g) = A*s(f,g) forall f1,F, f € X and
A € C, where * denotes complex conjugation on C.

2 A symmetric K-Sesquilinear form on X with this property is also called positive semi-definite.

3 A symmetric K-Sesquilinear form on X with this property is also called positive definite.

15



12 Appendix

+S(f7f) _S<g7f) _S(fug)+8(g7g) :2[8(f7f)+5(g7g)]

forall f,g € X.
"(ii)": First it follows that

s(f+g,f+9)=s(ff)+s(g,f)+s(fr9)+s(9,9),
s(f—g9.f—9)=s(f. f)—s(g, f) —s(f,9) +5(9,9)

and hence that
s(f+a.f+9)—s(f—g.f—9) =2[s(f.9)+ (g, f)]
for all f,g € X. This implies that
—ils(f +ig, f +ig) = s(f —ig, [ —ig)] = 2[s(f,9) — s(g, f)]

for all f,g € X. By addition of the last two equations and multiplication of the
resulting equation by 1/4, we arrive at the statement. O

~—

Remark 12.3.4. As a consequence of part (ii) of Theorem 12.3.3, a C-Sesquilinear
form is uniquely determined by its corresponding quadratic form. That the analo-
gous is not true for R-Sesquilinear forms can be seen from the existence of non-
trivial skew-symmetric bilinear forms. The quadratic forms corresponding to the
latter vanish.

Theorem 12.3.5. Let K € {R,C}, X a vector space over K and (| ) a semi-scalar

producton X and || || : X — [0, c0) defined by || f|| := <f|f>1/2 forevery f € X.
Then

(i) (Cauchy-Schwarz inequality) For all f,g € X, the following Cauchy-
Schwarz inequality holds

| (Flg) [ < IIfIlllgll - (12.4)
(i) (Triangle inequality) For all f,g € X
If+ gl <A+ lgll - (12.5)

(i) N:={f € X :|f|l =0} is subspace of X, the so called null space of (| ).

(iv) (Cauchy-Schwarz equality)

| (Fla) = 11F gl (12.6)

for some f, g € X if and only if

IfI”g = (flg) f €N .

16
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Proof. "(i)": For arbitrary f,g € X, it follows that

0< (I£17g = (flg) £ I F1Pg — (flg) f)
= A IPALLIP gl 4+ 1 < Flg) 1P = [ {Flg) 12 =1 (flg) 1) (12.7)
= I/IPUAIPNgl? = T {Flg) 1)

and hence also that

0 < llglP(UFIPgl* = 1<flg) ) -

As a consequence, we conclude the validity of (12.4) if || f|| # 0 and/or ||g|| # 0.
Further, if || f|| = ||g|| = 0, it follows that

0< (~af +5.91—af + 5 .9) =~ (aflg) + (gla)) = —Re(a {gl)

=—{fla) !,
where a € K is such that |a| = 1 and
alglf) =1{flo)]
and hence that
(flg) =0

As a consequence, we conclude also in this case the validity of (12.4).
"(i1)": With the help of (i), it follows for arbitrary f, g € X that

1f+gll> =1 {f +9lf +9) | = [ 11+ lgll* + (Flg) + (gl.f) |
< A1+ Nl + 20 gl = (LI + gl -
and hence (12.5).

"(iii)": First, as a consequence of the linearity of (0|-), ||0| = <0|0>1/2 = 0 and
hence 0 € N. Further, if f, g € N, it follows by (12.5) that || f 4 ¢|| = 0 and hence
that f + ¢g € N. Finally, for f € N and X € K, it follows that

INFIZ = (AFIAS) = (AP fI1? =0

and hence that A\f € N.
"(iv)": If (12.6) is valid for some f,g € X, it follows from (12.7) that || f||?g —
(flg) f € N. It || fl|?9 — (flg) f € N, it follows from (12.7) that

IFIPALAIP gl =1 (flg) 1) =0
If || f|| = 0, it follows by (12.4) the validity of (12.6).
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Theorem 12.3.6. Let K € {R, C}, X vector space over K, (| ) a scalar product on
Xand| || : X — [0, 00) defined by || f|| := <f]f>1/2 for every f € X. Then

(i) (X,|]|) is a normed vector space over K. In the following, we call || || the
norm that is induced on X by (|).

(ii)) The maps (f|-) and (-|f), interpreted as maps from (X, || ||) to (K, | |), are
continuous for every f € X. In particular, if X is non-trivial, || (f|) || =
| f|| forevery f € X.

Proof. "(i)": First, ||0]| = <0]O)1/ % = 0, as a consequence of the linearity of (0|-).
Also, since || f|| = <f\f>1/2 > 0 forevery f € X \ {0}, from || f|| = O for some
f € X, it follows that f = 0. Second, [|Af]| = AfIA)Y2 = (A2 (fIf)V/? =
AL (fI£)Y% = |A] || f]| for every f € X and A € K. Finally, according to Theo-
rem 12.3.5 (i), | f + g|| < || f||+ |lg|l forall f,g € X. Hence (X, || ||) is a normed
vector space over K.

"(ii)": Let f € X. Then, we conclude by help of the Cauchy-Schwarz inequality,
Theorem 12.3.5 (i), that

| <f|91> - <f|92> | = | <f’91 - 92>
[ (g1l f) = (g2l £} | = {91 — g2|)

for all g1, g2 € X. The latter implies the continuity of (f|-) and (-| ). Further, if X
is non-trivial, the latter implies that || (f|-) ||op < || f]|- In this case , it also follows

that | (f-) (A1) = [{AIFITHf) | = (1] and hence that || (f]-) [lo, > I\f%

[fllllgr — g2l

| <]
| < [I£1lllgr = g2l

<
<

Definition 12.3.7. (Pre-Hilbert spaces and Hilbert spaces) Let K € {R,C}. A
pair (X, (| )) is called a pre-Hilbert space over K if X is a vector space over K and
(]): X? — Kis a scalar product on X. If moreover, (X, || ||) is complete, where
|| || is the norm that is induced on X by (| ), we call (X, (|)) a Hilbert space.

Example 12.3.8. Letn € N*, (|) : C"xC"™ — C be the canonical scalar product,
defined for all u = (uy,...,up),v = (v1,...,v,) € C" by

(ulv), ==uj -v1+ -+ u) v,

Then, according to Linear Algebra and Analysis,

(C™,(]).) is a complex Hilbert space,
Example 12.3.9. (L?-Spaces) Let n € N*, E C R"™ be non-empty and v"-

measurable, where v™ denotes the Lebesgue measure in n dimensions. We define

LE(E) :={f : E — C :Re(f),Im(f) are v"-measurable

18
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and |[Re(f)|?, [Im(f)|? are v"-integrable}

and for all f,g € LZ(F)

(flg)y = /E o ogdvn .

Then according to Functional Analysis

(LZ(E),+,.,(|),) isacomplex Hilbert space,

where
LE(E) :=LE(E)/~ ,

the equivalence relation ~ on LZ(E) is defined by’
f~g:&e f=gae.onF

for all f,g € LZ(E), and LZ(E) is equipped with the operations +,. and the
scalar product (| ), defined by

1+l == [f +4g], Mfl:=\]],
([f1lgl)g = (flg)a

forall f,g € LZ(F) and X € C.

As is standard practice, we are not going to indicate that we are working with
equivalence classes, rather than functions. Normally, this does not lead to compli-
cations, since in applications, usually, the equivalence classes in question, have a
unique distinguished, e.g., continuous, representative, which is the basis for con-
siderations. On the other hand, occasionally, it is necessary to remember this fact.

12.3.2 Projections on Closed Subspaces

Definition 12.3.10. Let K € {R,C}, (X, (|)) a pre-Hilbert space, f,g € X and
S, T cCX.

(i) We say that f is perpendicular to g and indicate this symbolically by f L ¢
if (flg) = 0.

(i) We say that S is perpendicular to 7" and indicate this symbolically by S L T’
if (flg) =0forall fe Sandg e T.

a.e. stands for almost everywhere, i.e., {x € E : f(x) # g(x)} is set of Lebesgue measure 0.
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(iii) We define the orthogonal complement S+ of S by

St:={ge X :(g|f)=0forall fcS}.

Theorem 12.3.11. Let K € {R,C}, (X, (|)) a pre-Hilbert space and S, T C X.
Then

() {0}t = X and X+ = {0},

(i) S+ is aclosed subspace of X,
(i) ScT=T+csH,
(iv) S+ = (SpanS)*+ = (SpanS)> .

Proof. “(i)": For every f € X, as a consequence of the linearity of (f|-), it follows
that (f|0) = 0 and hence that X C {0}* C X. Further, for every f € X, it
follows as a consequence of the linearity of (f|-) and the Hermiticity of (|) that
(0|f) = 0 and hence that 0 € X . Finally, for every f € X \ {0}, since (|) is a
scalar product, it follows that (f|f) > 0 and hence that f ¢ X .

“(ii)": First, it follows for every f € S as well as a consequence of the linearity of
(f|-) and the Hermiticity of ( |) that (0| f) = 0 and hence that 0 € S*. Further, if
fi, f2 € S+ and A € K, then

(fi+ Lol f) = (filf) + (Fol ) =0, (Af1lF) =0

for every f € S. Hence, S+ is a subspace of X. In addition, if g1, ¢s,... is a
sequence in S that is convergent to g € X, we conclude that

(91f) = ( lim g,[f) = lim (g,|f) =0

forevery f € S and hence that g € S+. As a consequence, S is a closed subspace
of X.

“(iii)": If S € T and g € T+, it follows that (g|f) = 0 for every f € S and hence
that g € S+.

“(iv)": Since S C Span S C Span S, we conclude by (iii) that S+ O (Span S )+ D
(Span S)~L. Further, for every f € S=, it follows from the linearity of (f|-)
that f € (SpanS )t and hence that S+ C (SpanS ). Finally, for every f €
(Span S )+, it follows from the continuity of (f|-) that f € (Span S ) and hence
that (Span S )+ C (Span S )=. O

Theorem 12.3.12. Let K € {R,C}, (X, (|)) a Hilbert space and S C X non-
empty, closed and convex'. Then for every f € X, there is a unique fg € S such
that

If = fsll = d(f,5) == nf{[|f —gll : g € S},

where || || denotes the norm that is induced on X by (| ).

' Te., suchthat af 4+ (1 — a)g € Sforall f,g € Sand & € [0, 1].
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Proof. Let f € X. Then

D:={|f-gll:9€5}

is a non-empty subset of R that is bounded from below by 0. Hence the largest
lower bound, inf D, of D exists and is > 0. Further, since for v € N*, inf D 4+v~1
is no lower bound of D, there is f,, € S such that

inf D <|f—f,|<infD+v'.

As a consequence,
lim ||f — f,||=inf D . (12.8)
V—00

Further, it follows by application of the Parallelogram law, Theorem 12.3.3 (i) for
(]), that

1w = Soll* = 1 = f = (Fo = DI

= fu=f = Fo = OIP+fu = f+ o = DIZ = lfu =+ (fo = DHI?

=2l fu = FI? + fo = FIP] = 4027 fu + 270 = fIP

< 2[fu = fI? + |Ifo = fIP] — 4(inf D)*
for u,v € N* and hence by (12.8) that fq, fo,... is a Cauchy-sequence in X.
Note that the last step uses the convexity of S. Since (X, || ||) is complete and S is
closed, it follows the convergence of f1, f2,... toa fg € S. Furthermore, (12.8)

implies that
If = fsll = inf D .

If f& € S'is such that
If = fsll = inf D,

we conclude by application of the Parallelogram law, Theorem 12.3.3 (i) for (|),
that

Ifs = fsl? =2[1fs — fI?+ lfs — FIZT = 4127 fa + 27 fs — fIIP
<2[lIfé = fI” + IIfs — fII’] — 4(inf D)* = 0
and hence that f{ = fs. ]

Theorem 12.3.13. (Projection Theorem) Let K € {R,C}, (X, (]|)) a Hilbert
space with induced norm || ||, Y a closed subspace of X and Py : X — X defined

by
PYf = fY )

where is fy is the unique element of Y such that

If = frll=d(f,Y) :=mf{|[f -9l : g€ Y}.
Then
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(i) f—Pyf e Ytforevery f € X. For this reason, we call Py “the orthogonal
projection of X onto Y".

(i) X =Y®Y"', ie.,forevery f € X there is a unique pair (g1, 92) € Y x Y+
such that f = g1 + go. This pair is given by (g1,92) = (Py f, f — Py f).

(iii) Py is linear, continuous, symmetric' such that
1Py fIl < |l f]]
forevery f € X and PZ = Py.

Proof. We note that, as a consequence of Theorem 12.3.12, since Y is a non-empty,
closed and convex subset of X, Py is well-defined.
“()": Let f € X and g € Y with ||g|| = 1. Then

f—-Prf=f—-Prf—Wlf—Prf)g+glf—Prf)g

and

(f=Pvf—{9lf —Pvf)gllglf —Pv[)g)
= {glf =Pr /)P =1 {glf = Pvf)Pllgll> =0

Asa consequence,

If = Prfll>=f = Pvf—(glf — Prf) gll* + {glf — Py 1) gl

Hence it follows from the definition of Py f that (f — Py f) L g. Note that here it
has been used that Py f + (g|f — Py f) g€ Y.

“(ii)": Let f € X. From (i) follows that (Py f,f — Py f) € Y x Y*. Also,
f=Pyf+f—Pyf.If(g1,92) €Y x Y+ issuchthat f = g; + go, then

O=g—Pf+ep—(f-Pf).
Since g1 — Py f L g2 — (f — Py f), we conclude that
0= g1 = PrflI* +llga — (f = Pv )]?

and hence that (g1,¢92) = (Py f, f — Py f).
“(ii)" For f, f1, fo € X and X € K, it follows that

fitfh=FPfi+Prfot+tfi—Prfi+fo—Prfe
=Py(fi+ fo)+ i+ fo—Pr(fi+ f2)
M =APyf+AMf—=Pyf)=Pr\f+(\f—PrAf).

and hence by (ii) that

Py(fi+ fo)=Prfi+Prfa, PyAf=APyf.

U Te., (f|Pyg) = (Py fl|g) forall f,g € X.
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12.3 Hilbert Spaces

Further, for f € X, we conclude that

IFI1® =12y £ + 11 f = Py £

and hence that || Py f|| < || f||- In particular, the latter implies that Py is continu-
ous. Also, for f, g € X, it follows that

(fIPvg) =(Pvf+f—Pyf|Pyg) = (Pyf|Pyg)
= (Pyf|Pvg+g9— Pyvg) =(Pyflg) .

Finally, forevery f € Y, || f — f|| = 0 and hence Py f = f. The latter implies that
Py @] Py - Py. D

Corollary 12.3.14. Let K € {R,C}, (X, (|)) a Hilbert space and S C X. Then

6]
S++ = SpanS | (12.9)

i.e., S+ is the smallest closed subspace of X containing S.
(ii) S+ = {0} if and only if SpanS is dense in X, i.e., if and only if
SpanS = X .
Proof. “@1)": From Theorem 12.3.11, we conclude that
S — (SpanS )t .

Further, from Theorems 12.3.11, 12.3.13, it follows that

X = SpanS ® (SpanS )t = (SpanS)* ® (SpanS )+t .

Hence it follows (12.9).
“(ii)": If S+ = {0}, we conclude from (i) and Theorem 12.3.11 that

SpanS = S+t = {0}t = X .
If SpanS = X, it follows from Theorem 12.3.11 that

S+ = (SpanS)*t = X+ = {0} .

12.3.3 Riesz’ Lemma, Hilbert Bases

Theorem 12.3.15. (Riesz’ lemma) Let K € {R,C} and (X, (|)) a Hilbert space
with induced norm || ||. For every w € L(X, K), there is a unique f € X such that
w = (f]-). In particular, if X is non-trivial, |w|lo, = || f||-
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Proof. Let w € L(X,K). Then kerw is a closed subspace of X. In case that
kerw = X, w = (0|-). Further, if f € X is such that w = (f|-), then 0 = w(f) =
| f|I* and hence f = 0. Finally, if X is non-trivial 0 = ||w]||o, = ||0]]. In case that
kerw # X, (kerw)' is non-trivial. Let fo € (kerw)* such that || fo|| = 1. Then

w(g) = w (g— “(9) fo+ “(9) fo)

w(fo) w(fo)
= (o))" folg = % o) (o)) Sl 2% o) = (o) o)

for every g € X and hence

w = ((w(fo))" fol) -

Further, if f € X is such that w = (f|-), it follows that

(f = (w(fo))"fol) =0

The latter implies that

0=(f— (w(fo) folf = W(fo))* fo) = IIf — (w(fo))" fol?

and hence that f = (w(fo))*fo. In particular, if X is non-trivial, |w|o, =

I{(w(fo))* fol-) llop = [I(w(fo))* foll (= lw(fo)])- O
Definition 12.3.16. Let K € {R,C} and (X, (|)) a non-trivial Hilbert space.

(i) An object M is called an orthonormal system in X if M is a non-empty
subset of X such that (ele’) = 1ife =€’ and (ele’) = 0ife # e’.

(i) An object M is called a Hilbert basis of X if M is an orthonormal system in
X and Span} is dense in X.

Theorem 12.3.17. Let K € {R,C}, (X, (|)) a non-trivial Hilbert space with
induced norm || ||, and M an orthonormal system in X. Then

(i) a) M is linearly independent.

b) M is a Hilbert basis of X if and only if M is a maximal orthonormal
system in X, i.e., for every orthonormal system M’ in X satisfying
M’ > M, it follows that M’ = M.

(i) a) Ifn € N* and eq,...e, a sequence of pairwise different elements of
M, then

d(f,Span{er,...en}) = |[f =D (elf)eill - (12.10)
i=1

for every f € X.
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12.3 Hilbert Spaces

b) (Bessel inequality) For every f € X,
M(f)={ee M: (elf) 0}y C M
is at most countable and the corresponding sequence

(I{elf) Peert(r)

1s summable such that

Yo NP <,

eeM(f)

where the sum is defined as 0 if M (f) = ¢.
¢) (Parseval equality)
1) M is a Hilbert basis of X if and only if for every f € X

Yo N P=1f17

eeM(f)

2) If M is a Hilbert basis of X, for every f € X and every bijection
e: I — M(f), where I is finite or I = N*,

((eil f) ei)ier € XT
1s summable such that
f:Z<el|f>el )
i€l
where the last sum is defined by 0 if I = ¢.

(iii) Inaddition, let M be infinite. If (e, )pen+ € M N"isa sequence of pair-
wise different elements of M and (a,,)nen- € KN, then (> | anén)men-
. . . m 2 .
is convergent if and only if (3", |an|*)men~ is convergent.

Proof. “()a)": Leteq,...,e,, where n € N*, be a sequence of pairwise different
elements of M and a4, ..., a, elements of K such that

n
E a;€e; = 0.
=1

Then

n

2 n n n
= <Zai€¢| Zajej> = Z a;aj(eilej) = Z Jail?
i=1 j=1 i

J=1 i,j=1

0=

n
E a;€;
i=1
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and hence a; = 0 forevery i € {1,...,n}.
“(i)b)": If M is in particular a Hilbert basis of X and M’ ; M an orthonormal
system in X . Then it follows for f € M’ \ M that

f e M+ =(SpanM )+ = X+ = {0}

in contradiction to ||f|| = 1.4 If M is maximal, it follows that M+ = {0} and
hence that

SpanM = SpanMLL = (MHt ={0}t =

Therefore, M is a Hilbert basis.
“Gi)a)": If n € N* and ey, ..., e, is a sequence of pairwise different elements of
M, it follows for f € X, aq,...,a, € K that

n 2 n n
Hf—Zaiei = <f—Zaiei!f—Zajej> (12.11)
i=1 i=1 j=1
= |IfII> - Zaf (el f) — Zai (fles) + Z |ail?
: — ;

n

= [l f]|* - 2]&UV+2: — (el /) (a5 — (el f))

n n n

= IS =D {esl " Ceal ) = D (eal ) (Flea) + D 1 eal )

=1 =1 i=1

+ Z la; — (e f) |2
:W—Elwﬁe +§]%—@UP
i=1

where * := idy if K = R, and hence the validity of (12.10).
“(ii)b)": Let f € X. If n € N* and ey, ..., e, is a sequence of pairwise different
elements of M, it follows from (12.11) that

A2 =D el /) 1P +
=1

As a consequence, for every v € N*,

n

Z (eil f) ei

=1

n

f=Y (eilf)e

=1

n

Z (eil f) |2 (12.12)

{ee M| (elf) | > 1)

is a finite, possibly empty, subset of M. Hence

M(f)i={ee M (elf) #0} = | e M: | (elr)] > 1)

veN*
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12.3 Hilbert Spaces

is at most countable. If M (f) is finite, (12.12) implies that

Y NP <If?.

ecM(f)

If M (f) is infinite and e : N* — M (f) a bijection, then

(Z [ {eal) |2>

is an increasing sequence of real numbers that, as a consequence of (12.12), is
bounded from above by || ||%. Hence this sequence is convergent such that

neN*

oo

Do leln P <1f1*
i=1

“(ii)c)1)": If M is Hilbert Basis and f € X, then f € SpanM = X. We note that
from (12.11), it follows for n € N*, a sequence ey, ..., e, of pairwise different
elements of M and a4, ...,a, € K that

f_zaiei f—z<€z’|f>6¢
i=1 i=1
> AP = D el ?

eeM(f)

2
>

2 n
=IF12 =D el )17
=1

From this, we conclude for every £ > 0 that

IFIP = >0 [elh P <e

eeM(f)

and hence that

IF12< D el l?

eeM(f)

The latter and part ii)b) imply that

Y NP =117

eeM(f)

If f e X and
> HelnH P =1IF1P,

e€M(f)

we conclude as follows. First, we note that from (12.11) follows for n € N* and a
sequence eq, . . ., e, of pairwise different elements of M that

Hf - Z (sl e =117 - Z [ el £ 7
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Hence, if I is a finite, possibly empty, setor [ = N* and e : I — M (f) a bijection,
we conclude from the latter that

n

f=> t(elf)e

el

and hence that f € SpanM.

“(@i)c)2)": See the previous proof of (ii)c)1).

“(iii)": If M be infinite, (e,)nens € M N" is a sequence of pairwise different
elements of M and (a,)pen+ € KN, then

! 2 ’
m m m m
2 2
E AnCn — g anen| = g lan|* — g |an
n=1 n=1 n=1 n=1
for m,m’ € N*. Hence

m
E An€n
n=1 meN*

is a Cauchy-sequence in X if and only if

m
n=1 meN*

is a Cauchy-sequence in R. Since X and R are complete, the latter implies that

m . . . m 2 .
(>, —1 @nén)men- is convergent if and only if (D" ; |an|”)men+ is convergent.
O]

Theorem 12.3.18. (Existence of Hilbert bases) Let K € {R,C}, (X, (|)) a non-
trivial Hilbert space with induced norm || ||, and M an orthonormal system in X.
Then there is an extension of M to a Hilbert basis of X.

Proof. We define
% = {M orthonormal system in X and M D My} .

Then, the restriction of C to ® x  defines a partial order in . If P’ is a totally
ordered subset of &, then
U M
Me®p’

is an upper bound for #’ in #. Hence according to Zorn’s lemma, / contains a
maximal element. According to Theorem 12.3.17 (i)b) such a maximal element is
a Hilbert basis. O
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12.4 Linear Operators in Hilbert Spaces

12.4 Linear Operators in Hilbert Spaces

12.4.1 Bounded Operators

Definition 12.4.1. (Adjoint Operators, Self-Adjointness) Let K € {R, C}, (X, (]))
a non-trivial Hilbert space, and A € L(X, X). We note for every f € X, since for
every g € X

[(F1Ag) < [I/1 - I Allop] llgll

that
(flA-) € L(X,K)

and hence according to Riesz’ lemma, Theorem 12.3.15, that there is a unique f’
such that

(fIA) =(f"]) -
Therefore, we can and do define a so called adjoint A* : X — X to A, for every
feXby
(flA-) = (A f]) .

In particular, we call A self-adjoint if A* = A. Also, we define
Ly(X,X):={Ae L(X,X): Ais self-adjoint} .

Theorem 12.4.2. (Elementary Properties of the Adjoint) Let K € {R,C},
(X, (])) a non-trivial Hilbert space, and A, B € L(X,X),a € K.

(i) Then A* € L(X, X),

1A% lop = [ Allop
(ii)
(A=A, (A+B)"=A"+B",
(v A)* =a* A", (AoB)* =B*0 A"
(iii)

147 0 Allop = [[ A3 -
Proof. Parts (i), (iii): First, we note that for f, g € X, A € K that
(A"(f+9)) = (F+glA-) = (fIA) +{g|A-) = (A"f]-) + (A%g])
= (A"f + A%gl)
(AAf]) = (A fIA) = A (flA) = X (AT fl) = (AAYS])
and hence that A is linear. Also, for f € X

1A 112 = (A" FIA" ) = (F1AA“F) <] - [ Allop - 1A f]
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and hence
A" Il < [[Aflop - I£1 -
As a consequence, A* € L(X, X) and
1A lop < [[Allop -
In addition, for f € X
JAfII? = (AfIAF) = (A*AFIf) < [[A lop - |ASI- 1]

and hence
[AfI < | A lop - I£1] -

Asa consequence,

[Allop < |4 lop -
Finally,
14" Allop < 14%llop - [[Allop = 14113, -
and for f € X
IAfII? = (AfIAf) = (A"AF[f) < [|A" Allop - I £1*
implying that
A < /1 A*Allop - || /]

and that

[Allop < /1A Allop -

Part (ii): For f € X,

((A)"fl) = (fIA") = (A" |f)" = (|Af)" = (Af]) .
((A+ B)"fl-) = {(fI(A+ B) ) = (f|A-) + (f|B")
= (A fl) + (B fl) = (A" + B)f|)
(@A) fl) = (fl(.A)) = a(f[A-) = a(A"f]) = (a"A"f]-) ,
(Ao B)"fl-) = (fl(Ac B)-) = (A"f[B-) = ((B" 0 A")f]-) .

O]

Remark 12.4.3. A map * on an algebra satisfying Theorem 12.4.2 (ii) is called
an involution and such algebra an involutive algebra. A Banach algebra with
involution, where the involution satisfies Theorem 12.4.2 (i) is called an involu-
tive Banach algebra. An involutive Banach algebra over C, where the involu-
tion satisfies Theorem 12.4.2 (iii), is called a K*-algebra. Since, according to

Remark 12.2.4, (L(X,X),+,.,0,| |lop) is an associative Banach algebra with
unit element, (L(X,X),+,.,0,%, | |lop) is an associative K*-algebra with unit
element.

30



12.4 Linear Operators in Hilbert Spaces

12.4.2 Unbounded Operators

Theorem 12.4.4. (Definition and elementary properties of the adjoint) Let (X,
(1)x) and (Y, (])y) be Hilbert spaces over K € {R,C}, A a densely-defined Y-
valued linear operator in X and U : X x Y — Y x X the Hilbert space isomor-
phism defined by U(f,g) := (— g, f) forall (f,g) € X x Y.

(i) Then the closed subspace

UGN ={(f,h) €Y x X : {f|Ag)y = (hlg)x
forall g € D(A)}

of Y x X is the graph of an uniquely determined X-valued linear operator A*
in Y which is in particular closed and called the adjoint of A. If in addition
(X, (])x) = (Y, (|)y), we call A symmetric if A* D A and self-adjoint if
A*=A.

(i) If Bis a Y-valued linear operator in X such that B D A, then
B*C A" .
(iii) If A* is densely-defined, then A C A** := (A*)* and hence A is in particu-
lar closable.

(iv) If Ais closed, then A* is densely-defined and A** = A.

(v) If Ais closable, then A = A**.

(vi) If Be L(X,X), then (A+ B)* = A* + B*.
If in addition (X, (|)y) = (Y, (|)y):

(vii) (Maximality of self-adjoint operators) If A is self-adjoint and B D A is
symmetric, then B = A.

(viii) If A is symmetric, then Ais §ymmetric, too. Therefore, we call a symmetric
A essentially self-adjoint if A is self-adjoint.

(ix) (Hellinger-Toeplitz) If D(A) = X and A is self-adjoint, then A € L(X, X).
Proof. ‘(i)’: First, it follows that
[U(GAN]* ={(g,.f) € Y x X : (9. ))U(h, A)) yx = 0 forall h € D(A)}
and hence that

[U(GAN]* ={(9.f) €Y x X : (g|lAh)y = (f|h) x forall h € D(A)} .

In particular, it follows for (g, f1), (g, f2) € [U(G(A))] * that

<f1 - f2|h>x =0
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for all h € D(A) and hence that f; = fo since D(A) is dense in X. As a conse-
quence, by
A opn [UGA)] = X,

where pr; := (Y x X — Y, (g, f) — g), defined by
Atg=1f,

for all g € pr, [U(G(A))]+, where f € X is the unique element such that (g, f) €
[U(G(A))]*, there is defined a map such that

G(A") = [U(G(A)]+ .

Note that the domain of A* is a subspace of Y. In particular, it follows for all
g,k e D(A*)and A € K

(9 +KlAh) y = (g]AR)y + (k|AR) y = (A"glh) x + (A"K|h) x
— (A%g+ Ak|h)
(A-gldh)y = A - {g|Ah)y = XV (A%glh) = (\.A"g|h) x
for all h € D(A) and hence also the linearity of A*.
‘(i1)’: Since
U(G(B)) D U(G(A)) ,

it follows that

‘(iii)’: For this, let A* be densely-defined. Then, it follows

(YxX—>XxY,(9.f)—(—f9)=-U"

and hence
G(A™) = [~ UG = [U7H(GA)] T = [ @@ ]
= [[UTU(GA)] 1] = G(A) = G(A) 5 G(A) . (12.13)
‘(iv)’: For this, let A be closed. Then, it follows for g € [D(A*)]+
1 L

(0,9) € [UH(G(4") T = [UTUGA)] ] T = [[UTU(G(A)] ]

= G(A)* =G(A) =G(A)
and hence g = 0. Hence D(A*) is dense in X, and it follows by (12.13) that

G(A*™) = G(A) =G(A) =G(A). B
‘(v)’: For this, let A be closable. Since A is densely defined and closed, it follows
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by (iv) that A* is densely-defined. Because of A C A, this implies that A* D
A* and hence that A* is densely-defined, too. Therefoge, it follows by (iii) that
A C A** and by (12.13) that G(A**) = G(A) = G(A) and hence, finally, that
A = A.

‘(vi)’: Note that, by Riesz’ representation theorem, D(B*) = Y. ‘A* + B* D
(A+B)*: If f e D((A+ B)*),g € D(A), then

((A+ B)" fla)x = (fI(A+ B)g)y = (flAg)y + (B" flg)x
The latter implies that
(flAg)y = ((A+ B)"f — B flg)x
and hence that f € D(A*) and
A*f=(A+B)*f—B*f .

The latter implies that
(A+B)'f=(A"+B")f .
‘(A+B)* DA+ B*: If f € D(A*),g € D(A), then
(fI(A+ B)g)y = (flAg)y + (fIBg)y = (A" flg)x + (B" flo)x
= (A" + B") flg)x
Hence f € D((A + B)*) and
(A+B)"f=(A"+B")f.

In the following, it is assumed that (X, (|)y) = (Y, (] )y)-
‘(vii)’: For this, let A be self-adjoint and B a symmetric extension of A. Then, it
follows by using G(B) D G(A) that

G(B) C G(B*) = [U(G(B))]~ C [U(G(A))] = G(A*) = G(4)
and hence B C A C B and therefore, finally, that B = A.
‘(viii)’: For this, let A be symmetric. Then A* O A and hence also A* D A.
G(A") = [U(G(A)]F = [UGA) ]+ = [U(GA)]+ = [[U(G(A)] ]
= [U(G(A))]+ = G(A*) =G(A") D G(A) .

Hence it follows that A* D A.
‘(ix)’: For this, let A be self-adjoint and D(A) = X. Then, A = A* is in particular
closed and hence by Theorem 12.2.9 (v) bounded. O]

1

Example 12.4.5. The text uses the Fourier transform F5, which is a linear unitary
transformation and hence the special case of a Hilbert space isomorphism. The
transformation
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Fy : LZ(R™) — LZ(R")

is defined for every rapidly decreasing test function f € ./ (R™) by

(Faf) ) 1= o [ e ) du.

for every k € R™.

12.4.3 Basic Criteria for Self-Adjointness

Theorem 12.4.6. (Basic criteria for essential self-adjointness) Let (X, (|)) be a
non-trivial complex Hilbert space and A : D(A) — X be a densely-defined, linear
and symmetric Operator in X.

(i) If Ran A is dense in X and there is a € (0, c0) such

IAf] = all £
for every f € D(A), then A is essentially self-adjoint.

(i) If A is semi-bounded from below with lower bound v € R, i.e.,

(FIAf) Z v (fIf)

for every f € D(A), and there is 7y’ < ~ such that Ran(A — ~’) is dense in
X, then A is essentially self-adjoint.

Proof. “(i)’: For this, let Ran A be dense in X and a € (0, 00) be such

[Af] = all £

for every f € D(A). First, since Ais symmetric, it follows that A* O A. In the

following, we show that - -
A*CA. (12.14)

For this, let f € D(A*). Since Ran A is dense in X, there is a sequence fi, fo, ...
in D(A) such that B

lim Af, = A*f.

V—00

Since
|Afu — ALl = all fu — fu]l

for all v, u € N*, f1, fo,... is a Cauchy sequence in X and hence, by the com-
pleteness of X, also convergent. Hence it follows for every g € D(A) that

( lim [, — f]Ag) = lim {f,[Ag) = (f|Ag)
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= lim (Af,lg) — (f|Ag) = (A" flg) — (f|Ag) = 0
and hence, since Ran A is dense in X, that

lim f, = f .

V—00

Hence it follows that (f, A*f) € G(A) and also (12.14). Finally, we conclude that
A* = A.
‘(ii)’: For this, let v € R be such that

(fIAf) Z v (fIf)

for every f € D(A) and such that there is v’ < ~y such that Ran(A — ~”) is dense
in X. Then

LA ICA =) FI = A =) [ = (v =)
for every f € D(A) and hence
(A=) f = (=)

for every f € D(A). Since A — 7' is a densely-defined, linear and symmetric
operator in X, it follows by (i) that A — ~ is essentially self-adjoint. This implies
that

A—r'=A—7 =(A-7" ) =(A-7) =4 -/
and hence that A is essentially self-adjoint. O

Theorem 12.4.7. (Rank-nullity theorem for linear operators) Let (X, (| )y) and
(Y, (|)y) be Hilbert spaces over K € {R,C}, and A be a densely-defined and
linear Y-valued operator in X. Then

ker A* = (RanA)™* .
Proof. ‘C’: For this, let g € ker A*. Then, it follows that
0= (A"gf)x = (9lAf)y

for all f € D(A) and hence that g € (RanA)~.
‘D’: For this, let g € (RanA)+. Then, it follows that

0=(g|Af)y
forall f € D(A) and hence that g € D(A*) as well as that A*g = 0. O]

The following lemma is an application of the rank-nullity theorem for linear oper-
ators.
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Lemma 12.4.8. (Inverses of self-adjoint operators) Let (X, (| )) be a non-trivial
complex Hilbert space and A : D(A) — X be a densely-defined, linear and sym-
metric and essentially self-adjoint operator in X, A : D(A) — X the closure of A
and I € L(X, X).

(i) IfIAf = f, forevery f € D(A), then A is injective and Ran(A) is dense
in X.

(ii) If there is a dense subspace D of X such that AIg = g, for every g € D.
Then, A is bijective and A=! = I.

Proof. For the proof of Part (i), let f € D([l). Since A is the closure of A, there is
a sequence f1, fo,... in D(A) such that

lim f, = f, lim Af, = Af .
V—00

V00
Further, since I € L(X, X),
f= lim f, = lim ITAf, =TAf .
v oo voroo
Hence ker A = {0}, and it follows from Theorem 12.4.7 that
(Ran A)* = {0} = X .

Since (Ran A )1+ coincides with the closure of Ran A, Ran A is dense in X. For
the proof of Part (ii), let D be as stated and g € X. Since D is dense in X, there is
a sequence g1, ga, - . . in X such that

lim g, =g .

vV—00

Hence,
lim Alg, =g .
V—00

Since I is continuous, we have that

lim Ig, =1Ig .

vV—r00

As a consequence, Ig € D(A) and
Alj=7. (12.15)

Therefore, A is surjective and according to Theorem 12.4.7 also injective. Hence,
it follows that A is bijective and from (12.15) that [ = A~ 1. O

Theorem 12.4.9 (A characterization of essential self-adjointness). Let (X, (|))
be a complex Hilbert space and A : D(A) — X be a densely-defined, linear,
symmetric operator in X . Then A is essentially self-adjoint if and only if Ran(A —
i) and Ran(A + 7) are dense in X.
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Proof. For this, we note that for A € {—4,4} and f € D(A) it follows that
[(A=NFIIP = (Af = MfIAf = Xf)
= [ AFIP + IAPIFIZ = A" (fIAf) = A (A f|f>
= AL+ PP = A (FIAS) = X FIAS) = 1% = 1£1P

and hence that
[(A=NFl=flla = IIfIl - (12.16)

In particular, the latter implies that
ker(A—\) = {0} .

‘=": For this, let A be essentially self-adjoint and A € {—1, 1}. Then according to
the Theorem 12.4.7,

[Ran(A + \)]* = ker(A — \) = {0} .
Since Ran(A + \) is dense in Ran(A + \), the latter also implies that
[Ran(A + \)]* = {0}

and hence that
Ran(A + \) = [Ran(4A + N+ = X .

‘<’: For this, let Ran(A — \) be dense in X for A € {—i,i}. In a first step, we
show, for A € {—i, 1}, that

Ran(A— \) = X . (12.17)

Since Ran(A — ) is dense in X, for g € X, there is a sequence fi, fa,... of
elements of D(A) such that

lim (A—\)f, =

vV—00

Hence it follows from (12.16) that f, f2, ... is a Cauchy sequence in X and hence,
by the completeness of X, convergent to some f € X. In particular, this implies
that f € D(A) as well as that

(A-Nf=

Hence it follows (12_.17). Since A is symmetric, i.e.,_fi* o A, for the proof of
self-adjointness of A, it is sufficient to show that D(A*) C D(A). For this, let
f € D(A*). Then according to (12.17), there is g € D(A) such that

(A=XNg=(A"=Nf .
Hence it follows by Theorem 12.4.7 that
f—ge€ker(A* —\) = [Ran(4 + \)]* = {0}
and hence that f = g € D(A). O
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Corollary 12.4.10 (A characterization of self-adjointness). Let (X, (|)) be a
complex Hilbert space and A : D(A) — X be a densely-defined, linear, symmetric
operator in X. Then A is self-adjoint if and only if Ran(A — i) = X and Ran(A +
i) =X.

Proof. If A is self-adjoint, then A is essentially self-adjoint and closed. From
Theorem 12.4.9, we conclude that Ran(A — ¢) and Ran(A + 4) are dense in X.
According the proof of Theorem 12.4.9, this implies that

Ran(A — \) =Ran(4 — \) = X

for A € {—i,i}. If Ran(A — i) = X and Ran(A4 + i) = X, we conclude from
Theorem 12.4.9 and the corresponding proof that A is essentially self-adjoint as
well as that A —i and A+ are bijective. As a consequence, (A—i)~!, (A+i)~! €
L(X, X). Further, for f € D(A), there is a sequence fo, fi, ... in D(A) such that

lim f, =f, lim Af, = Af .
V—r00

V—00
Hence also -
Jim (A —d)f, =(A=0)f
and B
f=lim f, = (A—i) (A —1i)f € D(A).
V—r 00
Therefore, it follows that A = A and that A is self-adjoint. O

Theorem 12.4.11. (Relatively bounded perturbations of self-adjoint operators,
Rellich-Kato theorem) Let (X, (| )) be a complex Hilbert space, A, B be densely-
defined, linear, symmetric operators in X and 0 < a < 1, b > 0 such that D(B) D
D(A) and

IBFI? < a®Af? + 02| £]1 (12.18)

for every f € D(A). If A is in addition essentially self-adjoint, then A + B is
densely-defined, linear and essentially self-adjoint such that

A+B=A+B.

Proof. For this, let A be in addition essentially self-adjoint. In first step, we show

that D(B) D D(A) and that
IBFII? < a®[| AfI1* + *|| F1I? (12.19)

for every f € D(A). For this, let f € D(A) and f1, fa,. .. be a sequence in D(A)
converging to f and such that Af;, Afs,... converges to Af. As a consequence
of (12.18), Bf1, Bfs,... is a Cauchy sequence in X and hence convergent to an

element in X. Hence it follows that f € D(B),

lim Bf, = Bf

vV—00
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and (12.19). In particular, we note that this also implies that
i (f, (A+B)f,) = (f.(A+ B)S)

and hence that f € D( A+ B) and

ATBf=(A+B)f.

As a consequence, A + B is a symmetric extension of A+ B. Further, let 0 < ¢ <
1 —aand

a+e - a+e¢e 5
= A, B.:= B .

b+e 7T b4e
Then A., B, are densely-defined, linear and symmetric operators in X. Further,
A is self-adjoint and

e -

(a+¢)?
(EE
= (a+¢)?|(A: = N f|?

1B fII* < a®[| A f]1* + PP < (a+e)” [ A7 + 11£17]

for every f € D(A), where A € {—i,i}. Since, according to the Corollary to
Theorem 12.4.9, A, — ) is bijective, from the latter it follows that

B.o(A.— M\t e L(X,X)

and that
| B: o (Ae — A)*lH <1.

Therefore
1+ B.o(A: — )\)*1

is bijective, and hence also
A+ B —A=[1+B.o(A. — N7 (A — \)

is bijective. According to Theorem 12.4.9, from this follows that A. + B, and hence
also A + B are self-adjoint. Since, A + B is a symmetric extension of A + B, this
implies that A + B is essentially self-adjoint. O

12.5 Spectra of Linear Operators in Hilbert
Spaces

Theorem 12.5.1. (A characterization of the spectra of closed linear operators)
Let (X, (|)) be acomplex Hilbert space, A : D(A) — X a densely-defined, linear
and closed operator in X and A € C. Then A € o(A) if and only if at least one of
the following cases applies.
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(i) There is a sequence f1, fa,... of unit vectors in D(A) such that

lim (A—\)f, =0,

V—00
(ii) A* is an eigenvalue of A*.
Proof. "<=": If there is a sequence f1, f2,... of unit vectors in D(A) such that

lim (A—-\N)f, =0,

vV—r 00

then A — X is not bijective, and hence A is a spectral value. Otherwise, it would
follow from the boundedness of (A — \)~! that

0=(A-X)""lim (A-\f, = lim f,

V—r00 V—r00
and hence also that
lim [|f,]|=0.4
V—r00

If \* is an eigenvalue of A* and f € D(A*) a corresponding eigenvector, then

(flI(A=N)g) = (A" flg) = A (flg) = (A" flg) — A (flg) =0

for every g € D(A), and hence A — X is not surjective. "=": Suppose that there is
no sequence fi, fa,... of unit vectors in D(A) such that

V— 00

Then, there is C > 0 such that
[(A=Nfll>C|fll (12.20)

for every f € D(A). Otherwise, for every v € N*, there is f, € D(A) \ {0} such
that

1
1A= N5l <3 15

and hence
Tim (A= N fl 7 =04

Hence A — ) is injective and Ran(A — )) is a closed subspace. The closedness of
the latter space can be seen as follows. For g in the closure of Ran(A — \), there is
a sequence fo, f1,... in D(A) such that

g= lim (A-M\)f, .

vV—00

As a consequence of (12.20), fo, f1,... is a Cauchy-sequence in X and hence
convergent to some f € X. Hence

Jim (fy, Afy) = (f,9+Af) .
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12.5 Spectra of Linear Operators in Hilbert Spaces

Since A is closed, f € D(A) and (A — \)f = g,ie., g € Ran(A — \). Asa
consequence of A € o(A) and the fact that Ran(A — \) is a closed subspace of

X, it follows that Ran(A — ) is a proper closed subspace of X. Hence there is
f € [Ran(A — \)]* \ {0}. Therefore, (f|-) vanishes on Ran(A — \) and

(X" flg) = (fIAg) + (fI(A = N)g) = (f|Ag)
for every g € D(A). Hence f € D(A*) and \* is an eigenvalue of A*. O

Theorem 12.5.2. Let (X, (|)) be a complex Hilbert space and A : D(A) — X a
linear operator in X . Then the following is true.

(i) (Toeplitz-Hausdorff) The numerical range N (A) of A, defined by

N(A) :=={(flAf): f e DA A FI =1},

(i1) If in addition one of the following applies to A,
a) A is densely-defined, linear, closed and A* has no eigenvalues,
b) A is densely-defined, linear and self-adjoint,
c) Ae L(X,X),
then

o(A) C N(A) .
Proof. "(i)": For this, in a first step, let f1, fo € D(A) be such that

1Al =l =1, (filAf1) =0, (fol Af2) =1.

In the following, we show that for every t € (0, 1), there is g € D(A) such that
llgll = 1 and (g|Ag) = t. For this, we define the continuous map g : R? — X by

9(p,8) = f1+ s fs

for every ¢, s € R. Note that g(¢, s) # 0 for all ¢, s € R, since the assumption
that there are ¢, s € R is such that g(¢, s) = 0 leads to

L= |lfull = | = 5" fol = |s]
0= (filAf1) = (—se'? fo| — se'? Afa) = s .4
Further,
(9(,9)|Ag(, s)) = (f1 + s5€" fo| Afy + se'? Afa) = s* + f(p)s

||9(9075)||2 =(fi + sei“”f2|f1 + Sewf2> =1+ s>
+ 5 [€% (filf2) + €7 (f2| f1)]
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for all ¢, s € R, where
Flp) =€ (filAfa) + €7 (f2| Af1)

for every ¢ € R. Since f is continuous and f(w) = —f(0), it follows by the
intermediate value theorem the existence of ¢y € [0, 7] such that f(pg) is real.

Hence
(9(0, 5)[Ag (o, 8)))
19(¢0, 5) |2

F = <R — R, s+—
is well-defined. Further, it follows that

F0)=0, lim F(1)=1.

§—00

Hence it follows, by the intermediate theorem and for every ¢ € (0, 1), the existence
of s € (0,00) such that F'(s) = t and hence that

(llg(eo, 9)[I = g0, 5)|Allg(eo, )|~ g(wo, s)) =t .

For the final step, let f1, fo € D(A) such that ||f1]| = ||f2|| = 1. If (f1|Af1) =
(f2|Af2), then

(1= s) (filAf1) + s (f2|Af2) = (f1|Af1)

forevery s € [0, 1]. If (f1|Af1) # (f2|Af2), we define an auxiliary linear operator
A:D(A) — X by

A= [(fol Afo) = (AIAf)]THA = (il Af)) -

AS a Consequence, _ ~
(filAf1) =0, (fo|Afe) = 1.

Hence, according to the result from the first step, for every ¢ € (0,1), there is
g € D(A) such that ||g|| = 1 and

t=(glAg) = [(fol Af2) — (f1]Af1)) ' (9] Ag) — (f1lAf1)) -

This also implies that

(91Ag) = (frlAf1) +t[(f2|Af2) — (ilAf1)] -

Hence it follows the convexity of N (A). ‘(ii)’: If A is also densely-defined, linear,
closed and A is an element of the spectrum of A, according to Lemma 12.5.1, we
need to consider only two cases. In the first case, there is a sequence of unit vectors
fi, fo,... in D(A) such that

lim (A—A)fl/:() .

V—00

Hence it follows also that

0= lim <fu’(A - )‘)fu> =-A+ Vlgl;o <fV|Af1/>

V—00
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and hence that A € N(A). In the second case, \* is an eigenvalue of A*. If
f € D(A*) is a corresponding normed eigenvector of A*, we conclude that

(flAg) = (A* flg) = A (flg)

for every g € D(A). Hence if in addition A is self-adjoint and/or A € L(X, X), it
follows that f € D(A) and hence that A = (f|Af) € N(A). O

Theorem 12.5.3. (A characterization of the spectra of self-adjoint linear op-
erators) Let (X, (|)) be a complex Hilbert space and A : D(A) — X a densely-
defined, linear and self-adjoint operator in X and A\ € R. Then

(i) o(4) CR,

(ii)) A € o(A) if and only if there is a sequence fi, fa,... of unit vectors in
D(A) such that
lim (A—\)f, =0 .

V—r00

Proof. "(i)": Since A* = A,

(FIAR)T = (AFIF) = (AT f1f) = (FIAS)

for every f € D(A) and hence the numerical range of A and its closure are part of
the real numbers. Hence it follows from Theorem 12.5.2 that o(A) C R.
"(ii)": Since A* = A and A is real, the case that \* is an eigenvalue of A*, implies
that A is an eigenvalue of A. If f € D(A) is a corresponding eigenvector of length
1, then

lim (A-\)f, =0,

V— 00

where f, := f for every v € N*. Hence the statement of (ii) follows from Theo-
rem 12.5.1. O

Theorem 12.5.4 (Spectral properties of densely-defined, linear and positive
self-adjoint operators). Let (X, (|)) be a non-trivial complex Hilbert space and
A: D(A) — X adensely-defined, linear and symmetric operator in X. We call A
positive, if

(f1Af) =0,
for every f € D(A). Then, the following holds:

(i) If A is positive, the A is positive.
(ii) If A is self-adjoint, then A is positive if and only if
o(4) C[0,00)

where o (A) denotes the spectrum of A.
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Proof. "Part (i):" If A is positive, then for f € D(A), there is a sequence f1, fa, . ..
such that B
lim f, =f, and lim Af, = Af .
V—r 00

V—00

Since {|) : X2 — C, as a consequence of the sesquilinearity of (|) and the
Cauchy-Schwartz inequality, is continuous, it follows that

(FIAf) = Jim (f|Af) 2 0.

Since A is also symmetric, we conclude that A is positive.

"Part (ii):" In the following, let A be in addition self-adjoint and o (A) denote the
spectrum of A.

"=:"1If A is positive, it follows for A\ < 0 and f € D(A) that

1A =N = (A= 2 FI(A=N])
= [AFI® = XFIAS) = AAFIF) + 22 | £I1?
= [ AFIP + (=20) (FIAL) + X7 1P = 2% - (I FIP

and hence that
(A=) I =M (12.21)

Therefore, A — A is injective. In addition, it follows that Ran(A — )) is dense in
X This can be seen as follows. If g € [Ran(A — \)]*, then

(glASf) = (gl(A =N f) + Aglf) = Aglf)
for every f € D(A). Hence g € D(A*) = D(A), and
Ag=A"g= Mg .
Since A — ) is injective, we conclude that ¢ = 0. As a consequence,
Ran(4 - A) = [Ran(A - )"+ = {0}* = X,

i.e., Ran(A — \) is dense in X. In the following, we are going to show that A — A
is also surjective. For the proof, we note that, since A — X\ is an injective linear
operator with a dense range satisfying (12.21),

(A=XN)"':Ran(4 - )\) = X

is a densely-defined, bounded linear map. Hence there is a unique B € L(X, X)
such that B D (A — A\)~!. Since Ran(A4 — \) is dense in X, for g € X there is a
sequence fi, fa,... in D(A) such that

lim (A=MN)f,=g.

V—r00

Therefore,

Bg=B lim (A—\)f, = lim B(A—\)f, = lim f, .

vV— 00 V—00 vV—r 00
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12.5 Spectra of Linear Operators in Hilbert Spaces

Further, it follows that

g= lim (A—\)f, = lim Af, — ABg

vV— 00 vV—0o0

and hence that
lim Af, =g+ ABg .

V—r00

Since A is closed, we conclude that Bg € D(A), ABg = g + ABg and hence that
(A-XNBg=g.

As a consequence, A — \ is surjective, hence also bijective and A ¢ o(A). We
conclude that o(A) C [0, 00).

"=:"1If 0(A) C [0,00), we conclude as follows. If f € D(A) and v; the corre-
sponding spectral measure, then (—o0,0) is a 1 ¢-zero set. Hence it follows from
Theorem 12.6.2 that

(fIAf) z/Ride@bf :/RX[O’“) idg dipp >0 .

Therefore, A is positive. O

Corollary 12.5.5 (Spectral properties of densely-defined, linear and semi-bounded
self-adjoint operators). Let (X, (|)) be a non-trivial complex Hilbert space and
A: D(A) — X adensely-defined, linear and symmetric operator in X . We call A
semi-bounded (from below) with lower bound p € R if

(FIAS) = I fI
for every f € D(A). Then, the following holds:

(i) If Ais semi-bounded with lower bound iz € R, then A is semi-bounded with
lower bound .

(i) If A is self-adjoint, then A is semi-bounded with lower bound y € R if and
only if
o(A) C [u,00) ,

where o (A) denotes the spectrum of A.

Proof. "Part (i):" If A is semi-bounded with lower bound i € R, then for f €

D(A), there is a sequence f1, fo, ... such that

lim f, = f, and lim Af, = Af .
vV—00

v—00

Since (|) : X2 — C, as a consequence of the sesquilinearity of (|) and the
Cauchy-Schwartz inequality, is continuous, it follows that

(FIAS) = lim {fAL) > lm pf]? = ]
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Since A is also symmetric, we conclude that A is semi-bounded with lower bound
L.
"Part (ii):" In the following, let A be in addition self-adjoint and o(A) denote the
spectrum of A.

"=:"If A is semi-bounded with lower bound p € R, then A — p is a densely-
defined, linear and positive self-adjoint operator in X, and hence according to The-
orem 12.5.4

o(A) —p=0(A—p)Cl0,00),

where o(A — 1) denotes the spectrum of A — u. The latter implies that o(A) C

[, 00).
"<"If 0(A) C [u, ), then, A — p is a densely-defined, linear and self-adjoint
operator in X such

o(A—p)=0(A) —pC0,00),

where o(A — p) denotes the spectrum of A — p, and hence according to Theo-
rem 12.5.4, A— is in particular positive. The latter implies that A is semi-bounded
with lower bound . O

12.5.1 Compact Operators

Definition 12.5.6. (Compact operators) Let (X, (|)) be a non-trivial Hilbert
space over K € {R,C}. We call A € L(X,X) compact if for every bounded
sequence f1, f2,... in X, the corresponding sequence A f1, Afs, ... has a conver-
gent subsequence.

Corollary 12.5.7. Let (X, (|)) be a non-trivial Hilbert space over K € {R,C}
and A an element of L(X, X) with a finite dimensional range. Then A is compact.

Proof. The statement is a simple consequence of the Bolzano-Weierstrass theorem.
l

12.5.2 Essential Spectrum

Definition 12.5.8. Let (X, (|)) be a non-trivial Hilbert space and A : D(A) — X
a densely-defined, linear and self-adjoint operator in X. We define the essential
spectrum o (A) of A as

oc(A) = N o(A+K) ( c 0(A)>

KeL(X,X),K self-adjoint and compact

Theorem 12.5.9. (Characterization of the essential spectrum, I) Let (X, (|))
be a non-trivial Hilbert space, A : D(A) — X a densely-defined, linear and self-
adjoint operator in X and A € R. Then A € o.(A) if and only if there is a sequence
f1, f2,... in D(A) such that
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a) || fu|l = 1forevery v € N*,
b) fi, f2,... has no convergent subsequence,
¢) andlim, ,(A—A)f, =0.
Proof. We note that, as a consequence of Theorem 12.4.7,
ker(A — \) = [Ran(A — M), [ker(A — A)]* =Ran(A — ) .

In particular, ker(A — \) is a closed subspace of X.

"<": Let f1, fo,... be asequence in D(A) with properties a)-c). In the following,
we lead the assumption that A ¢ o.(A) to a contradiction. If A\ ¢ o.(A), there is
a compact operator K € L(X, X)) such that A + K — ) is bijective. In particular,
this implies the existence of C' > 0 such that

I < Cl(A+ K =X f]

forevery f € D(A). Since K is compact, there is a strictly monotonically increas-
ing sequence vy, Vo, ... in N* such that K f,,, K f,,, ... is convergent. Hence,

HfuHl _fVHQH < CH(A—FK—)\)(f,,M _fVHQ)H
<CA=Nf, [+ CIA=Nf,, I+ ClIKf,, —Kf,, )l

for all pq, uo € N*. As a consequence, f,,, fu,,... is a Cauchy-sequence in X
and hence convergent. The latter is in contradiction to b).4 Hence it follows that
A€o (A).
"=" I X € 0.(A)(C o(A)), A — Xis not bijective. We consider two cases. If
ker(A — \) is infinite dimensional, there is an orthonormal sequence f1, fa,... in
ker(A — ). Since

1= ful? =2

for different p, v € N*, every subsequence of such sequence is not Cauchy and
hence not convergent. As a consequence, any orthonormal sequence in ker(A — \)
satisfies a)-c). If ker(A — \) is finite dimensional, there is a sequence fi, fa,. ..
such that

fo € ker(A=NF D), fll=1, lm (A=Nf, =0  (1222)

for every v € N*. For the proof, let P € L(X, X) be the orthogonal projection
onto ker(A — ). According to Corollary 12.5.7, P is in particular compact. If
there is no f1, fo, ... satisfying (12.22) for every v € N*, then there is C' > 0 such
that

I < ClCA =X S]]
for every f € [ker(A — \)]* N D(A). Otherwise, for every v € N*, there is
f € ([ker(A — \)]- N D(A)) \ {0} such that

1
1A= N5l <3 17
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and hence
Tim (A= N[ £l 7 =04

Hence it follows for f € D(A) that

IFII =11 = P+ P)f|I* = (1 = P)fI* + | P£I?
S C(A =N = P) P+ IPfI* = C?[l(1 = P)(A = N fII* + 1P f]?

<A+ = PYA=NFI?+1PSI?]

=(1+C?|(1-P)A-Nf +Pf|?
=(1+CPI(A-=N1—-P)f + P[]
=(1+CPI(A=NP+1-P)f + Pf|J

=1+CP|(A+P = NF|?. (12.23)

! Hence A + P — )\ is injective and Ran(A + P — )) is a closed subspace. The
closedness of the latter space can be seen as follows. For g in the closure of
Ran(A + P — \), there is a sequence fo, fi1,... in D(A) such that

g= lim (A+P—-N)f, .

vV—00

As a consequence of (12.23), fo, f1,... is a Cauchy-sequence in X and hence
convergent to some f € X. Hence

Jim (fy. (A4 P)L) = (.9 + A1)

Since A+ Pisclosed, f € D(A)and (A+P—M\)f = g,ie.,g € Ran(A+P—\).
Further, from Theorem 12.4.7, we conclude that

{0} =ker(A+ P —\) = [Ran(A + P — \)]*

and hence that

X =Ran(A+P—-X)=Ran(A+P—)\).

As a consequence, A + P — ) is bijective and therefore A ¢ o.(A).4 Hence it
follows the existence of a sequence f1, fo, ... satisfying (12.22) for every v € N*.
Such sequence f1, fo,... has no convergent subsequence and thus satisfies a)-c).
Otherwise, there is a strictly monotonically increasing sequence v, Vs, ... in N*
such that f,, f,,, ... is convergent to some f € X. In particular, as a consequence
of the closedness of [ker(A — \)]*, f € [ker(A — \)]*. Since

lim (A—\)f,, =0

pu—00

' Here it has been used that P o (A4 — \) C (A — \) o P. The latter is a consequence of the spectral
theorem for densely-defined, linear and self-adjoint operators in Hilbert spaces.
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and A — ) is closed, this implies that f € ker(A — \) N [ker(A — \)]* and hence
that f = 0. Finally, we arrive at the contradiction that

0= Al =1 lim £, [ = Lm [[f, || =14
pn—>00 pn—>00
O

Theorem 12.5.10 (Accumulation points of the spectrum are part of the essen-
tial spectrum). Let (X, (|)) be a non-trivial Hilbert space and A : D(A) — X
a densely-defined, linear and self-adjoint operator in X. If A € o(A) is not an
isolated point of 0(A), then A € o.(A).

Proof. If A € o(A) is not an isolated point of o(A), then there is a sequence
A1, A2, ... in o (A) \ {A} such that lim, _,~, A, = A. Further, since A\, € o(A),
for every v € N*, there is f,, such that || f, || = 1 and

(A=Al < A = Al/v .

This implies that
lim (A—X))f, =0.

V—r 00
We claim that there is no convergent subsequence of f1, fa, .. .. Otherwise, there is
a strictly monotonically increasing sequence v, v, . .. in N* such that f,, , f,,, ...

is convergent to some f € X. In particular, since

lim (A —\)f,, =0

ji—>00
and A — X is closed, we conclude that f € ker(A — \) and that
I71=1 tm i, = T gl =1
On the other hand,
(A=) o) = Fu l(A=X ) ) = (A= A) (fu, 1)
and hence
A=A o) T <A, = Al/v

as well as

| (fo ) T < 1/v

for every 1 € N*. As a consequence, we arrive at the contradiction

0= lim (fu, 1) = (F19) = I =14
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12.5.3 Weak Convergence

Definition 12.5.11. (Weak convergence) Let (X, (|)) be a Pre-Hilbert space over
K € {R,C}. A sequence f1, fo,... in X is called weakly convergent to f € X if

lim (g[f,) = (glf)

for every g € X.

Theorem 12.5.12. (Uniqueness of the limit of weakly convergent sequences)
Let (X, (|)) be a Pre-Hilbert space over K € {R, C} and f1, f2,... asequence in
X that is weakly convergent to f € X and g € X. Then, g = f.

Proof. Since f1, fo, ... is weakly convergent to f € X and g € X, it follows that

lim (f —gl|f,) = (f —glf) = {f —glg)

vV— 00

and hence that || f — g||> = 0. The latter implies that g = f. O

Theorem 12.5.13. (Convergence implies weak convergence) Let (X, (|)) be a
Pre-Hilbert space over K € {R,C} and f1, fo,... asequence in X that is conver-
gentto f € X. Then fi, f,... is also weakly convergent to f.

Proof. If f1, fa,... in X is convergentto f € X and g € X, then (g|-) € L(X,K)
and hence

(9lf) = (gl lim f,) = lim (glf.) -
O

Theorem 12.5.14. (Weak convergence does not necessarily imply convergence)
Let (X, (|)) be a Pre-Hilbert space and f1, f2, ... an orthonormal sequence. Then
f1, fa2, ... is weakly convergent to 0, but not convergent.

Proof. First, we note that

1 fu = Foll? = (fu = folfu = Fo) = MullP + ISP =1+ 1 =2

for u,v € N* such that 4 # v. Hence fi, f2,... is no Cauchy-sequence in X
and therefore also not convergent. On the other hand, for ¢ € X, according to
Theorem 12.3.17 (ii)b)',

My :={v e N": (gf,) # 0}

at most countable and the corresponding sequence (| (g|f,) [*)vens, is summable

such that
> Hglf) P < lall?
veM,

! Note that the completeness of (X, (| )) does not enter the proof of that statement.
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In particular, this implies that
Jim (glf,) =0
and hence that f1, fo, ... is weakly convergent to 0. O

Theorem 12.5.15. Let X be a finite dimensional vector space and (|) a scalar
product on X. Further, let f1, fo,... be a sequence in X that is weakly convergent
to f € X. Then f1, fo,... is also convergent to f.

Proof. If X = {0}, the statement is trivially satisfied. In the following, we con-
sider the case that X is non-trivial. According to linear algebra, there is an or-
thonormal basis g1, ..., g,, where n € N*, for X. As a consequence, the repre-

sentation
n

9=">_(gklg) gx

k=1
is valid for every g € X. Hence, we conclude that

2

1fo = FIP =D okl fo = ) -arl| =D [{gulfr — )P
k=1 k=1
= gkl fo) — (gul ) I?
k=1
and therefore the convergence of f1, fo,... to f. O

Theorem 12.5.16. Let (X, (|)) be a Hilbert space and fi, f2,... a bounded se-
quence in X. Then, there is weakly convergent subsequence of f1, fa, . ...

Proof. Let f1, fa,... be abounded sequence in X and C' > 0 such that || fx|| < C

forevery k € N*. Forevery k € N*, the corresponding sequence { fx| f1) , (fx|f2),- .-

is bounded. Hence according to the Bolzano-Weierstrass theorem for the real num-
bers, there is an infinite subset N; of N*, along with a strictly increasing bijection
v1 : N* — Nj such that

<f1|fV1(1)> ) <f1|fl/1(2)>7’ ..

is convergent. We note that
1241 (k) 2 k

for every k € N*. Continuing this reasoning sucessively, we arrive at a sequence
N1, Ny, ... of infinite subsets of N* such that

N“DON; DNy D ...

along with strictly increasing bijections vy, : N* — Ny, where k£ € N*, such that

<fl|ka(1)> ) <fl|fuk(2)> goeo
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is convergent for every [ € N* satisfying | < k. In particular,
vi+1(k) = vi(k) (12.24)
for all [, k € N*. The latter implies that
Vipr(k +1) > v (k) = v (k)

for every £ € N* and hence that the sequence v (1),12(2), ... is strictly increas-
ing. Also, (12.24) implies that

Vl+k(l + k) > l/l(l + k) > I/l(l{?) (12.25)

for all [, k € N*. We claim that

(filfor ) s il funy) s - - -

is convergent for every [ € N*. For the proof, let ¢ > 0 and [ € N*. Since, in
particular,

(filfu)) s (filfui) -
is a Cauchy-sequence in K, there is N € N* such that

| {fil foney) = {fil Foneny) | < €
forall k, k' € N* satisfying k > N and k' > N. Hence it follows by (12.25) that

| {filfonary) = Al fo o arnn) | < e

for all k, k' € N* satisfying k > N and k' > N. As a consequence,

(filfory) s il fa)) s - -

is a Cauchy-sequence in K and hence convergent. In the following, we define
gk = fu, (k) forevery k € N*,

Y :=Span({f1, f2,...}) -

Then (f|g1),(flg2) ;.. is convergent for every f € Y. The same is true also for

every f € Y. For the proof, let f € Y, e > 0and h € Y such that |h — f|| <
£/(4C). Hence if N € N* is such

[(hlgi) = (hlgi}] < 2

for every k,l € N* satisfying £ > N and [ > N, then it follows for such &k and [
that

| (flge) = (fla) | = [ {flgr — gi) | < | {f = hlgr — g} | + [ {hlgk — g1} |
<20Hf—h||+\(h|gk—gl)\<z—:.
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Hence
<f|91> ) <f’gz>,...

is a Cauchy-sequence in K and hence convergent. Further, it follows for f € Y+
that

(flg1), {flgz) .-

is convergent to zero. Finally, since for every f € X there is a uniquely determined
pair (hi,he) € Y x Y+ such that f = h; + hy, we conclude that g1, go, ... is
weakly convergent. O

Theorem 12.5.17. (A further characterization of the essential spectrum) Let
(X, (|)) be a non-trivial Hilbert space, A : D(A) — X a densely-defined, linear
and self-adjoint operator in X and A € R. Then \ € o.(A) if and only if there is a
sequence f1, fa,... in D(A) such that

a) || fu|l = 1forevery v € N*,
b) fi, f2,... is weakly convergent to 0,
¢) andlim, (A —A)f, =0.

Proof. "=": Let f1, fa,... be a sequence in D(A) with properties a)-c). Then,
there is no convergent subsequence of f1, fo,.... Otherwise, there is a strictly

monotonically increasing sequence vy, Vs, . . . in N* such that the sequence f,,, fo,, ...

is convergent to some f € X. As a consequence of property b), f,,, fu,,... is
weakly convergent to 0. Hence,

0= (fl0) = Loy =117

lim
H—>00
whereas from property a), we conclude that

=1 im f, || = lim [[f,,[| =1
H—00 H—00

Hence, we conclude from Theorem 12.5.9 that A € o.(A).

"<": Let A € 0.(A). According, to Theorem 12.5.9, there is a sequence of unit
vectors f1, fa,... in D(A) which has no convergent subsequence and is such that
lim (A—MN)f, =0.

vV—00

As a consequence of Theorem 12.5.16, without restriction of generality, we can
assume that f, fo, ... is weakly convergent to some f € X. Also, we note that,
since there is no convergent subsequence of f1, fo, ..., the value f can be assumed
only finitely many times. Hence, without restriction of generality, we can assume
that the sequence f1, fo,... does not assume the value f. As consequence, using
the fact that there is no convergent subsequence of f1, fo,..., we conclude that
there is € > 0 such that

If, — fll > e (12.26)
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for every v € N*. Further,

(FI(A = N)g) = Jim (£,](A~ N)g) = lim (4~ N)flg) =0

- V—r 00

for every g € D(A). Hence, f € D(A) and
(A=N)f=0.

For every v € N*, we define,

Gv = va _inl'(fV _f) .

Then g1, go, ... is a sequence in D(A) that is weakly convergent to 0, ||g, || = 1
for every v € N* and

lim (A - )‘)gl/ = VILH;O Hfu - fH_1<A - )\)fl/ =0.

vV—00

O

Theorem 12.5.18. Let (X, (|)) be a non-trivial Hilbert space, A : D(A) — X
a densely-defined, linear and self-adjoint operator in X. We define, the discrete
spectrum o4(A) of A by

o4a(A) :={X € 0(A) : \is an isolated point of o(A)

as well as an eigenvalue of A of finite multiplicity} .

Then
0(A) =0.(A)Joq(A) .

Proof. In first step, we prove that
o(A)\oe(A) C 0a(A)

and hence that

0(A) =0.(A)Uoy(A) .

If A € 0(A)\o.(A), then X is an isolated point of o(A), since otherwise, according
to Theorem 12.5.10, A € o.(A). Also, there is a sequence f1, fa,... in D(A) such
that || f, || = 1 for every v € N* and such that

lim (A—X)f, =0.

V—r 00
Since A ¢ o.(A), this sequence has a convergent subsequence, f,,, fu,, ..., where
v1,Vs,... iIn N* is strictly monotonically increasing, that is convergent to some

f € X. Since Aisclosed, f € ker(A — \). Moreover,

1Al =1l Yo fo, [l = lim [ £, ]l =1
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Hence f # 0 and A is an eigenvalue of A. In addition, ker(A — ) is finite dimen-
sional. This can be seen as follows. If ker(A — ) is infinite dimensional, there
is a orthonormal sequence f1, fo,... of elements ker(A — X). As consequence
of Theorem 12.5.16, we can assume that this sequence is weakly convergent to
some f € X. Also, according to Theorem 12.3.18, there is an extension of the
orthonormal system M := { f1, f2, ...} to a Hilbert basis M of X. Then

Jim {g[f,) = {glf) =0,
for every g € M and hence f = 0. Since
lim (A—\A)f, =0,
vV— 00

it follows from Theorem 12.5.17 that A € o.(A).4 Hence ker(A — X) is finite
dimensional. Finally, we prove that

oe(A)Noq(A)=¢ . (12.27)

For this purpose, let A € o.(A4) N o4(A), then

Ran (Xvsm |a(A)>(A)

is infinite dimensional, for every € > 0. Otherwise, there is € > 0 such that

Ran <XUE<A) |a(A)>(A)

is finite dimensional. Hence, it follows from Corollary 12.5.7 that

(X oy )A)

is compact. If fi, fa,... is a sequence of unit vectors in D(A) that is weakly
convergent to 0 and such that

lim (A-\)f, =0,

V—r00
then
Jim (Xusw ‘U(A))(A)fv =0
leading to
lim [[(A =) =0 (12.28)
and

2
=0.

lim H (Xom Loy J A

V—r 00

As consequence,

1A= N flP? = / (i) — V) oy,

o(A)
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> (ido(ay — ) dujy,

/U(A)W(R\UE(A))

> 62/ dipy, = ¢’ [Hqu2 —/ d%]
o (A)NR\U:(N)) o (A)NUL(N)
2
=¢’ [1 - H(XUEM)L(A))(A)f” } ’
where 1)¢, denotes the spectral measure that is associated with A and f,. Hence,

we arrive at a contradiction to (12.28). Further, since A € o(A) is also an isolated
point of o(A), there is ¢ > 0 such that

U.(\) No(A) = {\} .

Hence,
Py:= (X{A} }U(A)>(A)

is the orthogonal projection onto ker(A — 1), i.e.,

Ran (Xwam ’a(A)>(A)

is finite dimensional.4 Therefore, it follows that (12.27) is true. ]

12.5.4 Relative Compactness

Definition 12.5.19 (Relatively compact operators). Let (X, (|)) be a non-trivial
Hilbert space and A : D(A) — X a densely-defined, linear and closed operator
in X. A linear operator B : D(B) — X is called compact relative to A, or A-
compact if D(B) D D(A) and for every sequence f1, f2,... in D(A) such that
for some C' > 0

1)l + AL < C

for every v € N*, it follows that B f1, B f2, ... has a convergent subsequence.

Theorem 12.5.20 (A criterion for relative compactness of operators I). Let
(X, (])) be a non-trivial Hilbert space, A : D(A) — X a densely-defined, linear
and self-adjoint operator in X. Further, let B : D(B) — X be a linear operator
in X such that D(B) D D(A). Then B is compact relative to A if and only if
B o (A+1i)~!is a compact linear operator on X .

Proof. "= In the following, we assume that B is compact relative to A. If
f1, f2,... is a bounded sequence in X, then the corresponding sequence (A +
i) f1,(A+1i)71fa,... is bounded, too. Further,

[(A+d) " full + AA+9)
=[(A+ )" ful + I(A+i—i)(A+i)~ fol
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=IA+ )Tl +Ify —iA+ )T
<Al +20(A+D)7 ol

for every v € N*. Hence there is C' > 0 such that
A+ ol +AA+) Tl < C

for every v € N*. Since B is compact relative to A, there is a convergent subse-
quence of the sequence Bo (A+i)~!f;, Bo(A+i)~!fs,.... Since the sequence
f1, fa, ... is arbitrary otherwise, this implies that B o (A +4)~! is compact.
"<:" In the following, we assume that Bo(A+i)~! is a compact linear operator on
X. For the proof, let f1, fo,... be a sequence in D(A) such that for some C' > 0

1Al +1Af < C,

for every v € N*. Since A is in particular self-adjoint, it follows for every f €
D(A) that

1A+ fI* = (A+ D) fI(A+a)f) = [AFII* — i (FIAS) + i (AFIf) + LFIP
= [ AFII” + [ £1I?

and hence that

1A+ fIl = VIAFIP + 1A < IS+ TASI -

We conclude that
[(A+d)fll <C,

for every v € N*. Hence, (A+1) f1, (A+17) fa, ... is a bounded sequence. Further,
since B o (A + i)~! is a compact linear operator on X, it follows that there is a
convergent subsequence of

Bo(A+i)_1(A+i)f1 =Bf, BO(A+Z')_1(A+1')JC2 =Bfy, ...

Since the sequence f1, fa, ... is arbitrary otherwise, this implies that B is relative
compact to A. O

Corollary 12.5.21 (A criterion for relative compactness of operators II). Let
(X, (])) be a non-trivial Hilbert space, A : D(A) — X a densely-defined, linear
and self-adjoint operator in X. Further, let B : D(B) — X be a linear operator
in X such that D(B) D D(A). Then B is compact relative to A if and only if
Bo (A — X)"!is acompact linear operator on X, for some A € p(A).

Proof. From the first resolvent formula, it follows that
B(A-N"'—B(A-p)" = (A=) BA- N (A-p)",
for every A, u € p(A). Hence it follows that
B(A+i) ' =BA-XN)"'=O\+i)BA-\N)"1A+i)!
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and that

BA-m) ™ =BA+) "+ (n+)BA+) T (A-p),

for every A\ € p(A). Since the compact linear operators on X form a closed two-
sided *-ideal in L(X, X ), we conclude that B(A+4)~! is a compact linear operator
on X if and only if B(A — \)~! is a compact linear operator on X for some

A€ p(A).

O]

Theorem 12.5.22. Let (X, (|)) be a non-trivial Hilbert space, A : D(A) — X
a densely-defined, linear and closed operator in X and B : D(B) — X a linear,

A-compact operator in X. Then

a)

IBfI < CUS+ AL < C'USI+ 1A+ B

for every f € D(A) and some C,C’ > 0,

b) Bis (A + B)-compact,

¢) if, in addition, B is closable, then for each € > 0, there is K > 0 such that

IBfI < ellAfll + K[ f]]
forevery f € D(A).

Proof. "a)": If it is not true that

IBfIF < GO+ [1AF1)

forevery f € D(A) and some C' > 0, then there is a sequence f1, fa, . ..

such that

IBf N > vl full + [[Af]])

for every v € N*. In particular, this implies that f,, # 0 and hence that
|Bg| > v,

where

gv = (Ifll + 1AL T o

for every v € N*. We note that

gl + | Agy |l = 1

in D(A)

(12.29)

for every v € N*. Therefore, since B is A-compact, there is a convergent subse-
quence to Bgy, Bgs, ... which is in contradiction to (12.29). Hence there is C' > 0

such that
1BfII < CUfI -+ A
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for every f € D(A). If it is not true that

CAUA+ AL < SIS+ 1A+ B)fI)

forevery f € D(A) and some C'’ > 0, then there is a sequence f1, fa,... in D(A)
such that

[l + AL > v f -+ 1A+ B)full)

for every v € N*. In particular, this implies that f,, # 0 and hence that

1
Clgolls 1A+ B)gull <) llgvll + 1(A + B)gu || < (12.30)

where again
gv = (Ifll + 1AL o

for every v € N*. We note again that
lgull + | Ago || = 1 (12.31)

for every v € N*. Therefore, since B is A-compact, there is a convergent subse-
quence to Bgy, Bgs, . . ., i.e., there is a strictly monotonically increasing sequence
vy, V2, ... in N* such that the sequence Bg,,, Bg,,,... is convergent to some
¢ € X. As a consequence of (12.30), Ag,,, Agy,, - .. is convergent to —(. Since,
as a consequence of (12.30), g,,, g,, ... is a null-sequence and A is closed, we
conclude that { = 0. From (12.31), we arrive at the contradiction 0 = 1.4

"b)": Let f1, f2,... be a sequence in D(A) satisfying

IS+ 1A+ B) full < C©
for every v € N* and some C' > 0. According to a), there are C,Cy > 0
I1Bfull < CLlllfull + AL < Co(lfull + 1A+ B) ful]) < C2C

for every v € N*. Hence, it follows that

CC

v AI/ g
Ifoll + A4S0 < =5

every v € N*. Since B is A-compact, Bfi, Bfs,... has a convergent subse-
quence. As a consequence, B is (A + B)-compact.
"¢)": If it is not true that for each £ > 0, there is K > 0 such that

BN < ellAfIl+ K1 f]]
for every f € D(A), there is € > 0 such that for every v € N* there is f, € D(A)

satisfying
IBfull > ellAfull +vIlfll -
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In particular, this implies that f, # 0 and hence that

1Bgu|| > el Agu || + vligull (= ellAgull s vllgoll) (12.32)

where

gv = (AL + LD
for every v € N*. We note that
gl + | Ago [l = 1

for every v € N*. As a consequence of a), Bgi, Bgs, ... is bounded. Hence it
follows from (12.32) that g1, g2, . . . is a null-sequence and therefore that

lim [|Ag,||=1.
V—r00

Since B is A-compact, there is a a convergent subsequence to Bgy, Bgs, . . ., i.e.,
there is a strictly monotonically increasing sequence vy, va,... in N* such that
the sequence Bg,,, Bg,,, ... is convergent to some ( € X. Since B is closable,
¢ =0, but

ISt = lim [[Bgy, || > ¢ lim |[Agu, || = e .4

O]

Theorem 12.5.23. Let (X, (|)) be a non-trivial Hilbert space, A : D(A) — X a
densely-defined, linear and self-adjoint operator in X and B : D(B) — X a linear,
symmetric and A-compact operator in X. Then

a) A+ B is self-adjoint, and
b) 0.(A+ B) =0.(A).

Proof. "a)": Since B is A-compact and closable, for each £ > 0 and from Theo-
rem 12.5.22) ¢), it follows the existence of K > 0 such that

BN < ellAfIl+ K]l
for every f € D(A). As a consequence,
IBFII® < e[ AFIIP + K212 + 21 F I AFIN < 2| AFIP + 2K ]2

for every f € D(A). Hence it follows from the Rellich-Kato theorem, Theo-
rem 12.4.11, that A + B is essentially self-adjoint such that
A+B=A+B=A+B.

"b)": If A\ € 0.(A), then there is a sequence fi, fa,... in D(A) such that || f, || = 1
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for every v € N*, f1, fo, ... is weakly convergent to 0, and lim,, (A — \) f, =
0. Hence,

Il + ALl =1+ [[(A=Nfo + AL <THRA[+[(A=Nf) <C

for every v € N* and some C' > 0. Therefore, since B is A-compact, there is
a convergent subsequence to Bf1, Bfs,..., i.e., there is a strictly monotonically
increasing sequence v1, Vs, ... in N* such that the sequence Bf,, ,Bf,,,... is
convergent to some ( € X. Thus,

(10) = (1 lim Bfi,) = lim (7B1,) (Bf|f,,) =0

= lim
U—>00

for every f € D(A). Since D(A) is dense in X, the latter implies that { = 0.
Hence, we conclude that

lim (A+B—\)f,, =0

JL—00 s

and therefore that A € o.(A + B). If A € 0.(A + B), then there is a sequence
fi, fa,... in D(A) such that || f,|| = 1 for every v € N*, fi, fo,... is weakly
convergent to 0, and lim,_, (A + B — \) f, = 0. Hence,

[f I+ 1(A+B) foll = 1+ [[(A+B=A) fu +Aful| S IHA+[[(A+B-A) /ol < C

for every v € N* and some C' > 0. Therefore, since as a consequence of
Theorem 12.5.22, —B is A + B-compact, there is a convergent subsequence to

—Bfi,—Bfs,...,1e., thereis astrictly monotonically increasing sequence v, s, . . .

in N* such that the sequence —Bf,,, —Bf,,,... is convergent to some ( € X.
Thus,

(10 == (f] lim Bf,) =~ lim (fIBf,,) =~ lim (Bf|fy,) =0

— lim — lim
H—00 H—00

for every f € D(A). Since D(A) is dense in X, the latter implies that { = 0.
Hence, we conclude that

lim (A—=MA)f,, =0

U—>00

and therefore that A € o.(A). O

Theorem 12.5.24. Let (X, (|)) be a non-trivial Hilbert space, A : D(A) — X
a densely-defined, linear and self-adjoint operator in X and B : D(B) — X,
C: D(C) — X linear, symmetric operators in X such that D(B) D D(A) and

IBfI* < a®[|Af|I* + 82|17
for some a, b € [0, 00) satisfying a < 1 and such that C' is A-compact. Then

a) A+ B is self-adjoint,
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b) Cis A+ B-compact, and
¢) A+ B+ Cisself-adjointand 0.(A+ B+ C) = 0.(A + B).

Proof. "a)": It follows from the Rellich-Kato theorem, Theorem 12.4.11, that A +
B is essentially self-adjoint such that

A+B=A+B=A+B.
"b)": We note that

IAFII < 1A+ B)FIL+IBSI < A+ B)fll + [ Af)? + 62| £ ]2
< A+ B)fll +allAF] + bl £

and hence that ) b
1Al < = A+ B)fll + 37— I ]

for every f € D(A). Therefore if fl, fa,... isasequence in D(A) satisfying

IS+ 1A+ B) full < K

for some K > 0, then

1—a+b
Il + AN < = 1A+ B)full + ——— /v
1 1 —
< K max , ath
l—-a 1-a

for every v € N*. Since C' is A-compact, the latter implies the existence of a
convergent subsequence to C'f1, C fo, . ... Hence C'is A + B-compact.
"c)": The statement is a consequence of a), b) and Theorem 12.5.22. ]

Theorem 12.5.25. (Classical Arzela-Ascoli theorem) Let K € {R,C}, K anon-
empty compact subset of a normed vector space with norm | | and fi, f2,... a
bounded sequence in (C (K, K), || ||o) that equicontinuous, i.e., such that for every
e > 0 there is a § > 0 such that for all x,y € K satisfying |z — y| < 0, it follows
that

‘fu(:U) - fu(y)| <e

for all v € N*. Then there is a convergent subsequence to f1, fa,....

Proof. In the first step, we show that there is countable dense subset S of K. For
the proof, let v € N*. Then the family (U, ())zcx is an open covering of
K. Since K is compact, there is a non-empty finite subset S, of K such that
(U1/v(x))zes, is an open covering of K. In particular,

:Us;,

veN*
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is countable and dense in K. For the proof of the latter, let x € K and v € N*.
Since (Ui, (7))zes, is an open covering of K, there is -, € S, C S such that
v €Uyy(zy,). If e > 0and vy € N*is such (1/v9) < ¢, then it follows that

1 1
|z, —z]< =< — <e
1% 1Z0)

for every v € N* such that v > 1y and hence that

lim |z, —z|=0.
V—00

In the second step, we show the existence of a subsequence of f1, fs, ... that con-
verges pointwise on S = {x1,x2,...}. For this, we use the standard diagonal
argument. For every k € N*, the corresponding sequence fi(zy), fa(xg),... is
bounded. Hence according to the Bolzano-Weierstrass theorem for the real num-
bers, there is an infinite subset Ny of N*, along with a strictly increasing bijection
1 : N* — Nj such that

Jory(@1), for2)(21), ...

is convergent. We note that
141 (k) 2 k

for every k € N*. Continuing this reasoning sucessively, we arrive at a sequence
N1, Ny, ... of infinite subsets of N* such that

N*ON; DNy D ...
along with strictly increasing bijections vy : N* — Ny, where k € N*, such that
fony(@0)s fu2) (@), - -
is convergent for every [ € N* satisfying [ < k. In particular,
viy1(k) = vi(k) (12.33)
for all [, £ € N*. The latter implies that
Vip1(k +1) > vpp1 (k) 2 vi(k)

for every k € N* and hence that the sequence v1(1),5(2), ... is strictly increas-
ing. Also, (12.24) implies that

Vl-|—k(l + k) > I/l(l + k) > I/l(k) (12.34)
for all [, k € N*. We claim that

fVl(l)(xl)7fV2(2)($l)7 ...
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is convergent for every | € N*. For the proof, let ¢ > 0 and [ € N*. Since, in
particular,

o) (@), fui2) (@), ...
is a Cauchy-sequence in K, there is N € N* such that
| foe) (@) = foen ()] < e

for all k, k' € N* satisfying k > N and k' > N. Hence it follows by (12.34) that

[ forenmy (@) = fo (L E ) (@)] < e

forall k, k' € N* satisfying k > N and k' > N. As a consequence,

fl/l(l)('rl)a fl/Q(Q)(wl)’ ce

is a Cauchy-sequence in K and hence convergent. In the last step, we show that the
sequence g1, g2, . . ., defined by g,, := f,, () for every p € N* is convergent. For
the proof, let ¢ > 0 and 6 > 0 such that for all z,y € K satisfying |z — y| < J, it
follows that

90(@) — g, ()] < =

3
for all v € N*. Further, let v € N* be such (1/v9) < 4. Then (Uy,y, (2))zes,,
is an open covering of K. Since ¢1(y), g2(y), - . . is convergent for every y € S,,,

there is N € N* such that for v, p € N* satisfying v > N and p > N, it follows
that

€

3

forevery y € S,,. If x € K, thereis y € S, such that x € Uy, (y) C Us(y).
Hence it follows for v, u € N* satisfying v > N and p > N that

| 9u(y) — 9. (y)| <

| gu(®) = 90(2)| < [ 9u() = 9. W) + 9. (¥) — 0 W) + |90 (y) — gu(z)| < e .

Hence ¢1, g2, . .. is a Cauchy-sequence in (C'(K,K), || ||o) and therefore conver-
gent to an element of C'(K, K). O

12.6 Spectral Theorems for Densely-Defined,
Linear and Self-adjoint Operators in
Complex Hilbert Spaces.

Definition 12.6.1. (Spectral Families) Let X, (| ) be a complex Hilbert space. A
map
E:R— L(X,X)

is called a spectral family if:
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(i) Forevery A € R, E) is an orthogonal projection, i.e., Ey is self-adjoint such
that
E}=E,,

(i) forall A\, u € R, satisfying A < p, it follows that
E)\ < Eu ;

1.e.,

(FIExf) < (fIEWf)
forevery f € X,

(iii) forevery f € X

lim Eyf=0, lim Exf=7F,
A——00 A—00

(iv) forevery f € X
Exf= lim E,f .
w—> A+

For every f € X, we call the Lebesgue-Stieltjes measure that is generated by the
monotonically increasing function

(R =R, A= (FIEAS))

the Lebesgue-Stieltjes measure corresponding to F and f.

Theorem 12.6.2. (Spectral Theorems for Densely-Defined, Linear and Self-
adjoint Operators in Complex Hilbert Spaces, Version I) Let X, (|) be a com-
plex Hilbert space, A : D(A) — X a densely-defined, linear and self-adjoint
operator in X. Then there is a unique spectral family

E:R— L(X,X)
with the following properties:

(i) Forevery f € X, f € D(A) if and only if (idg)? is integrable with respect
vy,

(ii) forevery f € D(A)
(1af) = [ idedvy
R

where 1 is the Lebesgue-Stieltjes measure that is generated by monotoni-
cally increasing function

(R =R, A= (fIEAS)) -
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In addition, if f € D(A), then

1/2
JAf] = ( [ dwf> -

In the following, this spectral family is called the spectral family correspond-
ing to A and for every f € X, the corresponding )¢ is called the spectral
measure that is associated with A and f.

Theorem 12.6.3. (Universally Measurable Functions) Let S be a non-empty
subset of R. Then

@

(ii)

(iii)

66

Uc(9),

consisting of all elements of f € B(S,C) such that f: R — C, defined
for every x € R by

2y ) flx) ifxesS
f@y_{o ifz R\ S’

is measurable with respect to every measure induced by an additive, mono-
tone and regular interval function,

and equipped with pointwise addition, scalar multiplication, multiplication
and the norm || ||co,

is a C*-subalgebra of (B(S,C),+,.,-,] |loo)
Ve(S),

consisting of all elements of f € B(S,C) for which there is a sequence
fi, fa,... of elements of C'(.S, C) such that for every = € S

lim f,(z) = f(x),

V—r 00
and equipped with pointwise addition, scalar multiplication and multiplica-

tion,

is an involutive subalgebra of (Uc(S), +, ., ) that contains C'(S, C) as well
as all restrictions of complex-valued step functions on R to S.

Ug(9),

consisting of all elements of B(.S, C) for which there is a sequence s1, Sa, . . .
of complex-valued step functions on R such that

lim s,(z) = f(z)

vV— 00
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forallz € S,

is an involutive subalgebra of (Uc(S), +, ., - ) that contains V¢ (.5).

Theorem 12.6.4. (Spectral Theorems for Densely-Defined, Linear and Self-
adjoint Operators in Complex Hilbert Spaces, Version II) Let X, (| ) be a com-
plex Hilbert space, A : D(A) — X a densely-defined, linear and self-adjoint oper-
ator in X, with spectrum o(A)(C R). Further, let £ : R — L(X, X) be the spec-
tral family corresponding to A and, for every f € X, 1) be the spectral measure
corresponding to A and f. Then there is a unique continuous *-homomorphism

U (Ug(a(A)), 4,55 ] Hloo) = (L(X, X), 4,00, % 1 ])
of C*-algebras such that
0 L
. dya) — 12 . N—1
(15(a)) =idx , (idU(A)H') (A—i)o(A+1)

(i) If f € Us(o(A)), f1, fa, ... abounded sequence in UZ(c(A)) that is every-
where on o (A) pointwise convergent to f, then for every f € X

lim W(f,)f = W(f)f .

This *-homomorphism has the following additional properties:

(iii) If A € o(A) is an eigenvalue of A, then for every f € Ug(c(A)) and every
f € ker(A—\)
V() =FN).f-

(iv) Forevery f € Ui(o(A))and f € X

(s / f iy .

(v) If f € Ui(o(A)) is real-valued and positive, then W( f) is too positive, i.e.,

(F1e()fH =0,
forevery f € X.

(vi) Forevery f € Ug(c(A))
O < N1 flloo -
(vii) If C € L(X,X)issuchthat Ao C' D C o A, then
[w(f),C]=0,
forevery f € Ug(o(A)).
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(viii)
E=R—=LX,X),A=> V(X __ low))) -
Remark 12.6.5. The operator
(A—i)o(A+i)
is called the Cayley transform of A.

Remark 12.6.6. In future, we will use instead of

the notation

forevery f € UZ(o(A)).

Theorem 12.6.7. (Maximal Multiplication Operators) Let n € N*, ¢ and addi-
tive, monotone and regular interval function on R”, M a ¢-measurable subset of
R™ such that L% (M) is non-trival, h a complex-valued function that is a.e. defined
on M and ¢-measurable. We define the maximal multiplication operator with h,

Th . D(Th) — L(%(Mv SO) ’
by
and
Thf = h : f )
for every f € D(T}). Then,
(i) Ty, is a densely-defined, linear operator in L%(M N2R
(i) (Th)* = Th~,

(iii) the following statements are equivalent
a) Ty is continuous,
b) heLF(M,yp),
o) D(Ty) = L¢ (M, ¢).

If one these statements is true,

[Tl = NIAlloo

(iv) the following statements are equivalent
a) Ty, is injective,
b) h~1({0}) is a set of p-measure 0,
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¢) Ran(h)is dense in L2 (M, p).

If one these statement is true, the inverse operator (73, )~ is defined, and

(Th)il =T,

I3
where )
—:M—=C
h
is defined by

1(9[;) _ iy ifh(z) #0
A7 o if h(z) =0’

(v) the following statements are equivalent
a) Ty, is surjective,
b) there is ¢ > 0 such that |h|~1((—c, ¢)) is a set of p-measure 0,
c) Ty is bijective.
If one these statement is true, the inverse operator (T},)~! is defined on the

whole of LZ(M, ¢) and is continuous.

Theorem 12.6.8. (Spectrum, Spectral Family and Spectral Measures of a Max-
imal Multiplication Operator) Let n € N*, ¢ and additive, monotone and regular
interval function on R™, M a p-measurable subset of R™ such that L2 (M) is non-
trival, h a real-valued function that is a.e. defined on M and -measurable. As a
consequence, the maximal multiplication operator with i

Th : D(Th) — L(ZC(Mv 90) )

defined by
D(Ty) :=={f € LE(M,¢) : h- f € LE(M, )}
and
Tnf=h-f,

for every f € D(T},), is densely-defined, linear and self-adjoint. Then

(i) the spectrum o(7},) and the point spectrum o,(7}) of T}, are given by

o(Ty) = {X € R: Forevery ¢ > 0,
h~Y(U.())) is no set of p-measure 0} ,
op(Th) = {A € R: A= ({\}) is no set of p-measure 0} ,

(ii) the spectral family F : R — L(LZ(M, ), LA(M, ¢)) corresponding to T},
is given by
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and for every f € L?C(M ,p), the corresponding spectral measure is given
by the interval function ¢ : v} (R) — R, defined by

w0 = [ X, P de

for every interval I € v(R).

Corollary 12.6.9 (Functional Calculus associated with a Maximal Multiplica-
tion Operator). Let n, o, M, h,T}, as in the previous Theorem. Then

f(Th) = T¥on »

forevery f € U&(o(Th)).

12.7 Calculation of the Free Propagator for
Quantum Mechanics

Theorem 12.7.1. Let n € N*, t € R* and H, the free Hamiltonian of quantum
mechanics, then

for every f € LE(R™) N LZ(R™), and

R 4 t_n/2 R 2
6—1%Hog: lim <7TZ %) ) |:6Z4Er0t'H *(X[fwlng)] 5

V—r 00

for every f € LZ(R™), almost everywhere pointwise on R™, where

h?Kk?
EQ =

2m

Proof. First, we recall some information from Section ??. For this purpose, let
a > 0. Then X
Hy : C°(R",C) — LE(R") ,

defined for every f € C3°(R",C) by

. "2
H()f = —£&p. Z 8_uf2 s
k=1 "k

is a densely-defined, linear, positive symmetric and essentially self-adjoint operator
in LZ(R™), whose closure Hy has the spectrum

o(Hp) = [0,00) .
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Further, for every bounded and universally measurable function f : [0, 00) — C:
f(H()) = F;l o T[fo (c0.] 12)] © Fy ,

where T'f; (c,.| |2) is the maximal multiplication operator with the function f o
(0| |?), defined by

Tto (0. 129 = L © (c0:| [P)] -9,

for every g € LA(R™). In particular,

(%—Fl%)ﬁo —UEEO

<-Hop—i g Ho g=e g= F2_1 exp(—eg o¢ | ]2)F2g .

e = g=e

for every g € LZ(R™), where

1 w t
Oc i =—+1i—,
€ h
where € > 0 has the dimension of an energy. By application of the spectral theorem
for densely-defined, linear and self-adjoint operators, Theorem 12.6.4, the latter
implies that

—intog — Jm Fytexp(—ego: | [*)Fag -

e
Further, we note that, for every o € (0, 00) x R and according to Corollary 12.9.24
(20)"/2. Fpe=o| P = ¢=I I7/(40)

In particular for

1
g =
4600'5 ’

it follows that

I1?

_ 1 _ 2
(2e00.) "2 Fye T e~ c0oel |

Hence

2
'l

e_(éH%)HOQ = (2e00.)" "2 Fy H(F e Teooe ) - Fag]

1 2 .
= (2e00.) 2 B{[(Fae 07 1 1) . Fagl o (—idgn)}
= (4mego.) /2 e Teooe | *g .

and )
[

—n/2 G_Wﬁ' *q . (1235)

e wHog = lim (Amego.)

£—00

In particular, if g € LE(R™) N LA(R™) and ¢ # 0, for every u € R™

1

_ 1 2 _ 1 —i 2
e 4soge~|| *g](u):/e 4500€'|u idgn | gdv”
R
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and

_4(3Q+1i gy Ju—idgn |2
e £ h g
eeN*

is a sequence of integrable function that is everywhere pointwise convergent to
ei?@t.\u—ian |2 ’

and whose members are dominated by the integrable function |g|. Hence it follows

from Lebesgue’s dominated convergence theorem and for every u € R™ that

lim (e_‘lfoéoe" * *g) (u) = <ei4€h6f‘| ’ *g) (u) .

E— 00

As a consequence, (12.35) implies that

B —n/2
B_i%Hog = <7Ti —420t) . (eiﬁzf'| ’ *g) ,

for every t € R* and g € L{(R"™) N LA(R™). Finally, the latter implies for
g € LZ(R") and t € R* that

L 4eqt —n/2 i ] |2
(e 7Hog)(u) = Uli_)rgo (71'1' T) . [e zeorl 17 (X[iw]ng)} (u),
for almost all © € R™. O

Corollary 12.7.2. Letn € N*, ¢ > 0, 2 € R x (—00,0) and H the free Hamilto-
nian of quantum mechanics, then

) /2 t
e—i(t/h)zHof _ (7”48_21&’2) ei| \2/(4 = z) *f 7

for every f € LZ(R™), where

h? K2
Ep ‘=

2m

Proof. According to the proof of Theorem 12.7.1, for every bounded and univer-
sally measurable function f : [0,00) — C:

f(Ho) = Fy o Tifo (e 2y © F2

where T'to (¢, |2) 18 the maximal multiplication operator with the function f o

(€0.] |?), defined by

Tto(eo.) 1279 = [f © (e0-| P)] -9,
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for every g € LZ(R™). In particular, fort > 0, z € R x (—00,0)
et (/M =M g — [yt expl—i (et /h) 2.| |)Fag = Fy " exp[—| |*/(40)] Fag

where ‘ -
1 _ iz
4(eot/h) 2z 4(eot/h)|z|?

Further, since according to Corollary 12.9.24

g =

€ (0,00) xR

(20)M/2. Fye=0! I* = ¢~ I7/(40)
we have that
et M =og = (20)"2.Fy M (Fae ™ 1) - (Fag)]
= (20)"2.F{[(Foe ! I") - (Fag)] o (—idgn)}
= (2m) "2 20)" 2. Fi{[(Fae~"! ) - (Fag)] o (—iden)}
= (o/m)"/2 e~ P ag= [wi 4 (eot/h) 2] /2 ¢t I/l cot/m) 2] 4 g

12.8 Solutions of Systems of Ordinary
Differential Equations with Asymptotically
Constant Coefficients

The following results, on the asymptotic of the solutions of systems of ordinary
differential equations with asymptotically constant coefficients, was first proved by
Dunkel in [14] (compare also [27, 6, 20]). To the experience of the author, these
result are not widely known in physics. Similar results to Corollary 12.8.2 are well-
known in the physics, but under the much stronger assumption that the coefficients
of the systems are analytic.

Theorem 12.8.1. Letn € N\ {0}, a € R, I := [a,00) and I := (a,00). In
addition let A, be a diagonalizable complex n x n matrix and €/, . . ., €], be a basis
of C™ consisting of eigenvectors of Ag. Further, for each j € {1,--- ,n}, let A; be
the eigenvalue corresponding to e; and P; be the matrix representing the projec-
tion of C" onto C.e’; with respect to the canonical basis of C". Finally, let A; be
a continuous map from I into the complex n x n matrices M (n x n, C) such that
Ay i is Lebesgue integrable for each 5,k € 1, ..., n.

Then there is a C* map R : Iy — M(n x n,C) with lim;_, Rjx(t) = 0 for
each j,k € 1,...,n and such that u : Iy — M (n x n,C) defined by

u(t) = iexp()\jt) (E+R(t)) - P; (12.36)
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for all t € Iy (where E is the n X n unit matrix), maps into the invertible n X n
matrices and satisfies
u'(t) = (Ag + A1(t)) - u(t) (12.37)

forall t € I.
This theorem has the following

Corollary 12.8.2. Letn € N\ {0}; a,tp € Rwitha < to; p € N; o, := 1 for
p# = 0and a, := p for p # 0. In addition, let Ay be a diagonalizable complex
n X n matrix and €}, ..., e} be a basis of C™ consisting of eigenvectors of Ag.
Further, for each j € {1,---,n}, let \; be the eigenvalue corresponding to €; and
P; be the matrix representing the projection of C" onto C.e;- with respect to the
canonical basis of C". Finally, let A; be a continuous map from (a, ty) into the
complex n x n matrices M (n x n, C), for which there is a number ¢ € (a, ty) such
that the restriction of Aj j to [c, o) is Lebesgue integrable for each j,k € 1, ..., n.

Then there is a C! map R : (a,ty) — M(n x n,C) with lim;—,o R;x(t) = 0
foreach j,k € 1,...,n and such that u : (a,ty) = M(n x n,C) defined by

_f Xii(te - t)=N - (E+ R(t)) - Pjforp =0
u(t) = { S exp(N(to — ) ™) - (E+ R(t) - Pyforp #0 (12.38)

forallt € (a,ty) (where E is the n x n unit matrix), maps into the invertible n x n
matrices and satisfies

Ay

u'(t) = (WAO + Al(t)> - u(t) (12.39)

foreach t € (a,tp).

12.9 Miscellaneous

12.9.1 Operator Theory
Reduction of Operators

Theorem 12.9.1 (Commuting Self-Adjoint Operators). Let (X, (|)) be a non-
trivial complex Hilbert space, A : D(A) — X and B : D(B) — X densely-
defined, linear and self-adjoint operators in X, with corresponding spectra o(A)
and o(B), respectively, and E4 and EP the spectral families that are associated
with A and B, respectively. We say that B and A commute, if

[EP E =0,

for all s,¢ € R. Finally, let Uy := (A—i)(A+i)"tand Ug := (B —i)(B +1i)~}
be the Cayley transforms of A and B, respectively.
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(i) Ifinaddition B € L(X, X), then the following statements are equivalent.
a)
l9(B), f(A)] =0,
forall g € Wandf EW.
b) A und B commute.
c) [B,Ua]=0.
d) [B,e4] =0, forallt € R.
e) AoB D BoA.

(i) The following statements are equivalent.
a)
[9(B), f(A)] =0,
forall g € Wandf EW.

b) A and B commute.
c) [e¥*B, eit4] =0, forall 5,t € R.
d) [Up,Us]=0.

Proof. "Part (i)": In addition, let B € L(X, X).

"Part a) = Part b)": Obvious.

"Part b) = Part ¢)": Since A and B commute, it follows for «, 3,7, € R such
that o < 8 and v < ¢ that

BF — B2, B3 — B = | (X)) (B)s (Xl ) (A)] = 0. (12.40)

Further, if f : R — R is a bounded continuous function and s, : R — R is defined
by

Sy 1= > inf{f(\):Ae 27V 127" (u+1)]}

pe{—22v,—22v41,...,22v —1}
“X@=vp 27 (ut)]
forevery v € N*, then (s, ), - is a uniformly bounded sequence of step functions

that everywhere on R pointwise convergent to f and hence it follows from the
spectral theorem, Theorem 12.6.4, that

(f}U(A)><A) =s— lim (SV‘U(A)>(A)

V—00

— s— lim 3 inf{f(A): xe (27" - p,27" - (n+ 1]}

V—00
u6{722”,722V+1,...,22’/71}

(X mar il ) (4)
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(Mot (B = 5= Jimn (5], ) (B)
— s lim 3 inf{f(A): xe (27" - p,27" - (n+1)]}

V—00
ME{—22”,—22V—|—1,.,.,22V—1}

) (X(Z_V‘M=2_V'(N+l)]|0’(B)>(B) :

From (12.40) and the latter, we conclude that

[(g‘0(3)>(3)’ <f|g(A)>(A)} =0,

for all real-valued bounded continuous functions f and g on R and hence also that

[<9‘0(3)>(B)’ <f|g(A)>(A)} =0, (12.41)

for all complex-valued bounded continuous functions f and g on R. Further, since
B € L(X,X), 0(B) C R is in particular compact. Hence there is vy € N* such
that o(B) C [—vp, 19]. From (12.41), it follows that

_ idg(a) —1 _
[B,Ua] = {1610(3)(3)7 m(fl)} =0.
"Part ¢) = Part d)": Since [B,U4| = 0, it follows for f € D(A) that
Bo(A—i)f=Bo(A—i)o(A+i) "(A+i)f
=(A—d)o(A+i) 'B(A+4)f
=(A+i—2i)o(A+i)'B(A+i)f
=B(A+i)f —2i(A+i)'B(A+i)f

Hence,
Bf =(A+i)"'B(A+14)f € D(A)
and
(A+i)Bf =B(A+14)f

as well as

ABf = BAf .
Hence, it follows that

AoB>DBoA

and from the spectral theorem, Theorem 12.6.4, that

(B, f(A)] =0,
for every f € Ug(a(A)).

"Part d) = Parte)": If [B, e?*“] = 0, for all ¢ € R, we conclude as follows. If f €
D(A), then (R — X,t > 4 f) is differentiable at t = 0, with derivative i Af.
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Therefore, since B € L(X, X), also (R — X,t — Be®f) = (R — X,t
e Bf) is differentiable at t = 0. Hence, Bf € D(A) and BiAf = iABY,
implying that BAf = ABf. As a consequence, Ao B D Bo A.
"Part ) = Part a)": If Ao B D B o A, it follows from the spectral theorem,
Theorem 12.6.4 that
(B, f(A)] =0,

for f € U&(o(A)). From the latter and again from the spectral theorem, Theo-
rem 12.6.4, it follows that

[9(B), f(A)] =0,
forall f € Ug(c(A)),g € Ud(a(B)).
"Part (i1)": "Part a) = Part b)": Obvious.
"Part b) = Part ¢)": If A and B commute, it follows as in the proof of (i) "Part b)

= Part ¢)" that
[(g|0(3)>(3)’ (f‘o'(A)>(A)j| =0,

for all complex-valued bounded continuous functions f and g on R and hence in
particular that [e**B 4] = 0, for all s, € R.

"Part ¢) = Part d)": Since [e?*Z, e?4] = 0, for all s,¢ € R, it follows for s € R,
that

[sin(sB), et = [cos(sB), 4] =0,
for all ¢ € R and hence from Part (i) that
[sin(sB),Ua] = [cos(sB),Ua]l =0 .
The latter implies also that
lexp(isB),Ua]l =0,
for every s € R. Finally, from the latter and Part (i), we conclude that

[Up,Ua]l =0.

"Part d) = Part a)": If [Up,Ua] = 0, it follows as in the proof of (i) "Part ¢) =
Part d)" that
UgoADAoUp s

and hence from the spectral theorem, Theorem 12.6.4, that
[Us, f(A)] =0,
for f € W and hence, again as in the proof of (i) "Part c) = Part d)," that
Bo f(A)D f(A)e B,
and again from the spectral theorem, Theorem 12.6.4, that
l9(B), fF(A)] =0,
forall f € Ui(c(A)), g € Ui(o(B)). O
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Lemma 12.9.2 (Reduction of Operators I). Let (X, (|)) be a non-trivial complex
Hilbert space, A : D(A) — X a densely-defined, linear and self-adjoint operator
in X and (¢ #) 0(A) (C R) the spectrum of A, P € L(X, X) a non-trivial orthog-
onal projection that commutes with A and Y := Ran P the non-trivial and closed
projection space corresponding to P. Then the following is true.

(i) By Ap := (D(A)NY =Y, f+— Af), there is defined a densely-defined,
linear and self-adjoint Operator in Y. The spectrum o(Ap) of Ap is con-
tained in o (A).

(ii) Forevery f € U&(o(A)),

Floap) € U2 (0(Ap)) and (f], 4 ) )(4p) = (Y = Y,g = f(A)g) -

Proof. In the following, let U : R — L(X, X) be the strongly continuous one-
parameter unitary group that is generated by A.

"Part (i)": Since A and P commute, it follows that U (¢) leaves Y invariant, for ev-
ery t € R and hence that Up := (R — L(Y,Y),t — (Y — Y, g — U(t)g))
is well-defined. Further, the properties of U imply that Up is a strongly con-
tinuous one-parameter unitary group, whose infinitesimal generator is given by
Ap = (D(A)NY — Y, f — Af). In the following, let 0(Ap) be the non-
empty real spectrum of Ap. For A € o(Ap), it follows that Ap — A is not bijec-
tive and hence also that A — )\ is not bijective, implying that A € o(A). Hence
o(Ap) C o(A).

"Part (ii)": From the definition of UZ(c(A)), U (0(Ap)) and the fact that o(A,) C
o(A), it follows for f € Ug(o(A)) that f!U(AP) € Ug(o(Ap)). Further, for

f € U&(c(A)), there is a sequence f1, fo, ... of elements of Ug(c(A)) that con-

verges uniformly on o(A) to f. Hence the sequence f1’ (Ap)’ fg’ (Ap) of

elements of UZ(c(Ap)) converges uniformly on o(Ap) to f }U (Ap)’ , implying that

f!U(AP) € Ug(o(Ap)). Further, let E : R — L(X,X) be the spectral family
corresponding to A, and for every g € X, let v, be the spectral measure corre-
sponding to A and g. Since A and P commute, it follows that E(\) leaves Y
invariant, for every A € R. The properties of F imply that Ep : R — L(Y,Y) is
a spectral family, where for every A € R the map E,()) is defined as the restric-
tion in domain and in image to Y. From the spectral theorem, Theorem 12.6.2,
it follows for every g € Y that g € D(Ap) if and only if id3 is integrable with
respect to v,; for every g € D(Ap) the function idg is integrable with respect
to 1y and (g|Apg) = [ idr di4. Hence it follows from Part (i) and from Theo-
rem 12.6.2 that spectral family that corresponds to Ap coincides with Ep as well
as that R \ o(Ap) is a 14 zero set, for every g € Y. From the spectral theorem,
Theorem 12.6.4, we conclude for f € Ug(o(A)) and every g € Y that

91(F a0 APY) = [ Flony by = [ Fitwy = lalf(A)0) |
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where for every f : D — C, defined on a subset D C R", n € N*, we define f :
R™ — Cby f(\) := f(\), forevery A € D and f()\) := 0, for every A € R\ D.
Using the polarization identity, valid for every linear map B : D(B) — X, defined
on a subspace D(B) of X,

(h|Bk) = — ((h+ k|B(k+ h)) — (h — k|B(k — h)))

1
4
4 % ((h+ ik| B(k + ih)) — (h — ik| B(k — ih))) ,

for h, k € D(B), it follows that
(91 (F], ) (APIR) = (gl F(A)) |

for g,h € Y. Further, since A and P commute, f(A) is leaving Y invariant.
Hence, we conclude that

(Fyam) (AP) = (¥ = Yig = f(A)g) .
]

Lemma 12.9.3 (Reduction of Operators II). Let (X, (|)) be a non-trivial com-
plex Hilbert space, A : D(A) — X a densely-defined, linear and symmetric oper-
ator in X, (Pj)j cn a sequence of orthogonal projections with pairwise orthogonal
projection spaces and such that

5 —nlgrgozpj —idy .
j=0
Furthermore, for every j € N let D; be a dense subspace of RanP; with D; C
D(A), A(D;) C Ran P; and such that densely-defined, linear and symmetric op-
erator A; := (D; — Ran P}, f — Af) in Ran P; is essentially self-adjoint. Then

(i) A is essentially self-adjoint,
(i) AoP; D PjoA,foreveryj € N.
Proof. Since for every j € N, D; (C D(A)) is dense in Ran P; and

N
s — lim P, =id
N —o00 4 J X
Jj=0

it follows that the subspace D (A.) = L (UjeN Dj> of D(A) is dense in X

and hence that A, : is a densely-defined, linear and symmetric oper-

= Al
ator in X. Further, for every f € [Ran (A, +£1.id X)]L and j € N follows that

Pif € [Ran (Aj + 72.idRan pj)]L and hence, since A;‘» = fl;f, Aj is essentially
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self-adjoint and from properties of the Cayley transform and related results on self-
adjoint extensions of densely-defined, linear and symmetric operators, that P; f =
0. Since j € N is arbitrary otherwise and since s — limy_; o Z;'V:o P; = idx,
this implies that f = 0. Since f is arbitary otherwise, and since A} = fli, it
follows, from properties of the Cayley transform and related results on self-adjoint
extensions of densely-defined, linear and symmetric operators, the essential self-
adjointness of A. and since A. C Athat A, = A and hence also the essential
self-adjointness of A. Further, for every j € N follows that A. o P; D Pjo A,
implying that A.oP; D PjoA., and hence, since A, = A, that AoP; D PjoA. [

Corollary 12.9.4. Under the assumptions of Lemma 12.9.3, it follows that
A‘D(A )N Ran(P;) — A] ’ (12.42)
for every j € N, where A; denotes the closure of A; in Ran(P;).

Proof. According to Lemma 12.9.2, A| D(A)NRan(P,) 1S @ densely-defined, linear
and self-adjoint operator in Ran(P;). Also, A|p 4 )N Ran(P;) 1S an extension of A4;.
Since, according to the assumptions, A j 1s a densely-defined, linear, symmetric and
essentially self-adjoint operator in Ran(F;), this implies that (12.42) is true. O

A decomposition of an operator as in Lemma 12.9.3 induces a decomposition of
the spectrum of that operator.

Theorem 12.9.5 (Reduction of Operators III). Let (X, (|)) be a non-trivial com-
plex Hilbert space, A : D(A) — X a densely-defined, linear and self-adjoint op-
erator in X and (¢ #) o(A) (C R) the spectrum of A. In addition, let (P,), o be
a sequence of orthogonal projections with pairwise orthogonal projection spaces
that commute with A. According to Lemma 12.9.2, for every n € N by A,, :=
(D(A) N Ran P, — Ran P,, f — Af), there is defined a densely-defined, linear
and self-adjoint operator in Ran P,,. Finally, let o(A,,),0,(A,,) be the spectrum
of A,, and the point spectrum, i.e., the set of all eigenvalues, of A,,, respectively.
We note that 0(A4,,) = ¢, if Ran P,, = {0}. Then

op(A) = (J op(An) . o(4) = | o(4,) -

neN neN

Proof. First, we note that obviously o,(A4,,) C 0,(A), for every n € N and hence
that | J,,cy 0p(An) C 0,(A). Since s — limy ;o0 Z'fz\f:(] P, = idy, it follows for
A€ o,(A), f € ker(A — X)\ {0} the existence of ng € N such that P, f # 0
and hence, since A, P, f = AP,,f = P, Af = AP, f, that A\ € 0,(4,,) as
well as A € (J,,cy 0p(Ap). Therefore, we conclude that 0, (A) = (J,,cn 0p(An).
Further, if n € Nand A € o(A,,), then there is according to Theorem 12.5.3 (ii) a
sequence f1, fa,... of unit vectors in D(A,,) such that
0= lim (A, —A)f, = lim (A—A)f, .

vV—r 00 vV—00
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Hence, it follows from Theorem 12.5.3 (ii) that A € o(A). Therefore, we conclude
that 0(A4,,) C o(A) for every n € N and hence that | J . 0(A,) C o(A) as well
as that

neN
U o(4n) ca(4),
neN
since o(A) is in particular a closed subset of R, Finally, it follows that
AN\ o(4n) =
neN

and hence that

neN

Otherwise, there is A € o(A) \ UneN o(A,,) and follows the existence of

d:= min{\u—/\] T E U U(An)}

neN

as well as that d > 0, where we use that, since X is non-trivial and s — lim y_, o
Z;\[ZO P, = idx, there is n € N such hat Ran P,, is non-trivial and hence that
Unen @(Ar) is non-empty. Therefore, from the spectral theorem Theorem 12.6.4,
it follows that ]

—1

(An =071 < 5

for n € N such that Ran P, is non-trivial. Further, for f € X and N, N’ € N, we
conclude that

N 2 M 2
- Z )P, f - Z TIPS\ = DS (A= N TIPS
_ n=m-+1

M M
= Z Z ) P fl(An = X) T P f)

M
= > A= NP fIP < Z P.f
n=m-+1 n=m+1

N N’ ?
> Puf=>_Puf| .
n=0 n=0
where m := min {N, N’} , M := max {N, N'}. Since

N
ngnm;)Pnf:f,
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it follows that
N
(}:mﬂ—ArU%O
n=0 NeN
is a Cauchy sequence in X and hence convergent to some g € X,

N

. _ —1 _
]VIEHOO”Z:O(ATL AN Puf =gy,
since X is complete. Since
N N
1 — — -1 = 1 —=
I A= SR = i 3RS =

and A—\is closed, we conclude hat (g, f) € G(A—X) and hence that gy € D(A)
and (A — A)gs = f. Hence A — X is surjective. Finally, since

Aea(A)\ [ a(An) Ca()\ap(4)
neN

A — )\ is also injective and hence bijective. As a consequence, we arrive at the
contradiction that A ¢ o(A).4 O

Lemma 12.9.6 (Reduction of Operators IV). Let (X, (|)) be a non-trivial com-
plex Hilbert space, Py, P, ... be a sequence of orthogonal projections on X with
pairwise orthogonal projection spaces and such that

7g&§;ﬂf=f, (12.43)
J:

for every f € X. Further, for each j € N, let A; : D; — Ran(F;) be a densely-
defined, linear, symmetric and essentially self-adjoint operator in Ran(P;). We
define the subspace D < X by

D := ij:nENandfjEDj,foreverij{l,...,n} ,
3=0

and A: D — X by
A fi=> Ak
j=0 j=0

where n € N and f; € D;, for every j € {0,...,n}. Then A is a densely-
defined, linear, symmetric and essentially self-adjoint operator in X, whose closure
A commutes strongly with every P;, j € N, i.e.,

AoP;DPjoA (12.44)
holds for each j € N.
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Proof. First, we note that if
> 23%7
7=0

where n,m € Nand f; € D;, forevery j € {0,...,n}, g; € Dj, forevery j €
{0,...,m}, it follows from the pairwise orthogonality of Ran(P,), Ran(F;), ...,
that

fi=gjforj=0,...nand g;j =0forj=n+1,...m ifm>=n
fi=gjforj=0,...mand f; =0forj=m+1,...n ifm<n

and hence also that

Ajfj =Ajg;forj=0,...nand Ajg;, =0forj=n+1,...m ifm=n
Ajfj=A;g;forj=0,...mand A;f; =0forj=m+1,...n ifm<n

As a consequence, A is well-defined. Further, for f € X, since D; is dense in
Ran(P;), there is f; such that

13 = £l < 276+

for every j € N, where ¢ > (. Hence

dhi—f|=
§j=0

NE

(fi=PH)+Y_ Pif—f
5=0

<
I
=)

N
NE

(i =PD|+ D Pif—1
=0

<.
Il
o

6 n
<§+ jZOij_f

Hence, as consequence of (12.43), there is ng € N, such that

7=0
for n € N such that n > ng. This implies that D is dense in X. Also, A is
linear. Summarizing the previous, A is a densely-defined, linear operator in X. In
addition, A is symmetric, since if n,m € Nand f; € D;, forevery j € {0,...,n},
gj € Dj, forevery j € {0,...,m}, then

O FHIAD gr) = ng\ZAkgk
i=0 k=0 =0

n

> (filArgr)
0 k=0

Jj=
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I
M:

(filA;95) Z (A;fil95)
7=0

Z (Aj filge) = <Aij’ZQk>
i=0 k=0

k=0

<.
I
o

[
NE

<.
Il
=)

From the characterization of essential self-adjointness in Theorem 12.4.9, it follows
for every j € N that Ran(A; — 7) and Ran(A, + 7) are dense in Ran(P;). Hence
forge X,e>0,j € N, thereis f; € D; such that

2
I(A; i) f; — Pigl> < 270D =

1
Hence,
2 2
(A<+>ZZ ZPJQ Z A; &4)f; — Pyg]
Jj=0 =0
L g2 e
—ZHAWZ ~Pall <3 T <7
If
2
n 2
€
Pig— <_a
Z i9—49 4
7=0

this implies that
(A(i»)l)z’f]_g <€2.
j=0

Hence, Ran(A i) is dense in X and, according to the characterization of essential
self-adjointness in Theorem 12.4.9, A is essentially self-adjoint. We note that for
every k € N,if k € {0,...,n}, then

PkAij = PkZAjfj =Apfr = ZAkPkfj = AZPkfj = APkaj :
j=0 j=0 j=0 j=0

=0

andif k£ ¢ {0,...,n}, then

PkAij :PkZAjfj :OZZAkPkfj :Azpkfj :APkaj ’
j=0 j=0 j=0 Jj=0 Jj=0

where n € N and f; € Dj, for every j € {0,...,n}. Hence for every j € N,
f € D, we have that
PjAf = AP;f .
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Further, for f € D(A), there is a sequence fi, fo, ... in D such that
lim f, = fand lim Af, = Af .
V—r00 V—00
Then, for j € N,
V—00 V—00 V—00
Hence, Pjf € D(A)and AP; f = P;Af, and it follows that Ao P; D Pjo A. [

Calculation of the Functional Calculus

Lemma 12.9.7 (A Relation Between the Functional Calculus of an Operator
and the Generated Strongly Continuous One-Parameter Unitary Group). Let
(X, (])) be a non-trivial complex Hilbert space, U : R — L(X, X) a strongly
continuous one-parameter unitary group, with, (hence densely-defined, linear and
self-adjoint), infinitesimal generator A : D(A) — X. In addition, let 0(A) C R
be the non-empty spectrum of A. Hence,

Ut) = exp(it.idg(A))(A) ,

for every ¢t € R. Then,

(Fl( U(A) /f

for every f € L{(R), where we use weak integration.

Proof. In the following, let Fy : ¢(R) — #c(R) be the linear isomorphism,
defined for every f € .Z¢(R) by

F e —ivu
R0 = o= [ e sl
for every v € R. Then, Fy, ' : #c(R) — ¢ (R) is given by

[F5 (H)(w) e f(v

“ v

for every u € R. In first step, we show for f € C5°(R, C) that

1l (B (Dl)) W) = 7= [ £ @nlU0ge) ar. 1249

for all g1,92 € X. For the proof, let f € C§°(R,C). Since f has a compact
support, there is N € N* such that supp(f) C [N, N). Hence for A € R,

2Nv—1 o k
( > (7)) (—N+;) 'X[N+5,N+’“tl>>

k=0 veN*
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is a sequence of integrable functions whose members are dominated by the inte-

grable function
sup |f(t)| ’ X[_N,N]
t€supp(f)

that is pointwise on R convergent to e’ %% f_ since the latter function is in particular
continuous. Hence it follows from Lebesgue’s dominated convergence theorem

that
(2 )_1/2 2Nv—1

. T iXidg E
V*)OOT Z (ekdf)<_N+U> '

[F5H(HI(V) = lim
k=0

We note that by the same reasoning, it follows that

L 2Nvo I
t)dt = lim — —N + —
/Rg() Ugngg< +U>,
for every g € Cy(R, C). Further,

k=0
( —1/2 2Ni1f< ) ( N+§)idR >
a(A4) veN

is a sequence of bounded continuous functions on o(A) that is pointwise conver-
gent to Fj, ' (f) ‘J (4) and is uniformly bounded, e.g., by

2N
Ner <tesil]g];]§(f) f (t)!> :

Hence it follows from Theorem 12.6.4 that

2Nv—1

T)—1/2
(B3 ) ) =5 = fim CT S g (-4 2
k=0
and hence also that
(1] (F5 (Nl o)) (A)g2)
T —1/2 2Nv—1
— im G > (- alUa) (N +])

(2r) 1/2/f A U(t)ga) dt

for all g1, go € X. The latter implies that

(7 D)) = == [ 10100 @
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For the second step, let g1, g2 € X und f € .Y¢(R). In addition, let p € C*°(R, R)
be an auxiliary function, defined by

0. [0 <o
L P T R

Then Ran ¢ C [0,1) and lim;_, o ¢(t) = 1. We define for v € N* the auxiliary
function ¢, € C3°(R, R) by

pu(t) = (v - (v = 17))

for every t € R. We note that supp(y,) C [—v,v], Rany, C [0,1) and every-
where pointwise
lim ¢, =X, .

v—00

Hence ((g1|Ug2) ¢vf), ey~ i a sequence of integrable functions whose members
are dominated by the Lebesgue integrable function ||g1|||g2||| f|- Thus it follows
from Lebesgue’s dominated convergence theorem that

Jim (20)2 [ (00 (0g2) 0,0 (0)dt = 20) 2 [ 0V )90} Fle)
- - (12.46)

Further, (Fo_l(goy f ))V en € (YC(R))N* is a sequence that is uniformly bounded

by (27r)~'/2|| f||1 and that is everywhere pointwise convergentto F, ' f € /¢ (R),
since for every A € R, (e”\ldeV f)y N+ is a sequence of integrable functions
whose members are dominated by the integrable function | f| and that is everywhere
convergent to e 9= f according to Lebesgue’s dominated convergence theorem
implying that

lim [ e, (t)f(t)dt = / eAF(t) dt .

V—00 R R

Hence it follows from Theorem 12.6.4 that

s— 1 (B (oDl ) () = (B (D], 00)) (A)

V—00

and hence also that

Jimn (1] (B (00 )) (D)g2) = (1] (B ()] )) (A)g2) - (1247)

From (12.45), (12.46) and (12.47), it follows that

(1l (B3 (D)l o)) (A)ga) = (2m) 712 / (1[0 (1)g2) F(2) dt .

Finally, since Fj bijective, we conclude that

(91| (flo(a))(A)g2) = (QW)I/Q/(Fo(f))(t) (:1U(t)g2) dt

R
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as well as that

<91| (Fl(f)’a(A))(A)92> = (277)1/2 <91| (Fo(f)|a(A))(A)92>
= /R(Fo(Fof))(t) (911U (t)g2) dt = /R(Fo(Fof))(—t) (91|U(~t)g2) dt

- / £ (01U (~t)gn) dt . (12.48)

Further, since .#¢(R) is dense in L{(R), for f € L{(R), there is a sequence
(fu)ven in Zc(R) that converges in LE(R) to f. Then f - (g1][U o (—idr)]g2) is
integrable, since (g1 |[U o (—idg)]g2) is bounded continuous. Further,

oA0) U0 dt = [ 50 anlU=0]e) dt'

R

A £ @) = FO] - {ga U (=0)]g2) | dt < [lgall lg2ll 1fo = Flla

and hence

lim [ f,(t) (1] [U(—t)]g2) dt = / f(#) {g1|U(=t)]g2) dt .
R R

V—00

Also, since Fy : LE(R) — (Coo (R, C), || |loo) is continuous, the sequence
(F1(f,))ven converges uniformly on R to F(f). Thus, the sequence
(F1(fv)|o(a))ven is a uniformly bounded sequence of universally measurable func-
tions that is everywhere pointwise convergent on o(A) to Fi(f)|,(a). Thus, from
Theorem 12.6.4, it follows that

s — lim (F1(fo)|o(a))(A) = (F1(f)|o(a))(A) -

vV—r 00

Hence, it follows from (12.48) that

@] (FL(D)locay) (A)ga) = / ) {n|U(~t)ga) dt

O

Theorem 12.9.8 (A Relation between the Resolvent of an Operator and its
Spectral Projections). Let (X, (|)) be a non-trivial complex Hilbert space, A :
D(A) — X a densely-defined, linear and self-adjoint operator in X and o(A) the
(non-empty and real) spectrum of A, R: C\ 0(4) — L(X, X),A— (A—-)\)"!
the resolvent of A and U : R — L(X, X) the strongly continuous one-parameter
unitary group that is generated by A, given by U(t) = e®4, for every t € R.
Further, for every f : R — C, a : R — L(X, X), we define fa := (R —
L(X,X),t — f(t)a(t)). Finally, let o, € R, such that « < . Then, the
following is true.
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(i) ForAe RxR*and f € X:

| if°exp(—iAt)U(t)fdt if Tm(\) > 0
RS = {—i [T exp(—iA)U(¢) fdt  if Im(X) <0 .
(ii)) Fore € (0,00), f € X:

1 B

5= | RO +ie) = R\ —ie)]f dA
1

! [arctane (idoa) —oz)) _ arctane (idy _5)” (A)F .

Proof. "Part (i)": We note that

RO L

=—(A 12.4
oW (12.49)

for A € C\o(A). For the proof, we note that for A € C\o(A) such that Im(\) # 0,
the function 1/ (idg —\) is bounded continuous, and if Im(\) = 0, then

—

1 1

ide(a) =X idr =M\ (/o) at (/2] lo(a)

where the hat denotes the extension of a function to a function that is constant of
value 0 outside the domain of the former function, and ¢ > 0 is such that (A —
e,A\+¢) C R\ o(A). Hence it follows from integration theory that

1
—— c Ui(a(A)) .
o € V4]

Further,

1
W(A)(A =)

— ﬁm) [G - )\> Ua+ % - A] [(Ua = 1)Ipal ™

1 2 ida(A) - _
=——(A) - —————(A)[(Us — 1 !
idU(A) -2 1 idU(A) +1 )N(Ua )rD(A)]

= (Ua—D[Ua —DIpayl ™" = to)sx

where U4 denotes the Cayley transform of A. Since A — A is bijective, the latter
implies (12.49). Further, for A € R x (0, 00), it follows that

o\ ) 1
Fifexp (1A idg) - Xjo,00)] = (—1) - ey (12.50)
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For the proof, we note that for every k € R

(exp(i (X — k) idg) - X[o,u})yeN*

is a sequence of integrable functions whose members are dominated by the inte-
grable function exp(—Im(A)idgr) - X[9,c0) that is everywhere pointwise on R con-
vergent to

exp(i (A — k) idr) - X[o,00)

and whose corresponding sequence of integrals is given by

(oo i3 = k) = 1)

veEN*

Hence, it follows from Lebesgue’s dominated convergence theorem that
exp(i ()\ — k) idR) . X[O,oo)

is integrable as well as that

/ exp(i (A — k) idr) - X[g,00) dv" = lim [ exp(i (A — k) idg) - X[g,,) dv'
R V—r 00 R
1 1

TR

T i(A—k)

and therefore also (12.50). The relation (12.50) and Lebesgue’s change of variable
formula also imply that

oy . 1
F1 [eXp (ZA ldR) : X(—oo,O]] =1- idR——)\’ (1251)

for every A € R x (—00,0). According to Lemma 12.9.7,

(B o) ) = [ 1Ot ar.

for every f € LE(R). Hence it follows for every A € R x (0, 00) that

—i(A-\)"1 = /OOO exp(iXt) - U(—t)dt

and for every A € R x (—o0,0) that

z’(A—A)—lz/O exp(iAt) - U(—t)dt .

—00

"Part (ii)": For the proof, let e > 0 and f,g € X. It follows from Part (i) and for
every A € R that

o IR+ i2) = BO = ie)lg) = 5= [ explint — elt) (FIU(~t)g)
R
(12.52)
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Further, according to integration theory, the function

((a, B) X R, (A, 1) = exp(iAt — e - [t]) (f[U(=t)g))

is v2-measurable and dominated by the, according to Tonelli’s theorem, v2-integrable
function

IF1 - Nlgll - (R = R, (A, ) = X(a,p)(A) - exp(—¢]t]))

Hence it follows from Lebesgue’s dominated convergence theorem the v2-summability
of the former function and from Fubini’s theorem and (12.52) the v!-summability
of

(R = C,A = X(a,)(A) - {fI[R(A + i) = R(A — ie)]g))

as well as that
1
27m
1
27 J(a,8)xR

<f|[ (A +ie) = R(A —ig)]g) dA

exp(iXt — elt|) (f|U(—t)g) d\dt .
Further, it follows from Lebesgue’s change of variable formula and from Fubini’s
theorem that

1

2mi o

1 B
=5 A /O[exp(i)\t)d)\

We note that (12.50) and (12.51) imply that

(f\[ (A4 i) — R(\ —ig)]g) dA (12.53)

exp(—elt]) (f|U(—t)g) dt

2e

Fy exp(—e¢ = —.
e(el)=
Since exp(—¢| |) € LE(R), 1/(idg + £%) € L&(R), it follows that

e/m
exp(itid —
/R xp(itidg) - 2

Further, from 1/(id3 + £2), X(a,5) € L&(R) N LZ(R) and as a consequence of

frg=PRlF"f) (Fylg),

forall f,g € LZ(R™), where * denotes the convolution product, we conclude that

dv' = exp(—¢| |) . (12.54)

/7 L B [(FiX ) - (Fexp(—z]| ) (12.55)

X(ag) * —— =
(o) idg +¢2 27
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_ % [arctan (é (idg — a)> _ arctan (é (ids — 5))] .

Hence, it follows from Lemma 12.9.7, (12.54) and (12.55) that

1 B
— (fI[R(N+ i) — R(A —ig)] g) dA

2mi J,

= (712 {arctan <é (idy —a)) _ arctan <é (o _5)>} (A)g) |

forall f,g € X. O

Remark 12.9.9. We note that it follows from the spectral theorem, Theorem 12.6.4,
that

s — lim l [arctan (% (idU(A) —Oz)> — arctan (% (ido'(A) —5)” (A)

e—0 T

- % (Xl (A + (Yl ) ()] -

Remark 12.9.10. We note that since for all f,g € X, the corresponding function
(C\o(A), A — (g|R(N)f)) is holomorphic, Theorem 12.9.8 (ii) opens the path to
the calculation of the spectral projections of A by contour integration. In particular,
if A is positive, i.e., the spectrum o(A) of A is part of the interval [0, c0), using
that the covering pr := (C — C, u — —p?) of C maps the open right half-plane,
(0, 00) x R, biholomorphically onto the simply connected slized plane C \ [0, c0),
it follows for a, 5 € R, such that « <  and € > 0 that

1 2 . 2
- [ /C IR d /D RSN du]

- % (g {arctan(é (idy(a) —a)> - arctan<§ (idy(a) —5)>] (A f)

where C,(g) is a contour from the point /—3 — ic to the point v/—a — ie in
the open 4th quadrant (0, 00) X (—00,0) and D, (¢) is a contour from the point

/=B + i¢ to the point v/—a + ic in the open 1st quadrant (0, c0)?.
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Fig. 12.1: Ranges of the paths ([-2,0] — C,7 — /7 —ei) (blue) and ([-2,0] — C,7
VT + €1) (red), respectively, corresponding to & = 0 and 8 = 2, for ¢ = 0.25,0.5, 1, 2, inside the
covering space. The arrows indicate the orientation of the paths. For decreasing ¢, the ranges approach
—i[0,+/B] and i [0, /B ], respectively. The inverse image pr—1([0, 00)) of the interval [0, co) that is
containing the spectrum of A is given by the (dashed) imaginary axis.

Corollary 12.9.11 (A Relation Between the Resolvent of an Operator and the
Generated Strongly Continuous One-Parameter Unitary Group). Under the
assumptions of Theorem 12.9.8, the following is true. For every f,g € X, Ay €
R,

(9|R(- +iX2) f) € LE(R) N O (R, C) .
Further, if A < 0, then for almost all ¢ > 0

lim —2% exp(itA) (glRON) f) dX = (glU (1) f)
V—00 CV()\Z)

and, if Ao > 0, then for almost all ¢ < 0

lim —— exp(itA) (gl RO f) dA = (g|U (1)) .

v—o0 271 Cy ()

where, for every v € Nand A2 < 0, C,,(\2) is a contour from the point —v+iAs to
the point v + i\, in the open lower half-plane, R x (—o0, 0), and, for every v € N
and A2 > 0, C),(\2) is a contour from the point —v + i), to the point v + i)z in
the open upper half-plane, R x (0, c0), respectively.

Proof. According to Theorem 12.9.8 (i), for A = A\; + iAs € R x R*, where
AMEeER A eR and f,g € X:

(gIR(\1 +iXa)f)

:i{ Jr exp(=iA1t) X(—oo0)(t) exp(Aat) (g|U () f) dt if X2 >0
— [y exp(—iAat) X(g.00) (£) exp(Mat) (glU(E)f) dt it Ay <0 .

Since

X(foo,O) exp()\g.idR) <g|Uf> € L(C( ) N L2 (R) if Ao >0
X(0,00) €xp(A2.idr) (g|U f) € LE(R) N LA(R)  if Ay <0’
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this implies that

Fy [X(—oo,O) exp()\g.idR) <g]Uf>] if Ao >0

(9|R(- +iXa) f) = iV/2m {F2 [~X(0.00) €xp(Na-idg) (g|U f)] if Ay < 0

and hence that
(gIR(- +iX2)f) € LE(R) N Coo (R, C)

as well as that

1
2T

As a consequence, if A\ > 0, then

X(—00,0) €xp(A.idr) (g|U f) if Ay >0
—X(0,00) €xp(A2.idr) (g|U f) if Ao <0

Fy ' {g|R(- +iXo) f) = {

y R—C
vooo ||\t = o [7, exp(ithr) (gl RO\ + ida) f) dM

— X(—o0,0) €xp(A2.idr) (g|U f) || =0,

2

and if Ay < 0, then

. R—C
S|\t ok 7, explithn) (gl RO + o) f) ddy

=0.
2

— X(0,00) xP(A2-1dg) (9|U f)

As a consequence, if Ao > 0, it follows for almost all ¢ < 0 that

v

lim [ exp(it(h +iA2)) (RO +id) £) dh = (glU (D))

v—o0 271 .y

and if Ay < 0, it follows for almost all ¢ > 0O that

14

lim ——— [ exp(it(h + X)) (gl RO\ + iA2)f) dAs = (glU(8)f) .

v—oo 271 _y

Remark 12.9.12. We note that since for all f, g € X, the corresponding function
(C\o(A), A — (g|R(N)f)) is holomorphic, Corollary 12.9.11 opens the path to the
calculation of the one-parameter unitary group U that is generated by A by contour
integration. In particular, if A is positive, i.e., the spectrum o (A) of A is part of the
interval [0, 0o), using that the covering pr := (C — C, u — —pu?) of C maps the
open right half-plane, (0,00) x R, biholomorphically onto the simply connected

slized plane C \ [0, c0), it follows that
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(i) if Ay < 0O, then for almost all £ > 0

lim exp(—ityi2) 11 (gl R(—2)f) dpi = (glU (1)) |
V—00 Cu(>\2)

(i) and, if Ay > 0, then for almost all t < 0

lim — / exp(—ityi®) j (gl R(—1i2) ) du = glU®) ) |
Cu(X2)

v—00 1

where C,,()\2) is a contour from the point v/—v — A i to the point /v — Ay 7 in
the open right half-plane, (0, c0) x R.

Im(

)
2
1t

0:

Re(u)

i

Fig. 12.2: Ranges of the paths ([—5,5] — C,v — /v — A2 ¢) for Ao = 0.25,0.5, 1, 2 (blue), and
for Ao = —2,—1,—0.5, —0.25 (red), respectively, inside the covering space. The arrows indicate the
orientation of the paths. For decreasing |A2|, the ranges approach [0, co) U ¢ (—oo, 0] and [0, co0) U
i[0, 00), respectively. The inverse image pr—1([0, 00)) of the interval [0, co) that is containing the
spectrum of A is given by the (dashed) imaginary axis.

Friedrichs Mollifiers

Lemma 12.9.13 (Friedrichs mollifiers). Let n € N*, ) be a non-empty open
subset of R™ and h € C§°(R"™) be positive with a support contained in By (0) as
well as such that h(z) = h(—=x) for all x € R™ and ||h||; = 1. For instance,

h(z) = Cexp(—ﬁ) if |z] <1
0 if |z > 1
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for every x € R™, where

C =

1
exp| — ———= | dv™
/Ul(o) ( 1—| |2> ]

In addition, define for every v € N* the corresponding h, € C3°(R™) by
hy(x) :=v"h(ve)

for all z € R™. Finally, define for every v € N* and every f € LZ((Q2)

Hy,f ::(hl/*f)}g7

where
ooy ) flx) ifreQ
/(@) ’_{ 0 ifz e R™\Q

and ‘x’ denotes the convolution product. Then

(i) forevery v € N* the corresponding H, defines a bounded self-adjoint linear
operator on LZ(£2) with operator norm || H, || < 1,
(i)

V—00

Proof. “(i)’: For this, let v € N*. Moreover, define K, € C*(Q?) by

K, (z,y) :=h,(x —y)

forall z,y € . Then K, is in particular measurable and such that K, (z, -), K, (-,y) €
LY(Q) and
[ (s )l < 15 KL Gyl < 1

for all z,y € 2. Hence to K, there is associated a bounded linear integral operator
Int(K,) = H, on L(£2) with operator norm equal or smaller than 1. Finally, this
operator is self-adjoint since it follows from the assumptions on K that K*(y —
x) = K(x —y)forall z,y € Q.

‘(i1)’: Forv € N* and f € Cy(Q2, C), it follows that

supp(hy * f — f) C supp(f) + B1(0)
and

s f = Fl@) < [ 1@ = ideo) = f(@)] by do”

n

for all z € R™. Since f is in particular uniformly continuous, it follows for every
e > 0 the existence of ¢ > 0 such that for all z € R™,y € Us(0)

A~

(@ —y) = f(@)] < v (supp(f) + B1(0))] /212 .
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As a consequence, for all v € N* such that v > 1/9
||hu*f_f||2<5
holds. Hence it follows for every f € Cy(£2, C) that
lim ||H,f— fll2=0.
V—00

Since Cy(92, C) is dense in LZ(€2) and Hy, Ha, . . . is in particular uniformly bounded,
this implies also that

S—VILIEO Hl, = ldL%(Q) .

Trotter Product Formulas

This Section uses methods from the theory of strongly continuous semigroups
which are not discussed in this book. For this theory, we refer to specialized lit-
erature listed below. The class of generators of such semigroups is considerably
larger than the class of linear self-adjoint operators in Hilbert spaces. As a conse-
quence, applications extend to the field of partial differential equations, including
non-linear equations, in particular see [7], [15], [18], [33], [5], [28], [19].

Theorem 12.9.14. (Definition and properties of the exponential function) Let
K € {R,C} and (X, | ||) a K-Banach space. Then we define the exponential
function exp : L(X, X) — L(X, X) by

=1
exp(A) := Z 7 AP
k=0

where AY := idx and AFt! := A o A* for all £ € N. Note that this series is
absolutely convergent since ||A*|| < || A||* for all k € N.

(i) Themap uy : K — L(X, X), defined by
ua(t) :=exp(t.A)
for every ¢t € K, is differentiable with derivative
ua(t) = Aoua(t)
forallt € K.
(i) Forall A, B € L(X, X) satisfying Ao B=Bo A

exp(A + B) = exp(A) o exp(B) . (12.56)
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(iii) Forall A € L(X, X) satisfying ||A]| <1,n € Nand f € X,
| exp (n-(A —idx)) f — A" f|| < Vn- (A —idx) f]| - (12.57)

Proof. ‘(i)’: For this, let A € L(X, X). Then it follows for ¢t € K, h € K*, by
using the bilinearity and continuity of the composition map on ((L(X, X))?, that

H% [exp((t + h).A) —exp(t.A)] — Ao exp(t-A>H

1 [(t+h)k—tF
_ Z_ (t+h) _ k1] gk
k! h
k=2
. —~ 1 [(t+h)k -t k—1| gk
= lim_ > = {T — Kt A (12.58)
k=2
Further, forany n € N;n > 2:

—~ 1 [(t+h)" - k—1| gk —~ 1 |t+h)k -t k-1 k
ZH[T—M A <ZH T—kt |All"
k=2 k=2

(12.59)
and forany £ € N, k£ > 2:
(t+h)k —t* k-1 t+h—t [ I h—(I41) k-1
kt° | = . t+h) -t kt®~
‘ - . > (t+h)
1=0
k—1 k—1
D (R R | B D S A (RN
=1 =1
k—1 1—1 k—1 1—1
= (4 h)™ - "R R0 (lE + Al
=1 m=0 =1 m=0
h _
= 1) 4y
Inserting the last into (12.59) gives
S LR =t ] g PSSy g
k! h ' 2 = (k-2)

hl - lA]2

Finally, inserting the last into (12.58) gives

H% [exp((t + h).A) —exp(t.A)] — Ao eXP(t-A)H
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_ Bl JAP?

< P2 exp (1 + D) - 1)

and hence

hﬁé{%#o % [exp((t + h).A) —exp(t.A)] — Aoexp(t.A) H =

‘(ii)’: For this, let A, B € L(X, X)besuchthat Ao B = BoAandt € K, h € K*.
Then

H% (ua(t +h)oup(t+h)
ua(t) oup(t)) — (uh(t) oup(t) +ua(t) oup(t))||

H [ (ualt + 1) — ua(t)) —uA(t)} o up (1)
Fua(t)o |1 (un(t+ ) - un(0) - up()]

. - (wa(t+h) —ua(®) o (up(t+h) - uB<t>)H
H[ (ualt 1) = ua(0) = u4(0)| | - un(o)]
+ [ua(t) H{ (up(t +h) —up(t)) —up(t H‘

+ H (uat+h) —ua(t)) H -

- (uB(t+h)—uB(t))H .

Hence it follows by (i) the differentiability of g4 p : K — L(X, X) defined by
hap(t) :=uayp(t) —ua(t) oup(t) forevery t € K and

hiap(t)=(A+ B)ouarp(t) — Aoua(t) oup(t) —ua(t) o Boup(t)
=(A+ B)ouayrp(t)—Aoua(t)oup(t) — Boua(t) oup(t)
= (A + B) o hA7B(t)
for all ¢ € K where the bilinearity and continuity of the composition map on
(L(X, X))? has been used as well as that Ao B = B o A by assumption. Hence it

follows by ha p(0) = ua+p5(0) — ua(0) o up(0) = 0 along with Theorem 3.2.9
and Theorem 3.2.5 of [7] that

t
1ha,s®) <A+ Bl /0 I ha,8(s)|l ds

forall t € [0, 00). As a consequence, it follows for £ > 0 that

|hap(t)] <eetlAtEl (12.60)

99



12 Appendix

forall t € [0, 00). Because otherwise there is ¢y € (0, 00) such that
lha,s(to)|| > ee'olA+P]

and such that (12.60) is valid for all ¢ € [0, ¢y). Then

to to

Iaslto)] < 1A+ Bl [ Ihants)lds <4+ B]- [ eetasPas
0 0

= e <6t0HA+BH _1) <€,€t0”A+BH é

From (12.60) it follows that h4 p(t) = 0 for all ¢ > 0 and hence (12.56).
‘(iii)’: For this, let A € L(X, X ) be such that ||A|| < 1,n € Nand f € X. Then

H exp (n.(A —idx)) f — A”fH =e " | exp(n.A)f —e". A" f]]

m k

Z%(Ak—A")fH . (12.61)

k=0

=e " lim
m—0o0

Further, it follows for m € N by using the Cauchy-Schwarz inequality for the
Euclidean scalar product on R™+!:

" n " lk—n| _
<Xt - < 3o g At s

k=0

k

m
>
i
0

m k
n . . n
:Zﬁ > Alo(A-idy)f gH(A—ldx)fu.Zyk;—nyF
) 1=0 k=0

k=0

m k 1/2 m g 1/2
<||(A—idx)f|\-<2(k—n)2%) (Z%) (12.62)

k=0 k=0

o L\ 172
< (A= idx)f] - e (Z(k — )’ %)

0o nk 1/2
= |I(A —idx) f]| - e"/* - (Z [k(k —1) — (2n — 1)k + n?] ﬂ>

k=0
= [(A—idx)f]| - €2 ([n® = (2n — Dn +n?] e")'/? (12.63)
ne" |[(A—idx)f] -
Finally, (12.57) follows from (12.61) and (12.62). ]

Lemma 12.9.15. Let (X, (|)) be a non-trivial complex Hilbert space, A a semi-
bounded densely-defined, linear and self-adjoint operator in X, with lower bound
7, implying that spectrum o(A) of A is contained in [y,00). Further, let z €
R x (—00,0]. Then, T" : [0,00) — L(X, X), defined by

T(t) := e~ itzA ,
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for every t > 0 is a strongly continuous semigroup, i.e, such that 7(0) = idy,
Tt +s) = T(t)T( ), for all t,s € [0,00) and such that ([0,00) — X,t +—
T(t)f) is continuous for every f € X, with corresponding generator iz A. Further,
|T(t)|| < e¥7?, forevery t > 0, where y := Im(2), i.e., T is a quasi-contraction as
well as a contraction if A is positive.

Proof. For the case that z = 0, the statement of the lemma is obviously true. In
the following, we consider the remaining case that z # 0. Then it follows from the
functional calculus for A that T is a strongly continuous semigroup as well as that

IT@)] < [[e™* e o = || eV ]|og < e
for every ¢ > 0, where y := Im(z). In the following, let

Uy = - -
4 ldU(A) + Z]la(A)

(A) =idx + - (A+ i)t

be the Cayley transform of A. Then,

2 1 2idg(4)
Us —idx = A), Us+idx =
A = lldaA —|—Z]10A( )’ B idgA +i]lJA
(4) (A) (4) (A4)
We claim that
1 .
lim ~ (e7"*4 —idx)(Ua —idx)g = —2 (Ua +idx)g , (12.64)

t—0+ ¢

for every g € X. For the proof, let ¢ € X and t;,t5, ... asequence in (0, c0) that
is convergent to 0. We note that

— 1y
ldJ(A) +1 ]la(A)

1,—it,zid,
2 t_[ 1ty z1ds(A)
)

1 . _
- (em 24 _idx)(Uy —idx) = (A),

for every v € N*. Since for every A € R, the function (R — C, ¢ — exp(—izAt))
is differentiable with derivative (R — C,t — —iAz exp(—izAt)), we have that
9 ti [6—ituz idU(A)

hm -

- —1,0a)] . 2id,(a)
v—00 1 idU(A) —l—i]lg(A) idg(A) +i]10(A)

everywhere pointwise on o (A). Further, for A > ~

1 , 1 v Al - ty )
_ | e—%t,,z)\ -1 | - ’7/)\2/ e—zz)\t dt| < | | |Z| / |e—zz)\t| dt
t, 0 t, 0

ty
ty
Al |2] / MmN Gy < A+ || e~ C @Il
0

where C' > 0 is such that |¢,| < C, for every v € N*. Hence,

1 _ZtyzidU(A> _ ]]-o' d
2 g le ) oo < 2[2]e=Cm@Inl | 1o (4)
7

H ldU(A) —|—i]lg(A) idU(A) —I—i]lg(A)

oo
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and it follows from the spectral theorem, Theorem 12.6.4, the validity of (12.64),
for every g € X. Since U4 — idx is injective with Ran(U4 — idx) = D(A) and
since

A= % (Ua +idx)[(Ua —idx) [ peay] "

it follows that

: 1 —itzA _
Jim 2 (TS f) = —izAf
for every f € D(A) and hence that the generator of 7" is an extension of izA.

Further, we note that

Re (flizAf) = Re (f|(iz — y)Af) = Re(iz (f|ASf) —y (f|Af))
=~y (fIAf) = =y fI? .

for every f € D(A), where x = Re(z),y = Im(z) < 0, and hence that izA is
quasi-accretive with bound —y~y. Further, we note that

izA—X=iz- [A+ L a+iZ2).
|2|? El

We consider cases. If z = 0, then y < 0 and izA — X is bijective for every
2

A< min{—l% v, —yv}. If & # 0, then izA — X is bijective for every A < —y~.

Hence, it follows from the Lumer-Phillips theorem, e.g., see Theorem 4.2.6 in

[7], that izA is the generator of a strongly continuous semigroup. Finally, since

generators of strongly continuous semigroups have no proper extensions, e.g., see
Theorem 4.1.1 (vii) in [7], it follows that 7z A is the generator of 7. ]

Employing the same methods as in the proof Lemma 12.9.15, we can show the
strong complex analyticity of the exponential function for semi-bounded densely-
defined, linear and self-adjoint operators in complex Hilbert spaces.

Corollary 12.9.16. Let (X, (|)) be a non-trivial complex Hilbert space, A a semi-
bounded densely-defined, linear and self-adjoint operator in X, with lower bound
7, implying that spectrum o (A) of A is contained in [y, 00). Further, let H_ :=
R x (—00,0]. Then

) 1
lim
z—a,z€H_\{a} 2 — Q

(e—izA _ e—iaA) f — —ie_iaAAf 7

for every f € D(A).
Proof. In the following, let
idyay) —i1

o(A) . 2 N1
= A)=id - (A
Ua ida(A)—i—’L']lU(A)( ) =idx + 2( +1)

be the Cayley transform of A. Then,

2 1 2id,
(A), Ua+idy = ———W

Uag—idx =

i idy(a) + i1, idy(a) +ils(a)
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We claim that

1 .
lim = (e7"* —idx)(Ua —idx)g = —(Ua +idx)g,  (12.65)
2—0,2€ H_\{0} Z

for every g € X. For the proof, let g € X and z1, 2o, ... asequence in H_\{0}
that is convergent to 0. We note that

1 12, A
— (e ¥4 —id Uy —idx) = - - -
2y ( x)(Ua x) i idy(a) +ils(a)

2 Lot Hew — L)

(4),

for every v € N*. Further,

2 e — o)
iz, dga)y +ilsa) .

is a sequence in UZ(o(A)) that is everywhere pointwise convergent to

2id, idy(a) — i1,
(4) ——[11( L doa) (4)

-7 B — o N 3 & l—]S o A .
idy(a) +ils(a) 4) idg(a) + Z]la(A)} ee(4)

That this sequence is in addition uniformly bounded, can be seen as follows. For
v € N*, X € 0(A), we have that

2 emimA_ ] 2 SN A
— - = e~ Ay (e Auvl 1) o emiAE g
izy A+ |2, |V1+ A2 ‘ ( )
2 -
<A el — 1]+ 2] sm(m/z)@
2 i Alyul
< — —e %)ds |+ A - |zw
ymm_'/o ( Jds |+ Nl
2 i Alyu‘ K| |
<m |/0 e 7d8‘—|—|)\’-|m,,|
2 T
< w% ey, | + |$u|} <2 <€K|7| + 1) :
Zy L

where K := sup{|z,| : © € N*} and z,, := Re(2,), y» := Im(z,) < 0. Hence,
it follows from the spectral theorem, Theorem 12.6.4, the validity of (12.65), for
every g € X. Since Uy —idx is injective with Ran(U4 —idx) = D(A) and since

A= % (Ua +idx)[(Ua —idx) I peay) "

it follows that
1

lim — (74 —idx) f = —iAf ,
z—0,2€ H_\{0} 2
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for every f € D(A). From the latter, we conclude with the help of the functional
calculus for A for a € H_ that

1

hm (e—izA _ e—iaA) f
z—a,z€H_\{a} Z — Q
— lim efwA - |:efz(zfa)A _ ldx] f — _iefzaAAf ,
z—a—0,z—a€H_\{0} z—a

for every f € D(A).
O

Theorem 12.9.17 (Trotter Product Formula for Strongly Continuous Contrac-
tion Semigroups). Let (X, || ||) be a non-trivial complex Banach space, A and B
generators of strongly continuous contraction semigroups, V' and W, respectively,
and such that A+ B : D(A)ND(B) — X is the generator of a strongly continuous
contraction semigroup S. Then

s = lim [V(t/n)W(t/n)]" = 5(t) ,
for every ¢ € R.
Proof. We define T : [0, 00) — L(X, X) by
T(t):==V(HW(t),

forevery t > 0, Then T’ is a strongly continuous contraction. In addition, we define
the strongly continuous map K : (0,00) — L(X, X) by

K(s) :=

L1S() ~T(s)] |

forevery s > 0.If f € Y := D(A) N D(B), then

lim L[S(s)—1]f = —(A+ B)f ,

s—0+ S
fors >0
L) -1 f = (VW) - f)
VW ()~ )+ V) - 1)

[(V(s) —idx) (W(s)f = f) + W(s)f = f+V(s)f =[]

= (V(s) ~idx) s (W(s)f = )+ (W) f = )+ 5 (Vi) ~ f)

1
s
1
s

and hence ]
lim ~[T(s)f — f]= —(A+ B)f .

s—0+ S
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As aresult,

Sl_i>r(1)1+ K(s)f=0. (12.66)

Therefore, the map ((0,00) — X, s — K(s)f) admits an extension to a continu-
ous map on [0, co) that vanishes in 0. Hence for every € > 0, there is § > 0 such
that for every s € (0, 0)

IK(s)fll <e.

We note that || ||a+5 : Y — R, defined by

1fllass = VIFI? +[I(A+ B)f]? ,

for every f € Y defines a norm on Y such that A + B € L(Y, X) and, since
A + B is closed, such that (Y, || ||a+5) is a Banach space. Further, since the
inclusion ¢ : Y < X is continuous, B ot € L(Y, X), forevery B € L(X, X).
From (12.66), it follows that the family (K (s))se(0,00) € (L(Y, X))" is pointwise
bounded and hence, according to the uniform boundedness principle, uniformly
bounded, i.e., there is C' > 0 such that

15(s)]

vx <C,

for every s > 0, where || ||y,x denotes the operator norm on L(Y, X). Further, if
B C Y is non-empty and compact, ¢ > 0 and 1,2 > 0 such that C's; + €2 < ¢,
then there are m € N* and f1, fo,..., f; € Y such that

Bc |J Uk
k=1

and 6 > 0 such that for every k € {1,...,m}

1K (s) fll <e2

for every s € (0,9). Hence, it follows for s € (0,9), k € {1,...,m}and f €
UX (fy) that

1K ()P = 1K) = e+ ol S IE ) = Sl + 1K () fel
SC\f—fellaxp +e2<Cey+ex<e.
As a consequence, for every € > 0, there is 6 > 0 such that
K (s)f]l <e,

forevery s € (0,6) and every f € B. Further, we note that, e.g., see Theorem 6.1.1
in[7], Sleaves Y invariant and that Sy : [0,00) — L(Y,Y"), where for every ¢t > 0
the corresponding Sy () denotes the restriction of S(¢) in domain and image to Y/,
is a strongly continuous semigroup. Hence, if f € Y and ¢ > 0, the latter are both
held fixed in the following, then

{S(r)f:7el0},
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is a compact subset of Y, as an image of a compact subset of R under a continuous
map. As a consequence, for € > 0, there is & > 0 such that

1K (s)gll <&,

forevery s € (0,9) and every g € {S(7)f : 7 € [0,t]}. In particular, for n € N*,
there is &,, > 0 such that

1
5 (t/mgll <+
for every g € {S(7)f : 7 € [0,t]}, if n > t/d,,. We note that without loss of

generality, we can assume that the sequence 41, do, . . . is decreasing. Continuing,
we observe that

Z_:[T(t/n)]j [S(t/n) — T(t/n)] [S(t/n)]" 17 f
= Y [T (/n)P S (t/m)]" S - Z ¢/l [S(t/m)" ' f
= > [T(t/n)P[S(t/n)]" I f - Z (/) S(t/n) 0D £

=Y [T/n)PISE/m)]" I f - Z (t/m)P[S(t/m)" f
= [S(t/m)"f = [T(t/n)]" < (t) = [T(t/n)]") f

and hence if n > t/4,, that

1(5() = [T(t/n)]") [l

= [ stem) — T /m S0P s
< SISt /m) ~ Ta/m)] ISt — 1~ ) 1/m)]
=0
< sup [[S(e/n) = T/ SIS =t sup |/ <

where we used the additivity of S. Hence, it follows that
T [T(t/m)]" f = S(®)F .
forevery f € Y and since Y is dense in X that
s — lim [T(t/n)]" = S(t) .

n—oo
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As a consequence, with the help of Stone’s theorem and Lemma 12.9.15, we arrive
at the following corollaries of the previous theorem.

Corollary 12.9.18 (Trotter Product Formula for Self-Adjoint Operators). Let
(X, (])) be a non-trivial complex Hilbert space, A and B densely-defined, linear
and self-adjoint operators in X such that A + B is densely-defined, linear and
self-adjoint. Then

s — lim

—i(t/n)A_—i(t/n)Bn —it (A+B)
[e e "=e
n— o0

)

forevery t € R.

Corollary 12.9.19 (Trotter Product Formulas for Positive Self-Adjoint Oper-
ators). Let (X, (|)) be a non-trivial complex Hilbert space, A and B positive
densely-defined, linear and self-adjoint operators in X such that A + B is densely-
defined, linear and self-adjoint. Further, let z € R x (—o0, 0]. Then

s — lim [e—i(t/n)er—i(t/n)zB]n _ itz (A+B) 7
n—oo

for every t € [0, 00).

Corollary 12.9.20 (Trotter Product Formulas for Semibounded Self-Adjoint
Operators). Let (X, (|)) be a non-trivial complex Hilbert space, A and B semi-
bounded densely-defined, linear and self-adjoint operators in X, with lower bound
v1 € R and lower bound 5 € R, respectively, and such that A + B is densely-
defined, linear and self-adjoint. Further, let z € R x (—o0, 0]. Then

s— lim [e~i(#/m)zAg=i(t/n)zBn _ =itz (A+B)
n—oo

for every ¢ € [0, 00).
Proof. From Corollary 12.9.19, we obtain for ¢ € [0, c0) that

s — lim [e—i (t/n) = (A—'yl)e—i (t/n) =z (B—’yz)) ]n — 6—itz (A+B—(y1+72))

n—oo
Since,
[e—i (t/n) =z (A—'yl)e—i (t/n)z (B—'yg)) ]n _ [ei (v14+72) (t/n)e—i (t/n) zA —i (t/n)zB ]n
_ ei (vi+2)t [e—i (t/m) er—i (t/n)zB ]n

e~z [A+B—(m+72)] _ i (mit+y2)t ,—itz (A+B)
- )

it follows that

s— lim [e~#(#/m)zAg=i(t/n)zBn _ o—itz(A+B)
n—oo
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Fig. 12.3: Path for the contour integration in the proof of Lemma 12.9.21, if arg(c) > 0.

12.9.2 Fourier Integrals

In the following, we show auxiliary results.

Lemma 12.9.21. (A Gaussian Integral) Let 0 = (01, 02) € (0,00) x R. Then

00
2 s
/ e 7% d.ﬁ(}:\/j
— 0 g

Proof. Since o € (0,00) x R, we note that

arg(y/o) = %@ , arg (%) = _argQ(a) € (—n/4,m/4) .

Further, since
2
(C—=C,z—e7%)

is holomorphic, an application of Cauchy’s Integral Theorem gives
2
0= / e 7% dz
c
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Fig. 12.4: Path for the contour integration in the proof of Theorem 12.9.21, if arg(c) < 0.

:/ e~ dz+/ e~ dz+/ e=o% dz+/ e % dz
Cq Cs Cs Cy

where N € N* and the corresponding the contour C' consists of the curves C', Cs, Cs, Cy,
defined by

Cl = [_NaN] X {O} )
N_ oo e [-2E o)} if >0
Gy (€9 e=75%.0]} ifarg(o)

(D¢ pef0,—229)) ifarg(c) <0

el :
Cs = {t% te [—N,N]} ;

(- e ipe 2520} ifarg(e) >0

Cy = o

4 R .€Z¢;¢6[07_M]} ifarg(c) <0
Vel

2
see Fig. 12.9.2. Then,

2 N 2
/ e % dZ:/ e 7% dx |
Cy —N

)
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0 (—arg(o)/2)

/ e—az dz = §—— / —(U/|a|)N2-62i"’ ewdcp
Cs \/ IU

arg(o)/2 (0
0
(—arg(o)/ _N2.giara(e)+2¢) eiapdgp’
\/]0 —arg(ﬂ)/2
—o(t) L
et [ e
e =L
N3
_ e~ /2 4y ,

\/%

0( arg(7)/2) Y
e~(o/IeDN?<*7 i,

2
e % dz=—
/. \ra

—arg(o)/2 (0)

2)
/ —arg(s)/2) _N2.pilara(0)+2¢) edy .
N/ ’a —arg(c)/2 (0)

We note that for every

¢ ) [-arg(0)/2,0] ifarg(o) >0
SN0, —arg(0)/2] ifarg(o) <0
it follows that

arg(c [0,arg(0)] C [0,7/2)  ifarg(c) >0
glo) +2¢ € {[arg(a),O] C (—m/2,0] ifarg(oc) <0

and hence that for almost all ¢

cos(arg(o) +2¢) >0 .
Hence

2
/ e %% dz| =
Cs

- 2
arg(g/) _NZ.eilars(e)+2¢)

ei‘dep ,

!0 —arg(c)/2 (0)

0 (—arg(o)/2)

\/ o] / arg(0)/2 (0)

0 2
(—arg(e)/ ) _N2.gi(arg(o)+2¢)

- ‘ - eigﬁdgp ’
\/\0 — arg(0)/2 (0)

/o (—arg(0)/2)
\/ V1ol /- are(0)/2 ©

and it follows from Lebesgue’s dominated convergence theorem that

Ne—N2~cos(arg(a)+2<p) ng 7

2
/ e 7% dz
Cy

Nesz-cos(arg(a)Jngo) dSO ’

. — 2 . — 2
lim e 7% dz = lim e 7% dz=0.
N—oco N—o00
CQ 04
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Again, using Lebesgue’s dominated convergence theorem, we arrive at

N
lim e —ox? dr = lim / _’CQ/Q _$2/2dx

N—oo J_n N—oo /20

vl

Since for every = € R,

2 2 01|x| lf|$| 2 1
o1x° =o1|x|” =
! 1| | g {0 lf|l'| < 1 ’

we conclude for every z € R that

ezl if x| > 1
1 if 2] <1

—0.idg?
(X[N,NJ € )
NeN*

is a sequence of Lebesgue-integrable functions that converges everywhere on R
. . idw2 .. .
pointwise to e ~?19:”  In addition, each member of the corresponding sequence

<’X[—N,N] . e_U'idx2|>
NeN*

is dominated by the Lebesgue-integrable function

X @) +e (@)

2 2
’670'1 ‘ — 670’11,‘ < {

Hence

—o1| |
X[_M] +e .

Hence it follows from Lebesgue’s dominated convergence theorem that
00 N
2 . .2 T
/ e 7% dr = lim e 7" dr=/—.
— 0 N—oo _N g

Lemma 12.9.22. (A Fourier Transform of a Gaussian I) Let 0 = (07,02) €

(0,00) x R. Then
Fle—a.idﬂi _ \/Ee—idé/(éta) ‘
o

Proof. For the proof, we define g : R — C by

O]
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for every « € R. As a consequence of the proof of Theorem 12.9.21,
g € L&(R)
and
’g’ < X[7171] _|_ e—O’l‘ | .

Further, g € C*(R, C) and
g = —20idg - g .

Since for every z € R
e _ [l i ] 21
< :
|| if |z| <1
|$|67(01/2)|$|67(‘71/2)“3' 1f|x| 2 1
< :
1 if |z| <1
< Ce_(01/2)|x‘ if ’$’ > 1
T if || < 1
< max{l,C’}.(X[ilyl] + el ‘)(x) ,
we conclude that
ide g, g € LE(R) .
Hence it follows from the properties of the Fourier Transformation F} that

(Fig9)" = Fi(—i.idg - g)

Fi(—iidg - g) = %.Fl(—QO'.ldR cg) = %.Flg/ = %.Z.ldR -Fig
1

= ——.idgr - F
50 dR - '19

and hence that L
(Frg)' = _%-idR - Fig .

Hence it follows, according to the Theory of Ordinary Differential Equations for
complex-valued functions and as a consequence of Theorem 12.9.21, that

Fig = (Fig)(0) e 9/(4) = \/f o2/ (o)
g

O

Corollary 12.9.23. (A Fourier Transform of a Gaussian II) Let 0 = (01, 03) €
(0,00) x R. Then

er—o.idﬁ _ 1 .e—idﬁR/(4a).

g
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Proof. For the proof, we note that
.42 .42
‘e—U.ldR ‘2 < ’e—o.ldR’

and hence that .
e 7% ¢ LL(R) N LE(R) .

Asa consequence,

Corollary 12.9.24. (A Fourier Transform of a Gaussian IIl) Let 0 = (01,03) €
(0,00) x R. Then

er—a-l 1> _ (20)—n/2.e—| 1?/(40)

Proof. First, since,

.12

e 7% € Lg(R) N LE(R)

we conclude from Tonelli’s Theorem that

e~ " e LL(R?)
and continuing in this manner that

e oI e LLR™) .
Further, since

e PP el

we arrive at ,
e I " e LER") N LA(R") .

Hence it follows from Fubini’s Theorem and Theorem 12.9.21 that
2 1 \" 2 1 \" \" s
o=l P () gl 2 <_> ( _> o~ [2/(40)
2 (\/27r> ! V2 o
= (20)/2.¢71 IP/40)

O]

Lemma 12.9.25 (An Application of Cauchy’s Integral Theorem). Let 0 =
(01,09) € (0,00) X R, (21,...,2,) € C". Then,

[Fre= Si=erst2)%) () = (E)”/26@;_12,%_|v|2/<4g> |
g

[Foe™? Zim1(rit20)*] () = (20) /2 ¢ 12 g0/ (40)

for all v € R™, where pry, ..., pr, are the coordinate projections of R".
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Proof. For the proof, let o = (01, 03) € (0,00) x Rand z = (21, 22) € C. Then,
it follows for v € R that

/e—ivue—a(u+z)2 du = / e—ivue—a(u+z1+iz2)2 du
R R

. . . 2
:ezvzl/e—zvue—a(u+122) du
R
. . . . 2
:ewz/e—zv(u+122)e—a(u+zz2) du |
R

and from Cauchy’s integral theorem for rectangular paths, along the boundary of
the rectangle [—v, v] X [0, 23] and [—v, V] X [22,0], if 25 > 0 and 25 < 0, respec-
tively, where v € N*, that

v 14

bt 4 —V

+3 |:/z2 efiv(u+iu)€fa(u+iu)2 du — /22 67iv(7u+iu)ef¢7(7u+iu)2 du
0 0

Since for every v € R and u = (uy,u2) € C

. 2 . . . 2
‘6 iy ,—ou |: |6 1v(u1+zu2)e o(u1+iusz) ‘
_ |6—iv(u1+iu2)e—a(u§—u§+2iu1u2)| _ evu2|e—(crl—l—iag)(u?—ug—}—%ulug)|
2 2
— evugefal(ulfu2)+20'2u1u2 ’

we deduce that

| e—iv(:tu+iu)e—a(:tu+iu)2| _ evue—al(VZ—uQ):EQng/u (’U:l:20'zl/)ue—0'1(l/2—u2)

= e y

for every u € [0, 23] and u € [23,0], respectively, from Lebesgue’s dominated
convergence theorem that

/e—iv(u+i22)e—a(u+iz2)2 du = / e—ivue—cru2 du = /E e—vz/(4a)
R R .

and hence that

. _ 2 . . 2 [m . .2
/6 v, o(u+z) du = ewz/ e~ ug—out g L pivzpo—v /(40) )
R R o

Finally, from Fubini’s theorem, we infer further that

L. n/2 .
/ p—ividan =0 S0, (pry+2)? gn (E) P2 im0 o /(e
n g

where pry, ..., pr, are the coordinate projections of R™. O
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Lemma 12.9.26. (An Inequality for Convolutions) For f, g € L?C(R”), fxge€e
Coo(R™,C) and

||f*g\|oo\( )n/g A2 - gl -

Proof. Let f,g € LA(R™). From the theory of the Fourier transformation, it fol-
lows that

frg=HRlF"f)-(Fyg) -
Hence, it follows for every £ € R" that

(200 = | gz [ 9 () (B ) o

1

ooz 1 2 (1Fy gl

—1 X —1 n
’I’L/ /n|F2 f| |F2 g|dU g(27_‘_)

1
< ——

(2m)

1

(27-‘-)71/2 N2 - llgll2

where the Cauchy-Schwarz inequality for LZ(R™) has been used. O

12.9.3 Special Functions

Lemma 12.9.27 (A Connection Between Confluent Hypergeometric Functions
and Laguerre Polynomials). Let/ € N,n € {{+ 1,0+ 2,...}. Then,

-1
n+1 20+1
M(l—|—1—n,2(l+1),$): <2l+1> -L;_E_Zl)(x) ’

for every z € R, where the confluent hypergeometric functions M and the general-
ized Laguerre polynomials L are defined according to [1]. See [1], Identities 22.3.9
and 22.5.54.

Proof. in the following, we are going to use Pochhammers symbol, defined ac-
cording to [ 1], see Identity 6.1.22. First, we note that for all £, n € N:

()i = (=% (n = (k= 1))
Indeed,
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D n—(k-1] ...-(n—=1)-n
n—(k—=1))k .

I
—~
|
—_
~—
o

Further, for/ € Nandn € {{ 4+ 1,1+ 2,... }, it follows that

M(I+1-n,2(l+1),x)
=M(—n—(1+1)],2(l+1),2)
n—(l+1)

_ (=[n =+ D) 2
= 2 201+ 1)) k'H

k=0
n—(l+1) k
_ (n—(+1)—(k—1) (—=)
- ;;) 20+ 1)x Kl
n—(l+1)

(n—(+k)k (—2)"
(2(1+ 1))y k!

k=0
" M- D/Tn— 1+ k) ()"

T2l +1) +k)/T20+1) &

k=0

Gy T(n — 1) (—2)*

“PROHD) D g mrei i R M

Further, since for k € {0, ..., n—({+1)}

( n+1 )_ F(n+1+1)
n—(I+k+1)) T(n—-(1+k)CQ21I+1)+Ek)
F(n+1+4+1) I(n—1)

I'n—=1) Th—-00+k)201+1)+k)’

it follows that

MI+1—n,2(+1),2)

TR+ 1)) &Y n+l o
 T(n+l+1) 2 (_1)k<n—(k+l+1))'ﬁ

k=0
@+ 1) (n— 1+ 1)) Y n+l o
N (n+1)! kZ:O (_1)k<n—(k+z+1))'ﬁ

-1
_(n+l (20+1)
- (21 + 1) @) -
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Lemma 12.9.28 (A Rodrigues’ Type Formula for Laguerre Polynomials). Let
n € Nand o > —1. Then,

@ 1 —a,z (,—T, .nta)(n)
Ly = —a %" (e “2" ™)

- )
"ol

where x denotes the identical function on N and L the generalized Laguerre poly-
nomials defined according to [1]. See [1], Identity 22.3.9.

Proof. According to Identity 22.3.9 in [1], for every n € Nand o > —1:
n k
a Nk (nta)xT
=0 ()

Further, we note for every n € N and every C*°-function f, defined on some open
interval of R, that

d n
z (o= £\(n) — _
et (e P )\ = (dw 1) f. (12.67)

The proof proceeds by induction on n. For n = 0, the previous is obviously
satisfied. For the induction step, we assume that

e (7" )" = <% - 1>nf ,

for some n € N and every C'*°-function f, defined on some open interval of R.
Then

e® (e—mf)(n—i—l) — (_e—xf + e—mf/)(”) — " (e—xf)(”) +e® (e—xf/)(n)
d " d " d " d "
(@) (@) () (@) &
d " d d el
(&) G-)-(E) 1

for every C'*°-function, defined on some open interval of R. Hence, (12.67) is true
also for n + 1, and the induction is complete. In the following, let n € N and
a > —1. Using (12.67), it follows that

1 1 d "
B P (e—xxn—i—oa)(n) — ﬁ e (@ o 1> xn—l—a
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O

Lemma 12.9.29 (Integrals Involving Laguerre Polynomials). Let o« > —1.

Then

0 ifm#n

/ 2Ly x%e P dr = (-1)"T'(m+a+1) . ,
0 1 ifm=n

forn € Nand 0 < m < n. In addition,
> m (67 [0 n m
/ 2" Le x%e” P dr = (—1) <n>F(m+a+1),
0

for m,n € N satisfying m > n.

Proof. With the help of Lemma 12.9.28, it follows for « > —1 and m,n € N that

1
n!

o0 oo
In = / "Ly x%e " dr = / 2™ = %" (e ") (M) %7 dy
0 0

1 o
= — g™ (e () dg
n! Jo

In the case n = 0, the latter leads to
Lo = / " e T dr =T(m+a+1).
0

In case that n € N*, it follows for m = 0O that
1 o 1 >

/
Imn:a ; (e_“”x”Jro‘)(”)d:L’:m ; [(e_mas”"ro‘)("_l) dx

/
1 [~ d nl
S [e—”‘ (— - 1> :p"+o‘] dr =0,
n! Jo dz

and for m # 0 that

1 oo
In = — 2™ (e () gy
n' 0
1 e /
_ {[xm(e—xxn—}—a)(n—l)} o mxm—l(e—aan—i-a)(n—l)} dr
TL' 0
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/

1 [ d nel
= — [xme_” <— — 1) x”+°‘] dz
n! Jo dx

m S
e xmfl(efxanra)(nfl) dr
n! Jo
S
m
_ xm—1<e—wxn+a)(n—l) dx 7
n! J,

where we used (12.67). In the following, we assume that m,n € N* and m <

Repeating the above procedure, we obtain after m steps

' o0
Jmn:(_nm% /0 (e—egnta)n=m) gy

In particular, if m < n, we arrive at

' 0
I = (—1)™ —ZL!' /0 (e T T)(=m) gy
| B I
_ (_1)m % /O [(e—xxn—ﬁ—a)(n—m—l)} dx

If m = n, then
Iy, =(—1)" / e " dr = (—=1)"T(n+a+1).
0

Summarizing the above results, we showed that

0 ifm#n

/ 2" Lo x%e Pdr = (—-1)"T(m+a+1) _ ,
0 1 ifm=n

n.

for n € N and 0 < m < n. In the following, we calculate I,,,,, for m,n € N* and

m > n. If n = 0, see above, it follows that
Lyo=T(m+a+1).

If n > 0, again, repeating the above procedure, we obtain after n steps

e e
:(_1)nm(m_1)n'[m_(n_1)] /Oooxm—l—oze—xdm
:(_1)nm.(m—l).,,ﬁ!.[m_(n_l)]F<m+a+1)
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Lemma 12.9.30 (Orthogonality and Normalization of Laguerre Polynomials).
Let & > —1. Then

°° 0 ifm#n
LS LS x%e " dx = ,
/O m-in {F(n—&r—;!x—l—l) ifm=n

for all m,n € N. In addition,

o 2 1
/ (Le)? 20T e da = %F(n—l—a%—l) :
0 .

for all n € N.

Proof. For the proof, let m,n € N. Without loss of generality, we can assume that
m < n. If m < n, then

Ooozaaf:r _m<_1)k m+ « ookaaf:r _
/OLan:ce da:—ZT m— k "Ly x%e "dr=0.

k=0 0

If m = n, then

Ooaaozfm _"(_1)k n+a« ookaozf:p
/OLnLn:Ue d.:c—z o n—k x" Ly x%e " dx

k=0 0

—1yn 1)
= (—') / "Ly x%e " dx = ( ') (-D)"Tn+a+1)
n o n!

Fn+a+1)
n!

In addition,

e’} n _1)k n+a [e%e]
LOLY e ™ dy = ( < )/ F Lzt lem dy
| >l )

k=0

n 1 k 00
:Z( k') (ztz)/ a;'k_'_ngSL‘ae_zdl’

0

—1)k o0
— (k') (Ztg)/ :L‘k+1LgfL‘a€_$dIL’

0
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— —.(n—i—a)(—l)"l“(n—i—a—i—l)

,(n+1)-...-2
n!

n—+1

F'n+a+2)

C(n—1)!

:—WF@%—CH—U%—

1 1) —
:(n+ )(n+a+' ) n(n+a)r(n+a+1)
n!
n+a+n-+1 2n+a+1

m+1)(n+a+1)
n!

I'n+a+1)

o 'n+a+1).

O

Theorem 12.9.31 (The Hypergeometric Series as a Function of its Parameters).
By
I R
n! c c(c+1) 2!

F(a,b,c,z) =

for every (a,b,c,z) € C? x (C\ (—N)) x Uy(0), there is defined a continuous
function F' : C? x (C\(—N)) x U;(0) — C. The convergence of the series is
uniform on compact subsets of C2 x (C\ (—N)) x Uy (0).

Proof. For the proof, we define for every n € N the continuous function

Ry, = (C2 x (C\(-N)) x U1(0) = C, (a,b,¢, 2) — EZIZ)) " ((Z:T;; .Z>

as well as the continuous function
hoo 1= (C* x (C\(-N)) x U1(0) = C, (a,b, ¢, 2) = 2) .

We claim that for every non-empty compact subset K of C? x (C\(—N)) x U;(0),
it follows that

lim H =0. (12.68)

i el
For the proof, let K be such a subset. For every j € {1,2,3,4}, we denote by
K be the projection of K onto the j-th coordinate. Since K; is the image of a
compact set under a continuous map, K is a compact subset of C. Hence there is
C; € (0,00) such that |u| < C, for every u € K. Further, since K4 is a compact
subset of U7 (0), we can assume without loss of generality that Cy < 1. Also, since
K3 is a compact subset of C\ (—N), there is 6 > 0 such that |u + n| > ¢ for all
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u € K3 and n € N. Hence, we conclude for n € N satisfying n > 2C'5 and every

u € K3
u 1 1 lul
142 =~ ] = = (w2 (= ful) =1- &
Cs 1 1
>1—- 2 >1--==
- n = 2 2

Since for every n € N* and every u € K3,

U 1 )
‘1—|——‘=—-|u+n|2—,

n n n

we conclude that

‘1—1—3‘ > ¢ := min Lo

nl” " 27205 [’
forall u € K3and n € N*. Hence for n € N* and every (a, b, ¢, z) € K, it follows

that

ay ., b
’hn(G’?bvca Z) - hoo(a,b,c,z)| = (1 il n) (1 il ?) =1/ |Z|
T+5)-(1+7)
B 1 ' o ab—c i|
—|1+%‘.(1+%) a+b—c—1+ - -
Cy 1
< 7'(014—02—%203—%1—{—0102)-5
and hence (12.68). Furthermore, from (12.68), it follows that
Tim{[[n] el = [[Rool ell | =0
and hence that
i {[An[ [l = [hoo el (< Ca) -
Hence, there is ng € N such that
[ Bl lle = WALl o] < [l il = Moo el 4+ o
120, - 1204 (<1),

2
for every n € N such that n > ng. As a consequence, for n € N such that

n = ng + 2, it follows that

Mol <[ TT0edel. || T 1]

l=nop+1
" no -
LTIl
L1=0 i

(o)

1+C4 n—(no+1)
5 .

N
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Thus, it follows for any finite subset M of N that

Z th‘K

neM
no—+1 [ no [e%e] n— n0+1)
S, - [l |- 3 (25%)
n=0 || [=1 0o L1=0 =
no+1 || n—1 ) (no+1)
+ Cy 1
=2 [T nls| + Hth‘KHoo < ) e
n=0 || [=1 o0 LI=0 i 2
no+1 || n—1 9 1—|—C —(no+1) ng
=3 (Tl + 2 (F52) | TLhll
n=0 || [=1 ) 1=0

and hence that

n—1
i)
=0 neN

is absolutely summable in (C(K, C), || ||oc). Since the latter is true for every non-
empty compact subset K of C2 x (C\ (—~N)) x U;(0), we conclude that F is
continuous. O

Theorem 12.9.32 (The Confluent Hypergeometric Series as a Function of its
Parameters). By

= (a) "_ ala+1) 22
M(a,b, z) 2;: D 1-+-EZ'+'EG;175'§T‘+"',

for every (a,b,z) € C x (C\(—N)) x C, there is defined a continuous function

M : Cx (C\(—N)) xC — C. The convergence of the series is uniform on compact
subsets of C x (C\ (—N)) x C.

Proof. For the proof, we define for every n € N the continuous function

h, = ((C x (C\(-N)) x C = C,(a,b,2) — (b+(7?;.r(:;)+ 1) Z) '

We claim that for every non-empty compact subset ' of C x (C\ (—N)) x C, it
follows that
lim || b ||| =0 (12.69)

n—oo

For the proof, let K be such a subset. For every j € {1,2, 3}, we denote by K; be
the projection of K onto the j-th coordinate. Since K ; is the image of a compact set
under a continuous map, K; is a compact subset of C. Hence there is C; € (0, 00)
such that |u| < Cj, for every u € K. Further, since K is a compact subset of
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C\ (—N), there is 6 > 0 such that |u +n| > ¢ forall u € Ky and n € N. Hence,
we conclude for n € N satisfying n > 2C5 and every u € Ko

w| 1 1 1 |ul
142 =~ utnl =~ o= (—0) > = - (n = fu])
T U
n 2 2

Since for every n € N* and every u € Ko,

4]
‘1+—‘— Ju+n| > >

‘1+u‘> 1 4
—| > ¢ :=min
n 2202

for all u € K5 and n € N*. Hence for n € N* and every (a, b, z) € K, it follows
that

we conclude that

1+2 1 a| |z|
hn(a, b, 2)| = n | = .‘1 _‘._
aleb?) u+%wu+%ﬁ'” IR (e R T
Cs
< = 5 -(14+Ch) - = "

and hence (12.69). As a consequence, for ¢ € (0, 1), there is ng € N such that

Hoal el <1 =¢,

for every n € N such that n > ng, and for n € N such that n > ng + 2, it follows
that

n—1
H hl}K
=0

< ﬁuhl}KHm_ [ I Il

l:7’Lo+1

o 5
< Tl | - =ey e

Thus, it follows for any finite subset S of N that

Z HMK

nes
n0+1 M no ] o] 1
S Z th}K + Hth‘KHoo 'Z(l_g)ni(nojL :
n=0 || [=1 o L1=0 1l n=0
no+1 || n—1 [ no ] (no+1) 1
_ _ (no .
_7;) l]:[lhl}K OO+ _H)th‘KHoo_ (1—e) 1—(1—¢)
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no+1 1
STl rglee ymery Huhz\KH
n=0 =1

and hence that

n—1
i)
=0 neN

is absolutely summable in (C(K,C), || ||o)- Since the latter is true for every non-
empty compact subset K of C x (C\(—N)) x C, we conclude that M is continuous.
O
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|| llxxy,norm on the direct sum of X
and Y, 8

(| )xxy> scalar product on the direct
sum X and Y, 9

A C B, B is an extension of A4, 10

B D A, B is an extension of A, 10

|| | A, graph norm, 10

p(A),resolvent set of A, 13

o(A), spectrum of A, 13

R, resolvent of A, 13

exp(A), exponential of A, 97

4, contradiction, 100

U 4, Cayley transform of A, 101

M, confluent hypereometric function,
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Linear operators, 9
1st resolvent formula, 13
2nd resolvent formula, 13
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commuting, 74
compact, 46
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densely-defined, 9
essential spectrum, 46
exponential function, 97
extension, 9
functional calculus, 85
graph, 9
maximal multiplication operator,
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functional calculus, 70
spectral family, 69
spectral measures, 69
spectrum, 69
one-parameter unitary group, 93
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relative compactess, 56
resolvent, 13
resolvent set, 13
self-adjoint, 29, 31
spectral family, 64
spectral projections, 88
spectral theorem, 65, 67
spectrum, 13
symmetric
positive, 43, 70
semi-bounded, 34, 45
Trotter product formula, 104, 107
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Banach
direct sum, 8
Hilbert
direct sum, 8
Special functions
confluent hypergeometric func-
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Gauss hypergeometric function,
121
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Bounded inverse, 10
Closed graph, 10

application, 12

Hellinger-Toeplitz, 31
Riesz’ Lemma, 23
Trotter product formula, 107

133



	Acknowledgments
	Introduction
	Conventions
	A Short Summary of the Quantization Process
	Constraints on Quantization
	Contents
	List of Symbols
	1 Quantization of a Free Particle in N-Dimensional Space
	1.1 The Operators Corresponding to the Measurement of the Components of Position
	1.2 Partial Integration and an Auxiliary Sequence
	1.3 The Operators Corresponding to the Measurement …
	1.4 The Hamilton Operator Governing Free Motion in double struck upper R Superscript nmathbbRn
	1.5 Time Evolution Generated by the Free Hamilton Operator
	1.5.1 Large Time Asymptotics of the Evolution
	1.5.2 Time Evolution and Causality
	1.5.3 Free Propagation of Gaussians

	1.6 Perturbations of the Free Hamilton Operator in less than or slanted equals 3leqslant3 Space Dimensions

	2 Commutators, Symmetries and Invariances
	2.1 Commuting Operators
	2.2 Closed Invariant Subspaces of Observables
	2.3 Insert: Decomposition of Spectra of DSLO's
	2.4 Quantization of Angular Momentum
	2.4.1 A Change of Representation Induced by Introduction of Spherical Coordinates
	2.4.2 Spherical Harmonics
	2.4.3 Analysis of the Reduced Operators
	2.4.4 The Operator Corresponding to the Square of Angular Momentum
	2.4.5 The Commuting of the Operators ModifyingAbove upper L With caret Subscript 33 and ModifyingAbove upper L With caret squared2

	2.5 Symmetry and Invariance
	2.6 An Unitary Representation of Translations in Euclidean Space
	2.6.1 Generators Corresponding to Continuous One-Parameter Subgroups

	2.7 An Unitary Representation of Orthogonal Transformations in Euclidean Space
	2.7.1 An Unitary Representation of upper O left parenthesis n right parenthesisO(n) on upper L Subscript double struck upper C Superscript 2 Baseline left parenthesis double struck upper R Superscript n Baseline right parenthesisL2mathbbC(mathbbRn)
	2.7.2 Generators Corresponding to Rotations About the Coordinate Axes in 33 Space Dimensions
	2.7.3 Symmetries of Perturbations of the Free Hamilton Operator

	2.8 An One-Parameter Group of Symmetries
	2.9 Galilean Invariance
	2.10 Gauge Invariance

	3 Simple Quantum Systems in bold 11 Space Dimension
	3.1 Auxiliary Results About Perturbations of the Free Hamilton Operator in 11D
	3.2 Quantum Tunneling
	3.3 Potential Wells and Potential Barriers
	3.3.1 Eigenvalues of ModifyingAbove upper H With caret for upper V 0 less than 0V0 < 0
	3.3.2 Motion in a ``deltaδ-Function'' Potential

	3.4 Weyl's Limit Point/Limit Circle Criterion
	3.4.1 The Free Hamiltonian in bold 11 Space Dimension, a Simple Application

	3.5 Further Results About the Hamilton Operator of the Harmonic Oscillator
	3.6 Motion in a Repulsive Pöschl–Teller Potential and Resonances
	3.6.1 Calculation of the Resolvent and the Resonances of upper AA
	3.6.2 Calculation of the Functional Calculus for upper AA


	4 Motion in a Central Force Field
	4.1 A Change of Representation Induced by Introduction of Spherical Coordinates
	4.2 Reduction of upper U ModifyingAbove upper H With caret Subscript 0 Baseline upper U Superscript negative 1U 0   U-1
	4.3 Analysis of the Reduced Operators
	4.4 Motion in a Coulomb Field
	4.4.1 An Application of Weyl's Criterion
	4.4.2 Extensions of the Purely Radial Operator ModifyingAbove upper H With caret Subscript 0000
	4.4.3 Eigenvalues of ModifyingAbove upper H With caret Subscript 00 e Superscript asterisk00e* and ModifyingAbove upper H With caret Subscript script l script m Superscript asteriskmathcallmathcalm* for left parenthesis script l comma script m right parenthesis element of(mathcall,mathcalm) in script upper I minus left brace left parenthesis 0 comma 0 right parenthesis right bracemathcalI   {(0,0)}
	4.4.4 Corresponding Normalized Eigenfunctions
	4.4.5 Continuous Spectrum of ModifyingAbove upper H With caret Subscript 00 e Superscript asterisk00e* and ModifyingAbove upper H With caret Subscript script l script m Superscript asteriskmathcallmathcalm* for left parenthesis script l comma script m right parenthesis element of(mathcall,mathcalm) in script upper I minus left brace left parenthesis 0 comma 0 right parenthesis right bracemathcalI   {(0,0)}
	4.4.6 The Spectrum of ModifyingAbove upper H With caret Subscript 00 e Superscript asterisk00e* and ModifyingAbove upper H With caret Subscript script l script m Superscript asteriskmathcallmathcalm* for left parenthesis script l comma script m right parenthesis element of(mathcall,mathcalm) in script upper I minus left brace left parenthesis 0 comma 0 right parenthesis right bracemathcalI   {(0,0)}


	5 Motion in an Axially-Symmetric Force Field
	5.1 A Change of Representation Induced by Introduction of Cylindrical Coordinates
	5.2 Reduction of ModifyingAbove upper H With caret Subscript 00
	5.3 Motion of a Charged Particle in a Homogeneous Magnetic Field
	5.3.1 Construction of a Hilbert Basis of bold upper L Subscript double struck upper C Superscript bold 2 Baseline bold left parenthesis bold 0 bold comma normal infinity bold right parenthesisL2mathbbC(0,infty)
	5.3.2 Synthesis and Properties of the Hamilton Operator ModifyingAbove upper H With caret of the System
	5.3.3 Calculation of the Time Evolution Generated by ModifyingAbove upper H With caret


	6 The Path Integral Approach to Quantum Mechanics
	6.1 A Connection Between the Solutions of the Schrödinger and the Heat Equation

	7 Conclusion
	 References
	Index
	Appendix
	Normed Vector Spaces and Banach Spaces
	Linear Operators in Banach Spaces
	Bounded Linear Operators
	Unbounded Operators
	Spectra and Resolvents

	Hilbert Spaces
	Elementary Properties
	Projections on Closed Subspaces
	Riesz' Lemma, Hilbert Bases

	Linear Operators in Hilbert Spaces
	Bounded Operators
	Unbounded Operators
	Basic Criteria for Self-Adjointness

	Spectra of Linear Operators in Hilbert Spaces
	Compact Operators
	Essential Spectrum
	Weak Convergence
	Relative Compactness

	Spectral Theorems for Densely-Defined, Linear and Self-adjoint Operators in Complex Hilbert Spaces.
	Calculation of the Free Propagator for Quantum Mechanics
	Solutions of Systems of Ordinary Differential Equations with Asymptotically Constant Coefficients
	Miscellaneous
	Operator Theory
	Fourier Integrals
	Special Functions


	Bibliography
	Index of Symbols
	Index

